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PREFACE 


This book is a revised edition of my Elementary Treatise 
on Algebra, Part I, Fourteenth Edition In the work of 
revision, I have throughout kept in view the Syllabus pres- 
cribed by the University though I have not hesitated to 
follow largely the suggestions of the Mathematical Associa- 
tion Thus the fundamental laws “have been inferred from 
examples m arithmetic” before their formal proofs are given, 
“the use of the minus sign to denote a negative quantity has 
been introduced early” and illustrated graphically, Long 
Multiplication and Long Division have been “postponed till 
after problems on x,y equations,” and graphs have been 
“introduced as early as possible” and "used extensively” for 
purposes of illustration. 

It has, therefore, been thought advisable to provide an 
easy course (i) of Multiplication and Division, (n) of Formulie 
and Factors, (in) of Equations with numerical coefficients 
only and (n) of Problems, their fuller and more copious 
treatment having been reserved for later Chapters [vide 
Chapters xm, xiv, xxi, and xxn] 

In the Chapter on Long Multiplication and Long Division, 
the Method of Detached Coefficients, Functional Notation 
and the Remainder Theorem have been introduced , while 
the next Chapter which deals with harder cases of Factoriza- 
tion, contains methods of Multiplication and Division by 
rearrangement of terms, Division by resolution into factors, 
and Identities 

In Chapter xxiv many useful theorems with their appli- 
cations have been given , and here and in the Appendix will 
be found many examples of what is commonly called 
Algebraical Artifices 



\1 


PREFACE 


Thus while an attempt has heen made to conform to 
modem views as to order and treatment, the mam features of 
the original work, which commended it to the notice of the 
public fo" over twenty years have been left intact 

To meet the requirements of students taking up Additional 
Mathematics, Chapters on Quadratic Equations, Problems 
leading to them, Progressions and allied senes, and graphs 
of Quadratic Equations, all of which have been treated very 
fully, are included m the present work 

In the treatment of the whole subject, I have followed 
what to me seemed to be the most approved method of 
writing text-books, viz , to illustrate every article by examples, 
to give others for exercise, and where possible, to direct the 
student to work out the same example by different methods 
The solution of equations has been based on, “first principles 
(the four axioms)” and verification of the solution of both 
an equation and a problem has been insisted upon 

The examples are numerous, many of which are original, 
while the rest have been taken from Cambridge and other 
Examination Papers The book thus contains many new ex- 
amples, besides some old ones which have been inserted on 
account of their special interest 

It is thus hoped that the present work will be of material 
help to students preparing for the Matriculation Examinations 
of Indian Universities 

Any suggestions towards improvement from gentlemen 
engaged in the cause of education, if kindly communicated, 
will be most thankfully received 

Calcutta, l 

December xS, xPxx J 



PREFACE '10 THE FOURTH EDITION 


In this edition, the few misprints that had crept m have 
been corrected, all the Answers to the E\aroples careful!} 
■verified and some of the diagrams replaced by new ones 
It is thus hoped that the book in its present form will prove 
more useful to students 

C VLCUTT \, a 

,, . ’ l SC EASU 

A oy ember i9fj J 
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MATRICULATION ALGEBRA 

0 

INTRODUCTION 

1 Origin of the Science It is now generally admitted that 
the Hindus were the irn entors of the Science of Algebra It was 
introduced into Europe about the beginning of The thirteenth 
century , from the works of the Arabic writers “who certainly 
denied their knowledge from the Hindus” Hence the name 
Algebra “is the European corruption of the first words of an 
Arabic phra«e, a Inch mai be thus written, aljcbrealmolubahh , 
meaning restoration and red^tion ” 

2 Unit, Measure The concrete quantities with which we 
are concerned m Algebra are values, length?, areas , volume*, 
veiqhts, Lc The} are all measured by the number of times each 
contains a simllci q "intitif of its ovn Kind, which is called its 
unit Thus the quantiti “five rupees” is ]n c times its unit one 
u'pee , “eight }ards” is ciqht times its unit on c yard, and so oil 
The unit is represented b\ the figure 1, which is read one or unity 

The number, which indicates hoio often the unit is contained 
m a qnantit} is called the measure of that quantity Thus 5 
1 -. the measure of the sum of money “5 rupees” , 8 is the measure 
of the length “8 jards” , &c 

A quantity is repieseuted by the number which is its measure 
and therefore symbols of quantities, whether figures or 
letters, always represent numbers 

Numbers are eithei whole or fractional A whole number is 
called an integer ; the corresponding adjective is integral 

CHAPTER I 

DEFINITIONS— SYMBOLICAL EXPRESSIONS 

3 Definitions Algebra is the science that treats of numbers 

In Arithmetic (which is also the science of numbers), quantities 
are represented b> figures each of which has a fixed value 
as 1, 12, 54, 125, <kc Rut m Algebra, quantities are represented 
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bv symbols -winch are letters, to -winch -we may assign uny rah 
we please Thus by 5 marbles a fired number of marbles is mean 
but by m marbles we may mean 4 marbles, or 15 marbles, or an 
other number of marbles 

The symbols used in Algebra to represent numbers are generall 
letters, such as a, b, c, m, n, x, y, z If necessaiy, eapitr 
letter^ and letters of the Greek alphabet are used for this purpose 
as A, B, 0, a (alpha), (i (beta), 7 (gamma), 

Quantities which hare determinate values are called know! 
quantities or constants and are generally represented by th 
ft. it letters, as a, b, c, d, Quantities whose i allies" hav 

to be determined are called unknown quantities or variables 
and are usually represented by the last letters , as x, y, r, v. 


4 Signs of Operation The five signs +, -, x, — an 
— are called signs of operation and ha\ e the same meanings as 1 
Arithmetic, except the second sign which has a peculiar meamn 
m Algebia, m addition to its ordinary meaning 

Besides these, there is another sign — (sign of difference 
which is placed between two quantities to express their difiet eiii 
when we do not know which of them is greater Thus v~y \ 
either x-y or y-x, according as xor y is the greater, if x= 
andy=6, x~y=3 s 


5 Product, Factor, Coefficient The sign of multiphcatio 
is sometimes replaced by a dot , thus a & is the same as a x 1 
In Algebra the sign of multiplication is often omitted betwee 
a figure and a letter or between two letters, and these a r 
then placed m close succession Thus 5x—5xa , ab-axb 3xi 
=3 xxxyxz ’ * 

It should be noted here that the sign of multiplication mu' 
not he omitted between two figures , thus the product of 2 and 
should be written either as 2x3 or as 2 3, but never as 23, whic 
means, not 2 x 3, but 20 + 3 5 


To distinguish a decimal point from a dot as a sign of multiplicalior 
vj?3or6 er ^ PkCed ktSker ThUS 23 n,eans and 2 3 "’ear 

r n the product ah, the first number ms the multiplicand an 
the second numbei b is the multiplier When, however, the mn 
t.pheris a figure, it is always placed first , thus ax 5= 5a 

W i^^° 0rmo i e quan ^, ties are “Spited together, the ie*ul- 
m called their product Thus 2«6c is the product of 2, a, b and c 

Each of the quantities multiplied together to form a pioduct 
ftictor^Aibc^ ° f th8 pi ° duCt Thus 2 > a ' b and c aie ^ach a 
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When a pioduct is considered as divided into two sets of lactors, 
each set is called the coefficient (i e , co-factor) of the other. 
Thus in 2 aim, 2 is the coefficient of abe, 2 a of be, and 2 ab of c , 
m x, yz, x is the coefficient of yz, y of xz, and z of xy 
"When the coefficient is expressed in number, it is called a 
numerical co-efficient, and is generally placed first , thus 2 m 
2 abc The numerical coefficient may be either integral or fractional , 
thus 3, \ in 3o, \x and ^mii respectively 

When the coefficient is expressed in letter, it is called a literal 
coefficient , thus m m mu 

Note When the coefficient is unity, it is general]} omitted, thus it is 
usual to write a instead of l a 


6 Division otherwise expressed. Division is often ex- 
pressed by placing the dividend ovei the divisor in the foi m of a 
fraction, or by writing the dividend before the divisor with s> 
slant line between them 

Thus 84—7 is expressed either as or as 84/7. 

1. Other signs The following signs are used as abbreviations 
for the words or phrases, written against them — 

(l) ± for plus or minus. 

(u) > . . is greater than 

(in) < . . is less than 
(iv) since or because 

(v) hence or therefore. 

8 Symbolical Expressions As 10 +3 denotes the sum of 10 
and 3, so a+b denotes the sum of the numbers represented by 
the symbols a and b 

If a=5, 6= 8, then«+6 = 5 + 8 = 13 , 
if o=10, 6=7, then «+6 = 10+7=17 ; 
if «=2£, 6=1§, then « + 6=2£+l|=3$-| , 

and so on 

Thus while 10+3 has a definite value, viz, 13, « + 6 may have 
any number of values Hence the symbolical expression a + b is 
the general form for expressing the sum of any t%oo numbers. 

Similarly it will be seen that the symbolical expression « — 6 is 
the general form to express the difference between any two numbers, 
u x 6 their product, and a— b the quotient of one by the othei 
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T , ... ^ m ,caK that si mbols m Algebra are peilecthgenern 
A therefore btand for any arithmetical number Thus gw 
'til itl-m'-il -itt'U the 'ymbolical expression Tor oil ton expanding 
ar'tl retail pidblems Hence m its simple applications, Algebra 
i, a\ l»e ngaried as General or Unucnal Antbmetic 

The following exam plea will further illustrate the above lemaik 

Es 1 If x stand for the tens’ digit and y for the units’ digit 
howwotdd a number of two digits be expressed symbolically 
Tuat i*> 13 denotes 4x10+3, so *xl0+i/ represents any number, 
n h» e tens’ digit is x and units’ digit is y Thus a x 10 Ary oi 10j?+p 
ta-pie'se. s\ mbolically an\ nun) be; consisting of two digits 
llius if x =2, p=5, then 10j+p repiesents 10x2+5 or 25 


Es 2 Express a rupees 6 annas c pies (i) m pies, (») m rnpees- 
nua (m) m annas 

2R 3c Op is ashoit way of writing 2E +3« +5p 

(i) Now as 2R = (2 x 192) pies, so uR= (a X 192)p = 192« pies , also 
a- T r«=(3 x 12) pies, so bn =(6 X 12)p =126 pies 

«11 6 1 cp =(fl x 192)p +(6 X 12)p +cp 
=(192a + 126+c)pies 


3 b 

(u) Just ns 3rr = j^R , so 6a =^gR , 

and as 5p o—B , so cp = ^R 
b C 

gR bn cp =gB d-j^R "^ 192 ® 
== ( a + 16 + 192^ B 


(m) A s 2R = (2 x lG)o , so «R = (« x 16)« = 16« annas , 

, - B c 

and as 5p =^— a , so cp =— annas 
«R 6a cp =(lGa+6+^ annas 


Ex 3 I have « rupees m excess of x rupees , how mam 
aim i- lme 1 1 


* ^ir Is \ \c Newton calls it Universal Arithmetic 
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Take a similar arithmetical example “I have 5 rupees in excess 
of 14 rupees , how many rupees have I <” Evidently I have 
(14 +5) rupees Similarly using the sjmbols a and x for 5 and 14, 
it is easily seen that I have (x+«) rupees 

the number of annas I have=16(x+«) 

Ex 4 The age of a man is x years How old was he 5 \ ears 
ago and how old will he be 5 \ ears hence ? 

5 years ago his age was fl years lets than x , hence his age then 
was (x— 5) years 

5 y ears hence hts age will be 1 years more than x , hence his age 
then will be (x + fi) j ears 

Ex 6 A man receives « rupees from each of x persons How 
■much does he receive / If he spends y rupees out of the sum, how 
much has he left l 

If the man receives 3 rupees from each of 10 persons, then he 
receives altogether (3 x 10) rupees , so here he rccoives ax rupees 

If ho spends y rupees, his total monei will be deminished by J 
Tupees ; hence he v ill then have (ax-y) rupees 

Examples I 

1 Express £ni (i) in shillings, (n) in pence, (m) m crowns 
and (iv) m half-crowns 

2 Express x shilling-, (i) in £, (u) m pence, and (m) m dorms 

3 Express y pence (i) in £, (u) m shillings, and (m) m half- 
pence 

4 Express « pies (i) m rupees, (u) in annas, and (m) m half- 
xnpees. 

5 Express x yards ( 1 ) in feet, (u) m inches, and (m) m miles 

6 Express x ft (i) m inches, and (u) m yards 

7 Express £m ns. pd. (l) in shillings, and (n)|in £ 

8 Express Rx yn ap (i) m rupees, and (n) m annas 

9 Express x metres (i) in decimetres, (n) m centimetre?, (ni) in 
millimetres and (iv) m kilometres 

10 Express y millimetres (l) m centimetres, (n) m metres and 
(m) in kilometres 

1L If o represent the units’ digit and b the tens’ digit, express the 
number sy mbolically . 

12 If x represent the hundreds’ digit, y the tens’ digit and = 
the units’ digit, express the number symbolical!) 



6 


Tilt 1>£W MA.TRICUti.TIOi>* ALGEBRA 


13 Find the number which is greater than x bv y 

14 Find the number which is less than x b> y 

15 B\ how much does a exceed 15 ? 

16 I3\ how much n> x less than 25 ? ) 

17 If 100 is divided into two parts one of which is x, what is 
the other part V 

18 A man has x rupees and he spends 5 rupees out of it , how 

rnnch has lie left l ' 

19 A has x rupees and B has n rupees How mam rupees 
have the) together / If A spends 8 rupees and B 10 rupees, how^ mam 
rupees will each have and now many will the) have altogether V 

20 An article costs a rupees and another costs 3 times as much , 
wliat is its price i 

21 If x represent a number, how would you represent (i) 
twice that numbei, (n) half of it, (m) 5 times it, and (iv) « times 1 

22 1 pa> x shillings to each of y men , how much is that 
altogether (rj m £ and (nj in pence ( 

23 A sum of x rupees is divided equally among 8 boys , how 
man) rupees does each get > How many pies does each get > *~ 

24 Find the cost, at a pence each, of (i) 5 articles and (n) x 
articles Give the answer m shillings as well as in £ 

25 Twelve is gleater than a by 5 Express this statement 
pvmbolicall) 

20 Fifteen is less than m b) 2 Express this statement 
w mbolicilh 

27 How far does a man walk, if he walks (l) 4 hours at 
3 miles an hour, (u) 5 hours at x miles, (m) a hours at m miles, 
(iy) half an hour at 2x miles i 

28 How many men theieaie altogetbei, (l) if 8 benches seat 
x men each, (n) if o benches seat C men each, (in) if x benches 
seat y men ouch ? 

29 A man is now c \ ears old , how old was he m ) ears ago 
and how old will he be y years hence 1 

30 Four jear s hence a boy will be x yeais old , what was his 
ngp 6 ieais ago * 

31 A man bought a hor.e for x rupees and sold it for y, 
rupees , how much did he gain ? 

32 A man sold a horse foi £j and theieby gained £b , what 

did the horse cost him i , 

33 I engaged a man foi x weeks and paid him 2 ys ever) week , 
how mam £ did I pav' him 1 How man) pence did I pa) him '( 
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34 If a person owe m rupees to A, n rupees to B and 2p 
rupees to G, what is the amonnt of his debt 1 

35 I have a rupees, out of which I give x and y rupees to two 

persons , what have I'left } '• 

36 A is x years older than B, if A’s age be « years, what is 
J]'s age 1 

37 A house and a garden together cost R1500 , if the value 
of the house be x rupees, what is the value of the garden 1 

38 A mau bought a house for x rupees and sold it foi y 
rupees, gaming thereby a rupees Express this statement sym- 
bolicall) 

0 Expression, Term A ny collection of symbols connected 
b\ the signs of opeiation i& called an Algebraical Expression or 
•'imply an Expression Thus a+b—m+fd is an expression An 
expression Is sometimes called a Quantity 

The parts of an expression connected by the signs + and — are 
called its terms Thus the expression 3a+b+l—4cx contains 4 
teims 3a, b, 1 and 4cx , the expression a—bxc+2d— b — 1— ex5f 
contains 4 terms a, bxc, 2d— b and 1— cx5 f , and so on 

Ohserve that it is usual to consider the symbols connected by the signs 
y and — ns one term Thus in the second expression Kc, 2 d—b and 
1 — < y Sf are each a term 

If no sign is prefixed to a term, the sign + is always understood 

An expression consisting of one term is called'a simple expression , 
oi a Monomial , as a, — 5b, 3 px, &c An expression consisting 
of iv-o terms is called a Binomial, as a + b, ax — by, &c An 
expression consisting of three terms is called a Trinomial , as 
a + l+c, ax+2b—3z, &c An expression consisting of several terms 
i« called a Multinomial Expression or briefly a Polynomial , as 
cr + b+c—d+e+f, 2x—by—2cz+5px—3f, &c 

A polynomial is sometimes termed a Compound Quantity or 
Compound Expression 

10 Substitution We have seen [A rt 8] that an algebraical 
expression will have a numerical value when the value of each 
of its symbols is given in numbers To find this value, we 
substitute the given numbers for the symbols and proceed as in 
Arithmetic 

Ex 1 If <r=8,y=5andc=3 > findthemimencalvalneof#+y+- 
tc+y+2=8 + 5+3=lG 
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IS Order of operation The expression a + ni+z means that 
//! is to be first added to a and then to the sum z is to be added For 
example, 5+8+1 = 13+1 = 14, i e, we firot take 8 which is to the 
right of 5, and then take 1 which is to the right of 8 Thus in 
simplifying an expression we proceed from left to right Similar 
remarks hold m the case of the expression a— m — z, axbxc, a- b—c, 
a—b—c, &c 

Thus we see that the order of the operations is from left to right 
Hence to simplify an expression, we find (1) the value of each term 
h\ proceeding from left to right, and then (2) the value of the whole 
expression by proceeding also from left to right Thus to find the 
value of 15x8— 12+36— 4 x 14— 6 — 72x5— 8— 3 

The expression has 3 terms, viz , 

15x8-12, 36-4x14-6, and 72x5-8-3 
First term =15x8 — 12 = 120 — 12 = 10, 
second term =36—4x14—6=9x14—6=126—6=21 , 
third term =72x5-8-3 =360-8-3=45-3=15 
Value reqd =10+21-15=31-15=16 

Ri mark The case in which the sign of multiplication is omitted 
betw een two or more quantities deserves special notice Here the omission 
of the sign and the consequent closeness of the quantities cause the product 
to be regarded as a single quantity Thus a—bxc means that a is to be 
first divided by b and then the result multiplied by c , but a— be means 
that a is to be divided by the product of b and c at once Hence if 0=36 
t'—S and c— 4, a—bxc— 36—3 y 4 = 12x4=48, but a— bc=$6— 12=3 
Similarly a—mxnxp and a—mnp give different results , and so on 


Examples IV 

Find the value of 

t 

1 20-4x3 2 35-7-5 3 25 + 6x4 4 18-8-4 

5 5x3-16-4 + 6-2x5-3 

6 2x6-4 + 8-2x5-4-15-3x2-5 

If a =12, 6=2, e=3, d=A, find the numerical value of 

7 it— b—c 8 ax b—c 9' a b—c 10 a—cxd 

11 (i—cd 12 a+d—b 13 a — bxc 14 a—b—cxd 

15 Aa—b—cd 16 a—b+d—b—2c 17 axb—c+a—lxc 
18 a— 3&+a— 3xh + l 19 2bxc—ZdxAc—a 

20 3a— 2b— cx5d— 5xd 21 axb—c+a—bxc—a—bc 

22 GabxAb— c— acf+5acf— bc-Zac— 2b— 36x5tf v 

23 8a— 3hx5s— Gc2 — 2 — 12a— 8b— 32cx 16a— 95+a— 2bcd 
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If a =4, 5=8, p=10l, q=%, find the value of 

. 24 10+2J-5 25 3p-a-8g. 26 ^-| + 1 

27 a+-~~ 28 15« + 105 ~ 2o + 4g 29 £--+— ~g. 

jjg r * bxp 

qn -SL 

35 T 5 5p 12o 

If r— *02, «=3 5, #= 005, find the value of 

31 5r+3s— 10 j? 32 rs-15.r+2r 33 4:r— 3r+s-rtf 

IS Power, Index, Exponent If a quantity he multiplied 
In itself any number of times, the product is called a Power of 
that quantity Thus aa is called the- second power or the square 
of a , ana is called the tlnrd poicer or the cube of a , aaaa is called 
the fourth power of a , and so on The quantity itself is called its 
frit power , thus the first poicer of a is r» 

For the sake of convenience, aa is written r< 3 , aaa is written ft", 
mm is written a*, and generally aaaa. to n factors is written c n 
The small figure or letter placed above a quantity and to its right, 
to indicate how often that quantity is to be taken as a factoi in a 
power , is called the Index or Exponent of that power Thus 
2, 3, 4, n are the indices or exponents of o a , a 3 , a i and « n respectively 

The first power of a being a or a\ the index of the first power of 
u quantity is unity : 

In the above example*, n s is read “« raised to the second power? 
or square#' , « 3 is read “o raised to the tlnrd power? or “</ 
cubea ” , o 4 ia read, “a raised to the fourth power? or briefly (t a to 
the fourth 11 , and a n is read “a to the nth,” or “a nth ” 

Note Any power of 0 is 0, and any power of 1 is 1 
For if «=o, a s =o, a a =o, &c 

if a=l, o a = i x i = i, a 3 = l X I x i = I , S.c 

14 Bracket, Vinculum Brackets ( ), { }, [ ]» are used to 
enclose the terms of an expression which are meant to be taken 
collectively Thus fl + (5+ c) means that the sum of 6 and c is to be 
added to a , similarly (a +5)— x 2 means that the sum of a and 6 is to 
be divided by x° , («5) 2 means that the product of « and 5 is to he 
squared , and so on 

Sometimes a line is placed over the terms which are meant to 
be taken as a whole, thus o + 5+c is the same as « + (5 + c) The 
line is then termed a Vikoulux 



12 


TOE KEVT 1IATRICUI, ITIOV AB3EBRA 


The three kinds of Brackets are sometimes conveniently called Paren 
*hcses, Braces and Crochets respectively 

If a =3, #=2, find tlie value of 

Ex 1 4 6 = 4 x 4 x 4 x 4 x 4 = 1024 

Ex 2 (15)°=(15) s =l , i x 15 X l’»=3375 

Ex 3 V'" as 78 * 3 — 70 ^ 7 x 7 x7 x7 x7 x 7 = 117649 

Ex 4 4«*=4x3 4 =4x3x3x3x 3=321 

Ex. 5 (5rt j) x = (5 x 3 X 2) 2 = (30) 3 = 30 X 30 = 900 

Examples V 


If a =3, x—2, ?/=4, find tlie value of 


1 

5 s 2 8* 3 (2P) S 

4 (12)° 6 (50) 

V 

0 l"* 


If a=2, I»=0, c=8, r'=3,y'=‘! 

1, find the value of 



7 

«» 8 3c 3 9 14y 3 10 

1 2«r s 1L 24bx 3 

12 

lGe«c 4 

13 

W-vy* 14 {W 

15 3?aW 

10 


17 

1,3^6 IQ 





If a=5, 5=1, c=4, m= 2, n~ 

3, r=7, r=6, find the vnluc of 

10 

20 m z 21 3-c" 

22 r )5 r 23 4c» 

24 

{2abf 

: 25 

{4u?xf 20 (3ar) n,i 27 

3m s J e 28 ]xa m 

29 

ft* 

30 

2r 3 m r 31 £(«***/ 32 

2 1 a*s n3 c m n z 

33 

5 ^ c , r I ^r’ , 


If a=4, #=r=2, y= 3, find the value of 



34 

l?)‘ « 1 ®' 

o° iSSf 

37 


38 

3/3sV a 

00 u%r 




15 Square Boot, Cube Boot The Square Boot of a 
given quantity is that quautity -whose square or second power gives 
the proposed quantity Thus 2 is a square root of 4, for 2 2 =4 , u 
is a square root of a 3 , &c The sqirae root of a quantity, say <*, is 
written ?/a, or more commonly s /a , honco J 4 «=> 2, N /9«=3, &c s '« 
•is read "square root of a” or more commonly “ root «” 

The Cube Boot of a given quantity is that quantity whose 
cube or third pouer^ gives the pioposed quantity Thus 3 is a cube 
loot of 27, for 3 3 = 27 , a is a cube root of a 5 , &c The cube root of 
a quantity, say a, is represented by V« , hence U8^2, -/]25=5, 
\VC s Ja is read "cube root of a” 
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The sign J b> means of which the root of a given quantity is- 
expressed, is called the Radical Sign, and is a corruption of the 
initial letter r of the word i adix 


Note From Art 14 , we at once see that , Ja + b is equnalent to 
J{a+b), the line ove r a+ b serving as a vinc ulum Hence there is a 
distinction between a+b and tja +& , for hja + o means the square 
root of the sum of a and b, whereas Ja + b means that b is to be added 
to the square root of a , so also tj$x means the square root of the product 
15 r, but 1^/31 means that the square root of 3 is to be multiplied by x 
Thus -where there is no bracket or vinculum, the radicaL 
sign refers only to the qnantity before which it is placed 
Hence to express the root of a nvmba , bracket or vinculum is unnecessarj 

thus »J35 is sufficient to express ^(35) or ^35 

If n— 12 and #=9, find the value of 

Ex. 1 s /(3i a*)= J ( 3 12 9)= n /(3 3 4 3 3)=3 2 3 = 18 

Ex 2 “/(24;r*)= 3 /(3£9 99 9)=V(27 8 9 9 9)=3 2 9 = 34 

Ex. 3 If ar=4 and <J=5, find the -value of Jx e 
Jt c*= n /4S= s /(4 4 4 4 4)=2 22 2 2=32 
Ex 4 If a?= 8 , a= 2 , 6=32, find the value of %J{2bx a ) 

s/(25x“)=;/(2 32 8 a )=V(64 8 8)=</(4 4 4)(4 4 4)=4 4 = 16. 

Ex 6 Find the value of J4x+y, s l 4x+y and *j4x+y, when 
s=16 and y=3G 

K f4x + 1 / = n /(4 x 1G + 36) = N / 100 = 10 
•J4x+y=* s /(4 X 16) +30= N /64+36=8+36=44 
*/4x+y=2 X 16+36=32 + 36=68 

Examples VI 

If «= 12 , 6=15, #=l,y=9, find the value of 
1 N '(16*y) 2 N /(12o 3 y) 3 4 3 i* %/(«-» 

6 3^/(20a6y s ) 0 V(24y) 7 2 */(80ab*) 

8 26^(3y») 9. £ Vi^Y) 1° A %/{45Wxy) 


If «= 2 , 6=4, c=l 3 rf= 9 , ^=8,y=3, 2 = 0 , find the value of 
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37 

Sa°-z 

18 



*'(8«W) 

20 

3 /, 1% ! 
V V 27c 1 

) 21 

*J {l25ub) 

22 y(d?) 

If a=9, 6-1,. 

=25, 

S, x = 16, y=36, 

find the value of 

23 

cjx+u 

24 

cjx+a 

25 Jcx+ ^'a 

26 

s '(fflx + l»c) 

27 

Ji*x+ J(bc) 

28 i .J(ax)+^'bc 

20 

s!ax+ Jbc 

30 

%/i(b+d) 

31 VMb+d) 

32 

2 \!d{x-a) 

33 

xyia+b+y 

34 2\Jix+y+c(2a- 


16 We here give a few examples of expressions involving poweis 
and roots 


Ex 1 If «= 5 , 6=2, c<= j 3 find the value of «( 4 &— 3c) s — c 2 (a— 2b) 
Given expn = 5(4 2-3 x^) 2 - ($) n (5 -2 2) 

=5(8- 2) 3 - ±(5-4) 

*=5 6 3 — £ x 1=180 — £ = 179£ 


Ex 2 If «=4, 6=6, c=2, find the value of 5 a 2 |^r~-c 3 rr-^- — 

6+c [b-2c)- 


<?iven expn =5 4 s 


6-2 2 6 2 s 


= 04”- 


b + 2 (6-2 2) a 

12 2 3 


5 8-12 2=40-24=16 


Ex 3 If y=x 2 - 3x+15, find the values of y, when a; has the 
values 0, 1, 2, 3, 5, 8 

Arrange the values of x and y as in the following table 


1 

1 

0 

1 

2 

3 

5 

8 

1 s 3 = 


1 

4 

9 

25 

64 

— 3j= 

0 

-6 

-9 

-15 

-24 

15 = 

15 

15 

13 

15 

15 

15 


16 1 

13 

13 

15 

25 

• 


Thus the required values of y are 15, 13, 13, 15, 25 and 55 
I his is called Tabulating the values of an expression 
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Examples VII 

If a— 2, b—3, c—b, d—O, find the value of 
1 rt 2 +Z> 2 +2 / i& 2 a 3 +i = +c s +3a6s 3 a*5 + 5 3 c + <?d <2% 

4 5 3a 3 -f4&c 5 — 4«5c 

6 10a i <£—bb~cd-r2'i’bc t —3(td z -i-2'ic s 
7' 's^+Wc— o 3 +^ 

8 j’ ff « 3 c+ 2 a f d— 80 cZ*+ic 4 — 

9 -«&«+£ &?*<£— lSa^+^tc 3 — SfPa 3 

If a—b, b—% c=3, d—l, jmd the value of 
10 aZ+tf~c*+d?. 11 Q~+ir-rc"+d s 12. a 4 + 5*+c*+# 

,13 (rt+5) s +(tf+ef) s 14 (a-df-lc-l)- 15. (as-c*f-(b n --d*f 


16 (o+h+tf) s -ff 2 -& 3 -c« 17. (a+b+c?-a*-1f-<? 

18 (ad+bcy+iac-bd) 3 19 (2fls-6*) s +(3e-5c)“. 

20 UZci-abfV&iaW-c*? 

If <i=2, 6=4, c= } and find the value of 

2L e*-4a«+85V-48«i». 22 3 (.ab~6cd)*+4(ad-bc? 

„ 3c 2 6= 3~& 5 o=- 66= 18c3+|2a2 

^ «*' f ' t £~2(l+2e s / 24 4rf 2 -f3& 3 12-« 3 


If a~4j 5=3, c=5, e?=0j find the value of 


25 6 J(a 3 + 5 s )- («-&<*)* 

27 |v(o a + 5 »+tf z )-^ cS - ~^~ - ^ . 

w (J'lv 


26 J(5a<?)+ 


(3^- 25c) 2 

*J(W) 


OQ V^{ 35 * rt^ + O) T.w_ Jvt 


29 If ^=x 5 +5jt+ 3, find the \alues of y, if x has the values 0, 1, 

2, 3, 4, and 5 

30 Pind the values of the expression x 2 — 12x-r35 for the vilues 

of x, 0, 3, 2, 5, 7, 11 and 15 

31. Shew that 5x 3 ~ 32x+12=0, whether x=6 or = 2 
32 Shew that 4x~— 15x s — 17x=G whether x—l, or =2, or 
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CHAPTER II 

NEGATIVE QUANTITIES 

17 Positive and Negative Quantities In Arithmetic 
1-7 is an impossible operation and has no meaning But m 
Algebra such an expression is capable of interpretation and a final 
lesult such as —3 can stand alone ]ust as +3 does and has an intel- 
ligible meaning assigned to it We shall shew by considering a few 
examples that this is the case 

If a person gams R8 by one transaction and then loses R5 by 
another, then his gam on the whole is R3 This is expressed 
algebraically bv 

+R8-R5- + R3, 

? *, +R3 denotes that he has now R3 more than when he began 

Again if he first gams R8 and then loses R8, his gam being 
exactly equal to hw loss, the effect on his stock is nothing This is 
shewn algebraically thus 

+ R8 — R8 = RO , 

ic, RO indicates that he is neither richer nor poorer by the 
transactions 

But suppose he gains R5 by one transaction and then loses R8 b\ 
a second, his loss on the whole is R3 Now if the loss of B8 be 
considered as made up of one loss of R5 and another of R3, we mav 
express the result of the two transactions by 

+R5 — R5-R3 or — R3 , 

i e , - R3 indicates that he is now poorer by R3 

And the result would clearls be the same, if he were to lose 
R3 first and then gam R5 

Also if he loses R8 by a first venture and then again R5 by a 
second, his total loss is R13 This is expressed thus 

— R8-R5= -R13 , 

i e , -R13 shews that he is now poorer than formerly by R13 

And the result would be the «ame, if he weie to lose R5 first 
and then again R8 

Thus gam and loss are quantities of the *ame clast, inasmuch 
as each is a turn of money, but they are of opposite character mas 
much as a gam increase * the btock while a loss decreasei it 

As another example, suppose a man to start froin a fixed, 
point 0 and walk first 6 miles due East and then 4 miles due West 
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% e, jn the opposite direction- His position with regard to 0 is 
expressed algebraically by 

+6 miles — 4 miles = +2 miles ; 
i e , +2 miles indicates that he is now 2 miles East of 0 

I 

Next suppose him to start from 0 and walk first 4 miles due East 
and then 6 miles due West His position -with regard to 0 is 
expressed by 

+4 miles -6 miles = -2 miles , 

wheie — 2 miles denotes that he is now 2 miles from 0 but on the 
opposite side of it, i e , 2 'miles West of 0 

A graphical illustration Of what has been said abov e is given below 


Y! f e d c ha OABCDEFX 

1 . j 1 1 1 * 

-6 -s -4 -3 -2 -| 0 +1 +2 +3 +4 +5 +6 


Let XOX' be a straight line and let 0 be the starling point Let each 
division of XOX' represent one mile Suppose the direction OX (from left 
to right) to be East and OX' (from right to left) to be West As it is usual 
to consider distances from left to right as positive, and those from right to 
left as negative, mark the distances along OX as + 1 , + 2 , + 3 , + 4 , 
and those along OX’ as - i, - 2 , - 3 , - 4 , 

how to walk 6 miles due East from O is to walk the distance OF, and 
then to walk 4 miles due West is to walk the distance FB Thus after the 
two walks the man is at B and his distance from 0 is OB 

Hence +6 miles -4 miles = OB = +2 miles 

Again 10 walk 4 miles due East from 0 is to walk the distance OD, 
and then to walk 6 miles due West is to walk the distance Db Thus 
after the two walks the man is at b and his distance from O is Ob 

Hence +4 miles -6 miles =Ob= —2 miles 

v 

Thus -2 miles denotes a distance equal m magnitude but oppo- 
site m direction to that denoted by +2 miles , that is, +2 miles 
and —2 miles are quantities of the same class inasmuch as each 
is a distance but opposite m direction 

As other examples, it will be seen that if + 100 miles denotes 
a distance of 100 miles North of the Equator, then —100 mdes will 
denote 100 miles South of the Equator , if + 20 } ears stands for 
20 jears BO, then —20 jears will stand for 20 years A I) , if 
+5° means 5° ahdie the freezing point in a thermometer, —5° will 
mean 5° below the same point , and so on. 
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Thus we see that many concrete quantities are capable of 
existing iu two directly opposite states, These two opposite states 
or characters of a conciete quantity are called poBitlVS and 
negative quantities , 

18 Positive and Negative Quantities distinguished 
To distinguish between positive and negative quantities, it is conve- 
nient to use the signs + and - For from the nature of these signs, 
it seems cleai that whatevei quantity we are coiisidenn®, +5 will 
always denote what increases that quantity bv 5 units, ana — 5 what 
decreases that quantity by 5 units Thus, if we aie bpeakmg of a 
man’s gam*, calculated in rupees, +20 will denote an amount that 
increases his gains by 20 rupees, i e , +20 will denote a gam of 20 
lupees, and —20 will denote an amount that decreases his gam by 20 
rupees , i e , — 20 will represent a loss of 20 rupees If on the other 
hand, we are speaking of a man’s losses, +20 will represent an 
amount that increases his losses by 20 rupees, t e,, +20 will now 
denote a loss of 20 rupees, and - 20 will represent an amount that 
decreases his losses by 20 rupees, te, —20 will now denote a gam of 
20 rupees And so on Thus + and — are used as marks to distin- 
guish between Positive and Negative quantities Hence a quantity 
preceded by the sign + is called a positive quantity' and that preced- 
ed by the sign — is called a negative quantity A quantily ha\mg 
no sign prefixed is considered as positive 

It thus appears that the signs + and - serve two dislmct pin- 
poses — First, they are used to indicate the operation of addition 
and subtraction , and secondly, they ire used respectively to mark 
positive and negative quantities, and then they are called* positive 
and negative signs The positive and negative signs are also 
called Signs of affection, as they mark the quality of quantities before 
which they stand 

It is thus clear that —a may stand alone just as + a does, and 
indicates a units of a character opposite to that denoted by + a 

The magnitude of a quantity considered without reference to its 
sign, is called its Absolute Value Thus the absolute value of 
+<J and of —3 is 3 , of +u and of —a is a and so on 

Hence the sum of a positive and a negative quantity having the 
same absolute value is 0 , that is, +a-a=0, or — «+«=0 


1*> Choice of a Positive Quantity to remain un- 
changed From the nature of positive and negative quantities, 
it is plain that we may represent a gam of £20 by +£20 and a 
loss of £20 b> — £20, or we may represent a loss of £20 b\ +£20 
and a gam of £20 by — £20 , that is, it is perfectly optional to 
■call any quantity we please positive , and then a quantiti of opposite 
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chaiactei shall be called n&jattie Thus in algebraical language, a 
loss of RS may be spoken of as a gain of — RS, a rise of 5° in a 
thermometer may be called a fall of — o°, and so on 

But though we are at liberty to call what quantity we like posi- 
tive, }et, having once made our choice, we must, throughout the same 
question, call that quantity positive and the qu ottily of opposite hind 
fUgativc 


20 Corresponding positive and negative quantities 
If each of the divisions of XOX' is a unit of length, we see that for 

X! f e d c b a OAB COE FX 

-b -5 -4 -3 -2 -1 O +1 +2 +3 +4 +5 +6 

-every point X, oi B, oi C, iu the line XOX' to the right of 0, 
there is a corresponding point a, or 6, or c, to the left of 0 , the 
corresponding pair of points being at the same distance from 0 
on either side 

Thus for tvery positive quantity, there is a corresponding negative 
■quantity, of the same absolute value ' 

It is also seen from the diagram that f urthei a quantity is to the 
light, the greater it u m magnitude, and the further it is to the 
left, the less it is m magnitude Hence a quantity to the right 
of another is gieater than the latter, and one to the left is less 

Hence + 9 is greater than +4, orO, oi —6, 

■and —5 is less than +1, oi - 1, or — 3, 

i 

Thus ,i pontile quantity is gi eater than an} ncqalivc quantity 
-il>o 0 winch is neither positive noi negative, is greater than 
* negative quantity 

Moreover to pass from X to X' or from X’ to X, we must pass 
through the point 0. Thus a quantity which ch mges its value from 
positive to necfutive must pass thi oejh the xah'z 0 , and vice \er»a 


Examples VIII 

Prove graphicallj the following (use squared paper) 

1 8—5=3 2 10-3=7 3 5-7= -2 

4 -9+2= —7 5 — 1 — S = — 9 6 —7+5= — 2 




SO 

TIXE SEW 

HATIlICtlLATlOy ALGEBRA 

7 

— 3 — 8 = —11 

8 

— 6 — 2 = —8 

9 

6 a— 4a = 2 a 

10 

5«— 81 = —3a 

11 

— a — 3a= — 4a 

12 

— 10a — 3a = — 13a. 

13 

-10 a+a= -9 a 

14 

— 8 a+ 2 a= - 6 a 

15 

-5a+9a=4a 

16 

3" — llo= — 8a 

17 

-5a + 4a=— a 

18 

-3a+3a=0 

19 

4+3+l=8 

20 

— 1 — 3 — 5= —9 

2L 

2a+5a+a=8a 

22 

— a — 3a — 4a = - 

- 8 a 





Find graphically the value of 



23 

-4-6 24 

5-10 

25 -3+8 

26 -7+5 

27 

-6-7 28 

10-13 29 -10*+9* 

30 —12* -x 

31 

—a— 18a 32 

25m- 

-36m 33 - 12 y+ 6 y 34 20 a 6 - 12 a&. 

35 

— o 2 — 15a s 

38 

- 12* 3 + 3r 3 

37 

xy-xy 

38 

— 3at+3a& 

39 

3* + 10* + 4* 

40 

- 8 a 1 -a 2 - 2 a 2 


41 A person first gains R25 and then loses B30 , how much 
does he gam / How much does he lose ? 

42 A man walks 3 miles towards the north and then 5 miles 
towards the south , how far north is he 1 How far south V 

43 A and B start from the same point , A goes 8 miles due 
eiat and B goes 5 miles due west , how far is each due east and 
Tiow far due west 9 

44 A clock, which loses 2 mm a day, indicates at noon 3 mm 
past 12 , what time will it indicate at noon of the third day i 

45 AB is a straight line xn which 0 is a fixed point Mark 
ofi on it the distances —4 1, 0, —3 and 2 


CHAPTER III 

FUNDAMENTAL LAWS— ADDITION AND 
SUBTRACTION 

Monomials 

SI Addition of a Positive Quantity and of a Negative 
Quantity Addition is the process of finding the single 
quantity which is equal to several quantities put together These 
several quantities are called addends or summands, and the 
single quantity is called their sum 

Since a positive quantity always produces au increase, to add 
a positive quantity is the same as to add its absolute value 
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s 


, For example, if a person hue 8 rupees and then lie earns 3 
rupees, he will then have altogether the sum of +8 and +3 rupees 
with him Thus 

+ 8+(+3)= +8+3 

Hence generally +os+(+6)= +o + 6 ... . .. (A) 

Again, since a negative quantity produces a decrease, to add a 
negative quantity is the' same as to subtract its absolute .value 

For example, if a person has 8 rupees out of which he spends 3 
rupees, then he lias 8 — 3 rupee®, i e , he has then with him the 
difference of 8 and 3 rupees Hence if we call the earnings +8 
rupees, and the expenditure -3 rupees, the sum of +8 and —3 will 
he the same as the difference of +8 and +3 Thus 

+ 8 + f — 3) — +8-3 

Hence generally - +a+(— b)=+a—b , (B) 

lu establishing (A) and (B), we have supposed +« to be positive , 
now a little consideration will shew that whatever be the character 
■of the quantity to which +6 or —6 may be added, b mil always 
retain its own sign in the result Hence 

— 8+(+i)*=“d+i, 
and < — «+(— 6)= — a— b 

Thus for the addition of any term we have the following Rule . — 
Place the term with its sign unchanged after the expression to which 
it is to be added 

The expressions a +6, a— b, —a+b, and —a— b cannot be simplified 
any more, and hence they are considered as final results algebraically 
But they may have simple numerical values when we give numerical 
values to a and 6 , 

Thus if a= 2 and 6=3, we have 
(1) «+6=2+3 = + 5 , (2) « — 6=2-3= — 1 ; 

(3) — a+6=-2+3= + l , (4) -«-6=-2-3=-5 

Hence we see that 

(l) To add two positive number «, we add their absolute values 
and prefix the sign + to the result (1). 

i 

(li) To add two negative nvmbers, we add their absolute valve* 
and prefix the sign — to the result (4) , 

v (m) To add a positive and a negative number together, we sub- 
tract the absolute value of the less from the absolute value of the 
greater, and prefix the sign of the greater to the result (2 and 3) 
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22 Algebraic Sum "When several quantities are connected 
by the signs + and — , the result m its simplest form is called their 
algebraical sum Thus the algebraic sum of +8 and +3 is +11, 
of —8 and —3 is - 11, of -8 and +3 is —5, and so on 

Thus an algebraic sum may be positive or negative 


23 Subtraction of a positive Quantity and of a Ne- 
gative Quantity 

Since subtraction is the inverse of addition, the subtraction of 
a positive quantitv must pioduce a decrease, for its addition produces 
an increase and the subtraction of a negative quantity must 
produce an nit, ea?e, for its addition produces a decrease 1 lierefore 
to subtract a positive quantity, we subtract its absolute value and 
to subtract a negative quantity , we add its absolute value Thus the- 
result of subtracting +3 from +8 is +8-3, and of subtracting 
-3 from J-S is +8-r3 , that is, 0 

+8— (+3) = +8—3, 

+8— ( — 3)«=+8 + 3j 

Hence general] > +ff-(+5)= +«-& , .(C), 

and +a-(~b)= +«+& m) 


Thus for the subtraction of any term we have the following 
Buie — Place the term with it? sign changed after the exp, es?ion 
Jrom which it is to be subtracted, and proceed as in Addition 


??rom -t btraCfc +5 fr ° m +11 ’ ~ 4 from + 7 , +6 from -8 and 

(l) +11 — (+5) = +11 — 5=+ 6 
(u) + 7 — (—4)= + 7+4= + ll 

(ill) - 8— (+6)= - 8- 6= -14 

( lV ) - 4 — (—3)= — 4+3= - 1 


« island 6 = S l U 3 btraCt ~ ahom " b > aild amplify the difference when 
-&-(-«)= -6 +a=- 13+8= - 5 

Definitions The quantity from which annthor nn — , , 

subS°abtnd Calle d T min f U6nd = Ann latter i^caUedthe 
subtrahend , and the quantity which remains after , 

1., bee perfomed cited the remamdOT „r dSerM 0e P h 
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04 Law of Signs The results (A) and (B) of Art 21 and 
(C) and (D) of Art. 23 are ver\ important. "We give them below 

+a+(+ &)■=+«+ ?' t 1 ' 

+a+(— &)=+»-& • ^* 

+<r— (+T))-+o-b 

+a — { — 6) = +«< + b ( 1V ) 

From Ci) and Civ), we see that when the tamo sign is prefixed to 
a bracket as well as to the term within the bracket, the sign oE 
the term will be 4- when the bracket is removed , and from (11) 
and (m). that when the signs are different , the sign of the term will 
be - when the bracket is removed We have thns an important 
law called the Law of Sign-* which wo briefly enunciate thns — 
Like signs give +, ana unlike signs give 
That is, +(+5)=+5 , ~(-3)»+3 , +(-4)=-4 , -( + G)=-G 


Note The student should notice that the word "sigis' when used 
alone, dei oU s the tmo Jigns t and — , and t o other sigi s Hence the sign 
of a tern ’ means either the sign t or the sign — , wmch is prefixed to it 

.Also "liH sign means signs both of which are h or both ~ , and 
"nr (the signs’ means signs one of which is — and the othci - 


Ex L Find the value of — 8— (-7)— (+3)+(— G) 

.Required value = — 8 + 7— 3 — G=~l — 3 — 6= — 10 

Ex 2 Find the a alue of u—b— c, when u=—3, &=— 5 and c= — 8 
u— 7i— c= +(— 3)— (— 5)— ( — 8)= — 3+5 J -8= +2+8= +10 


Ex 3 Simplify 2a-(-h)+(-c), when n=* r >, b- -11, c=12 
3u— {— 6)+(— c)=3'* +6 — r=3 A 0 — 11 — 12 
= 1"» — 11 — 12—4 — 12= —8 


Examples XX 

1 Find the sum of +7 and —0, of — 5 and —0, of +10 and —3 

and of —11 and +8 

2 Find the snm of « and — b, and of — b and — c, when 

< 1 — —3, 6=4 and c= — H 

3 Simplify the sum of — x and y, when t= — 10 and y— — 15 

4 Subtract - 12 from +3, - 15 from - 8, and +3 from - 1 

6 From +18 take +12, from —15 take +10, from +9 take 
— 9 , and from — 11 take — 5 

6 From a take - 6, and find the value of the result when n= - 5 
and b= — 1. 
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7 Subtract b from — a and find the value of the remainder ■when 

o=8 and 6= — 6 

8 Prom a—b subtract — c and simplify the result when a =1, 

6=2 and c=5 

9 Find the difference between the sum of 5, -4 and — 6, and 

the difference of —18 and — 6 

10 Simplify -12+3-8-7+20 and -3- 1 + 12— 4+1 
1L Find the value of 7 -(-2) + (-4) and -3-(-2)+( + l) 

12 Simplify 

4 — (+3)— (—2) — (+5) and -(-3)+(-4)-(-l)+(-2) x “ 


If a= — 1, 6= — 2, c= —3, v— 
13 -a-b+e 
15 o-(-v)-( + 6)+(-y) 

17 (-a)-J-(+y)-(-s) 

19 8 — (+«)+(— 6) — (+c) 


-4, y= -5, z=6, find the value of 
14 — (— a)+6+(-c) 

16 — a— (— 6)+(— c)— 3- 

18 -(-*)-(-y)-(+2s)-3 

20 4z-{+x)-(-y)+(-c) 


25 Algebraic Difference In Algebra, a-b always ex- 
presses that 6 is subtracted'from a, whatever be the values of a 
and 6, positive or negative Thus by the algebraical difference 
between o and 6 is always meant a—b and not b—a or a—b 

Hence the algebraic difference 

of +6 and +2 is +6-(+2)= +6-2= +4 , 
of +6 and —2 is +6— (— 2)= +6+2= +8 , 
of —6 and +2 is — 6-(+2)= — 6-2= — 8 , 
and of —6 and —2 is —6 — (-2)= — 6+2= —4 


20 Definition of “greater than” and of “less than ” 
The introduction into Algibra of negative quantities requires an 
extended definition of the phrases greater than and dess than "We 
therefore define them as folio Wb — 

a is mid to be qreater than b when their algebraic difference a—b 
is postltie , and lest than b, when this difference is negative , '’a and b 
being any quantities whatever 

Thus +4>+3, for +4 — (+3)= +4-3 = + 1 
— 3> -4, for -3 — (— 4)= — 3+4= + l 
+ 2 >■ — 8, for +2— (—8)= + 2+8=+ 10 
— 5 < — 2, for —5 — (—2)= — 5+2= -3 
-6< +1, for — 6-( + l)= — 6— 1 = — 7 
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Hence the quantities 

— 6, —5, — 4, — 3, —2, —1, 0, +1, +2, +3, +4, +5, -5-6, 
are in ascending oidir of magnitude, i e , each is greater than any 
one that procedes it 


Examples X 

i 

1 Fmd the algebraic difference between 6 and — 7 , — 6 and 7 , 
6 and 7 , —6 and —7 

2 Find the algebraic difference between 8m and 3 m , 8m and 
—3m , -8m and 3m ; —8m and -3m 

3 Which is the gaeater —5 or —2, — 1 or -3 , — 1 or +1 ? 

4 Which is the less -3 or —4,0 or -1, —100 or 0 ? 

5 Which is the greater — 1 or +1, and by how much i 

0 Which is the greater, the sum of —3 and 2, or the sum of 
5 and -7 ? 

7 Is the sum of —3, 2 and —4 less than the difference of -2 
and - 1 ? If so, by how much ? 

8 Which is the less, the difference of -6 and —4, or the sum 
of 8, - 12 and 5, and by how much V 

27 Like and Unlike Terms Terms which do not differ 
at all or differ only m their numerical coefficients, are called like 
terms ' lhus a, —3 a, 5 a, —ha, are like terms, so* also are 
— 2a 2 6 3 , a a i 3 , and ^a 2 6 3 

When this is not the case, they are said to be unlike terms. 
Thus 3a, —b and are unlike terms, so difjerent powers of the 
same letter are unlike terms, as 5a a and — 2a 

28 Addition of like terms We have seen that to add 
a term to an expression we place it after the expression, with its 

-sign unchanged Thus the "sum 4a and ,3a is 4a+3a , of — 4« 
and -2a is — 4«-2a, of 5a and —2a is 5a— 2a , of 3a and -5a 
is 3a— 5a 

In each of these examples, the sum may be further simplified 
by collecting the hi e terms together , and unless this is done, the 
result is not considered as final Thus wo have 

4a + 3a = 7a, (]ast as 4 rupees +3 rupees =7 rupees) [Art 24], 
where +7, the coefficient of a, is the sum of the coefficients 4 
and 3 , -4a-2a= — 6a [Art 24], wheie -6 is the sum of the 
' coefficients -4 and -2 , 5a— 2a = +3a, where +3 is the algebraical 
sum of the coefficients 5 and —2, 3a— 5a = — 2a, where —2 is the 
algebraical sum of the coefficients 3 and — 5 
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Hence for the addition of Like Teims, we have the following 
Bole '—Place them successively r tth their signs , find the algebraic 
sum of the coefficients, and affix the common letter o> letters 

Ex. 1 Find the sum of x, 5x and 8x 

1 i 

Required sum =*x+5x+8x=l4x, (where 14 is the sum of the 
coefficients) 

Ex 2 Beqmred the sum of -a, -3 a, -4 a, and -11» 

Sum required = — a - 3a — 4a — 1 la = — IQ i, (where — 19 is the sum 
of the coefficients -1, —3, —4 and -II) 

Examples XI 

Find the sum of 

1 4a, 3a, a, 8a 2 y, 5 y, Oy, 2 y 

3 3x, lOx, x, 18 e, 24x 4 la, a, 3a, 7a, 1 Oa 

5 m, 3m, 8m, 7m, 5m 0 12??, 1S», n, 2», 4n 

7 2 i,r, Br, 4r, 6r, 15? 8 y, 6y, 9 y, 12 y, 8 y, 10/ 

9 —Be, —c, —8c, —28c 10 —3x, ~5x, —x, -Gx, — lOr 

11 -4 y -6y, -2y,-y, -8y 12 -Gib, -7ab,-2ab, -ab, -9ab 

13 - xy * -3 xy\ -7 xy\ -xy\ -4 xy* 

14 -max, -3max, -25max, — 4max, -19 max, -21 max 

15 2«6, Jo6, 20«6, ah, 15s6 10 %vyz, xyz, \xyz, \xyz, i%xyz, xy:, 

17 — \mn, — mn , —4 mn, — hf-mn, —14 mn 

18 ipq, ipg, ipq, &pq 10 ax,bx,cx,dx 20 ax, x,3x, px,3r 

Mote When the addends have different signs, we proceed as in the 
example below 

Ex 3 Add together 3a, - 2«, - 7a, 4a, - a, and 6a 
The sum required =3« - 2a ~ 7a + 4a - a + Ga 
The sum of the coeffieients=3-2-7+4-l+G 

f —1 — 7+4 — 1+6= —0+4 — 1+6 
=-2-1+6= -3+6= +3 

Thus 3«-2a-7a+4f<-«+6a = +3a or 3«, the required snra 

Otherwise — The sum of the coefficients of the positive terms is 
+ 13 and that of the negative terms is —10, their algebraic 
sum is +3 Hence required sum= v +3a or 3 a 

Examples XII 

Find the sum of 

1 a, -5a, 9a, —8a 2 3a, —4a, 5a, -a, —%a 

3 7x, —2x, -x,4x, -lOx 4 8m, 20m, —3m, -15m, m, 17 m 
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5 xy, - 18zy, 5zy, - 26xy, -xy, 12xy 

[In the following examples the addends are placed m a column ] 


8 

—abc 

7 

16r* 

8 

f>axy 

8 

fC3 


50 ale 


— 74r? 


\o.xy 


— i~cz 


27 abc 


24 r* 


-Zaxy 


~vs cz 


— 7 6'ibc 


31 rs 


-tW' 7 


cz 


abc 


3r« 




— 4Sc- 
ro c - 

10 

■£mn 

11 

35a 

12 

83 

13 

-66y 


- 1 77171 


-17a 


30s 


20£y 


Jttmi 


— « 


573 


-18£y 


~T «mv 


20a 


-1083 


— 425y 


— £77271 


—45a 


213 


--1% 






-253 


Mr 

14 

hub 

15 

ax 2 

18 

2«z 

17 

Zx°-y 


%ab 


-bx«- 


—ax 


-x 2 y 


—ab 


ex 2 


Apx 


ax"y 


I «b 


-rfx 2 


Zax 


5 x n i/ 


— isib 

4J 


tx 2 


-qx 


Zax-y 


—2 ab 
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Addition of 

Unlike 

Terms 

These 

terms 

are added. 


•when we merely place them m a line with their signs unchanged 

For example, the sum of 2a, — b, — 5c and 3d is 2a — 5— 5c-f3d, 
and as this sum cannot he fnxther simplified, the result i= 
algebraically complete 

Ex Add together — 5z, Zy, — 2: and xy: 

Required sum = — dx-i-2y—2z+ nyz 


Examples XIII 

Add together 

I ■>«, -Zb -2c, d 2 3** 2 , -12a, b-, -2 b 

3 43aZi, —3 ax, 20 xy, —18 <pq 

4 12a£c, —axy 3 20 pgr, —15 mr, 29 df. 
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5 3a 3 , 106 3 , — 18c 3 , 2 r utb, —be, Ilea 

0 5a b, -3xy, 8 c 2 , - 2a-c, -4abc 

7 2a 2 , b 2 , -c 2 , 4a , -3d, -5b 

8 15jfy, -Zxif, 3 yz, -2y 2 r, 5w, -Zxy 


30 Subtraction of Like and Unlike terms Since the 
minuend may be considered as a negative quantity, the subtraction 
of aii) term means the same as the addition of the corresponding 
negative teim 5 

Thus to subtract (i) 5a from — 3«, and (u) —8a from —4a 
(i) — 3a — (+5a)= — 3a — Ba [Art. 24] = — 8a 
(ill -4a-(-8a)=-4a+8a [Art. 24]=+4a 


Polynomials 

31 Addition and Subtraction of Polynomials By de- 
finition an algebraical expression is a mere collection of its terms , 
thus the expression a—b+c—d may be looked upon as the algebraical 
sum of its terms -fa, —b, -f c and —d 

Therefore to add the ir hole expression a-b+c-d is the same 
a^ to add its terms -fa, —6, -fc and —d ill succession Thus if 
Abe an expression to which a-b+ c-d is to be added, we have 

A+(a-&+c-d)=A+(-fa)-f(-&)+(+c)-f(-tZ) 

=A+a- b+ c—d (A) 

Hence to add an expression , affix its terms in succession with 
their 'ngm unchanged to the expression to which it is to be added 

Similaily to subtract the whole expression a—b+c—d is the 
same as to subtract its terms -fa, ~b, + c and -d m succession 
Thus if Abe an expiession from which a-b+c-d is to be sub- 
tracted, we get 

" £-(a-b+c-d)=E-(+a)-(-b)-(+c)-(-d) 

=E-a+b-c+d (B) 

- Hence to subtract an expression^ affit tts teims m succession with 
their signs changed to the expression from which it is to be subtracted 

Corollary From (A ), it follows that / 

( 1 ) a-f (6+ e}=«+6-f c , (u) a-f (t— c) =a+ b— c , 

and fiom (B), it follows that 

'/• (m) a-(b+c)e=a-b-c , (iv) u-{b-c)<=a-b+c 
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S3 Single Brackets From Art 31 (A), we see that the 
removal of the bracket does not affect the result , and from (B), we 
see that when the bracket is removed, the sign of every term 
within the bracket is changed 

Hence we Lave the following Rules 'for the removal of 
Brackets — 

Rule I If a + ngn precedes a bracket, remove the bracket without 
changing the signs of the included terms 

Bode IL If a — sign precedes a bt acket, remove tJie bracket and 
change the sign of each of the included terms 

i 

Ex 1 Simplify 5a + (2a - b) - (« + b) 

' The given expression =5a + 2a-b-(a + b),by Rule I, 
~=5a+2a~b~a — b, by Rule II, 

=6a— 26 


Ex 2 Simplify 2a?-(-*+y)+3a:+2y-(7 x—y) 

The given expression 

=2a?+a?-y+3*+2y^-7a?+y [Rule II] 
=2x+x— y+3x+2y-'7x+y [Rule I] 

= -x+2y 

Ex 3 Simplify -Zx+(-y+2x)-8x-3y+s-(-9x+y) 

The given expression 

r = - 3* - y + 2x - 8 x — 3y + z - ( - 9a ? +y )[Rule I] 

= -3a?— y+2x— 8x+3y— z+9x—y [Rule II] 

-y-* 

V 

' Examples XIV 
Remove the brackets from 

1. x+(y-z)-(x-z) 2 (2a — 3a?) +( - a + 2a?) 

3 (at+by)-{by- 1) 4 ( a+b+c+f)-(-a + b-c+f ). 

5 «— (6— c+cQ— e— 2a + 6+(cf— <?) 

6 a?^y+z-(a?+y-s)-(-y-2+-a?) 

7 2a — 36— (a+2&)— (86— 6a) 

8 . 3a-(b-4c)+2d+(a~b)-2c-d 
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9 4m - 3m - 4 + m - 6 - (2m - 8) 

" 10 (ax + bx) + (by +cy)+(ai-bx)- (by- cy) 

11 (x°- - lay + 3y 5 ) - (* a + 3o# - 2y s ) - (4y 2 - 5 *, 17 ) 

33 The terms of an expression may be written down 
an any order 

This is accepted as self-evident, for 8 + 3 gives the same result 
whether we add 3 to 8 or 8 to 3 Similary to add 3 to 8 and then 
subtract 6 produces the same result as to subtract first 6 and then 
add 3, ie, 8+3— 6=8— 6+3 

Generally a+ft-c=a— c+5 = — c+a + Z>=&c 

The following is a graphical illustration of the principle 


M 

■ 

■ 

■ 

■ 




■ 

■ 

■ 

■ 

m 

■■ 

■ 

■■ 

■ 

■ 

■ 

■ 

■ 

■ 

■■ 

■ 

■ 

■l 

□ 

■ 

■ 

■ 

■ 

■ 

■■ 

■ 

■ 

■ 

■ 

■ 

■ 


■ 

■■ 

■ 

■ 

■ 

■ 

■ 

■ 

■■ 

■ 

■ 

m 

■ 

■ 

■ 

■ 

■ 

■ 

■ a 

■ 

■ 

■ 

r. 

» 

■ 

■ 

■ 

■ 

M 

WM 

■ 

■ 

■ 

■ 

■ ■ 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

■■ 

■ 

■ 

■ 

■■ 

■ 

■ 

■ 

■ 

■■ 

■■ 

■ 

■ 

■ 

■ 

■■ 

■ 

■ 

■ 


Let the side of a square lepresent o miles Then with the 
same convention with regard to the signs as m Art If, we see that 
5a+6a— 8a indicates that one goes 5 a miles from 0 to A, then 
6a miles from A to B and finally 8a miles (m the negative direction) 
ifrom B to G 

Thus 5a + 6a -8a = 0(7= 3a , (i) 

Similarly 5« - 8a + 6a shews that he goes 5a miles from 0 to A, 
then 8 miles (m the negative direction) from A to 1), and lastly 
6a miles from D to,0 

That is 5a-8a+6a = 0C=3a . (u) 

Again — 8a + 5a + 6a denotes that the man goes 8a miles (m 
the negative direction) from 0 to E, then 5a miles from E to D, and 
then 6a miles fiom D to 0 

— 8js+5a+6a= 00=3a (m) 

Hence (i), (n) and (m) are equal, i c, > 

5a+6a— 8a=5a — 8a + 6a= -8a + 5a+6a 

l 

This principle is otherwise enunciated thus — Addition i and *,ib- 
tractiom may be imd s in any order , and is known as the Commu- 
tative Law for Addition and Subtraction 
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Graphical Examples XV 

Prove graphical)' the following (use squared paper) 

1 8-34-2=7 2 24-7-8=1 3 4-124-6=-2 

4 -54-54-4=4 5 -104-64-l = -3 6 12-8-4=0 

7 3« — 7a 4- 2« = — 2« 8 -2«-9a4-lla=0 

9 — 8x4-5x — x= — 4x. 10 -2-54-8 — 14-3=3 

11 a — 3a — 4a 4- Ga=0 12 5y-12y-2y4-4y=-5y 

34. Addition of Polynomials The following examples will 
"■hew how polynomials may be added togcthei 

Ex 1 Add together 3a 4- 5b, « — 2 b and 4«4 -5 

The required sum=(3a4-5&)4-(a — 2&)4-(4a4-&) 
=3a4-*i&4-«— 26 4- 4« 4-6 
=3a4-a4-4a4-56— 2b+b [Art 33) 

= 8a4-4i 

Note It is usual to place the given expressions one under another, 
«o that lift terms may ^ill under hie terms, and then collect them as usual 
Thus 

30 4- 5* 
a- zb 
4a 4- b 

8a 4-40, the same result as before 

Ex 2 Add 13x4-2y-3s, 5y- 18x4-4, 15x4- 10s-y, and s-6x-12y 
Jteq sum =(13x4-2jr- 3=) 4-(Gy - 18x 4-4)4- (15x 4- 10s~y)4-(s- 6x- 12y) 
= 13x 4- 2y — 3s 4- Dy - 18* 4- 4 4- 15x 4- 10s -y 4- £ - Cx — 12y 
= 13x-18x4-15x-Gx4-2y4-5y-y-12y-3s4-10s4-z4-4 
=4x-6y4-Ss4-4 , 
or it may he found, thus 

13x4- 2y- 3s 
-18*4- 5 y 4-4 

15x — y 4- 10s 
— 6x-12y4- s 
4v— Gy 4-824-4. 

Ex. 3 Add together Gax 4- 3&y - 2, 4&y 4- 3cs 4- 5, and 8es - 2a/- 2/x 

6ax4-3 by —2 

4* 4 Jy 4- 3cs 4- 5 

-2/x 4- 8os -2a/ 

6<tx - 2/x 4- 76y 4- 1 les - 2«/ 4- 3. 
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Ex 1 From 5a -36 -2c take 3a- 46+ e ' 

Remaiudei = 5a - 36 - 2c - ( 3a — 46+ c) 

=5a-36 — 2c-3s + 46-e [Art 32] 

= I 'fl-3i-36+46— 2c-c [Art 33] 

=2a+6-3r, collectiug like terms 

It it. usual to place the subttaherid under the minuend, taking 
cue that Me term> b’ pUced nnler Id term-,, and then to com 
bine the like term3 after m Wally changing the c igos of those 
m the subtrahend Thus the above example is usually uoiked 
a» shewn below — 

(Minuend) *5a — 3b — 2e 
(Subtrahend) 3 V — 46 + c 
(Remainder) 2a + 6— 3c 

Ex 2 Prom 8r 2 — 20ib + y q 

t ake — 3r 2 + 25a6 — 2y s 
Rem lLr s — 45a6+3y 2 

Ex 3 From 35* s +20* — 3y take IB?/— 3* + 2e— 1, 

Place like teim9 under hkiT terms , thus 
35* 2 +20e- 3y 

- 3x+18y+2c-l 
Rem 3i* J +23x— 21y — 2c+l 

Examples XVII 

1 From a take - b 2 From 2a tike a-x 

3 Prom v+y take x—y 4 From Sx— 3y take — 3r+2y 

■5 Piom 15i+16 take 3u + l 0 From 10a +20 take -5a +S 

7 From a+x-1 take -a+t— 2. 

•8 -Fiom takei*-y+l 

9 From Zmn—mx + n take imn-niy-n 

10 From 6a* - 3 by + 3 take 8a* - 5by - 2 

11 From 2x+3y-4s take *-2y+3s 

12 Take"3* + 2y - 4z from 2 x—y 

13. Take — a+3&-e from 4a-26+l 

14. Take —46+5d-9 from a-36+2c 

16 From 3p 2 -4py + ? 2 +l take Zp^+qi-opg 

16 Subtract a 2 — 3a — 36 from 2a 2 + 4a — 6 2 

17 Subtract * 2 — 2* +1 from * 2 - 1 
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18 Subtract 1 -ni- 4- m s from 3 - 2m 2 + m i 
10 From jax - \xy + § take + %xy - J 

20 From V — y 2 + 2z % take 2r 2 — 3y 2 — 2 3 

21 Subtract 2 abs + ab — ac 4- 1 from 5 abc - 2ctb - 3ae 

22 Subtract a 2 — ax + -v 3 from 2a 2 — 3«-r + c 2 

23 SubtractUa; +r 2 + 3<i 2 from 4ir— 5r 8 +a a 

24 Subtract px s —gx 3 +rx from ax*— bx s +x 

25 From x s -f-5r 3 — 10 subtract 3x 2 —4x — 8 

26 Take x 3 — 3x 2 — 2x— 4 from x 3 — 1 

27 Subtract i - 1 r 2 - 2 y 3 from - Jx 2 - & xy + ^y 2 

28 From hy—£a~%x + take 3y + - 1 i 1 -a -^x 

29 From 7a*+2a 3 i> — 3.i 2 & 2 subtract 7& 4 -3a a & 2 +2'<& 3 

30 From «x 3 +2Axy + &y 3 +<! take gx i -2fxy+hy 2 —d 

31 Take -x*+2x 3 +4x 2 — 3x— l"from x i -3x 3 +4js‘ s ~5x — 1 

32 Subtract x 6 - 3 x 2 y 3 + 3x 4 y ~ 5y B — 4 ry 4 

from ax 6 +3x*y-^xy i —v s y*+by 6 

f 

\ 

36 Two' or more Brackets In Art. 33, we have given 
idles for the lemoval of single biackets But sometimes expres- 
sions occur, m\olving more than one pair of biackets The usual 
method in such cases is to begin with eithei the inner Most pau, or 
the outermost pair, and to proceed according to the rules to the 
■next in order till all are removed 

Ex Simplify . 2 a - [a - { cs - (s + a-*)}] 

Given expression =2o- [a- (a-(x+«-x)}] [Buie I] 
=*2a~[a— (a— (+a)}]_ 

=2a— [a — {a — a}] [Buie II] 

= 2a-[a]=2«-a=a 

•Oi thus —Given expn —2a-u + {a-(x+ a-x)\ [Buie II] 

=a+d-(x+a-x) [Buie I] 

=2« — x— a — *[Eule II] 

—2a —x—a +x[Eule II]— a. 

■remark It is usually advantageous to begin with the innermost 
pau 
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- Examples XVIII 

Simplif} 

1 7-{5-(4+*)} 2 ar— {^-(ar-y)} 

3 3a- {26-(a-46)}-(a+6) '4 1— [1 — {l-x-(l-l-*)]} _ 

5 4*-j>-{*+(y-3a)}] 6 (a-f *)-{a-s-[a-2*-(2a-x)]}. 

7 -[+{-K-*)}]-[-{+<-^}] 

8 a+*-[6+y-{a-*-6-2y}] 9 xy- {xy-^xy-lxy -y*)}. 

10 16a - [36 +{ 5a +26 - (3a - 2a - 46) } ] 

11 17a-46-[36+2a-{66-6a-(26-a)}] 

12 11* - {7* - [8* - (9* - i2a-6*)] } 

13 a6— {(36ce— 2a6)— (56ce— 6cf)+(3a6— 36e/)} 

14 2a - { 36 + (26 - c) - 4c + [2a - (36 - c - 26)] } 

15 16 — *—[( — 7*)— {8 — (+9*) — ( — 6*— —3)}] 

16 a+{-36-[-Gc+(-3a--26-5c)]} 

17 -[15*- {14y-(15z+12y)-(10x-15z)}] 

18 — {a— [— 2a— (— 3a— — 4a— 56)]+(— 6a — 36)} 

19 — 5a- { — 46-[-8e-(— 46+ — ba— 7c)]} 

20 — wi - {— 3m+2n-(-5m— 8 b)+( — 3m— 2n 3 n + m)} - 

ST Buies for the Insertion of Brackets From Art 31 
(A), -we Lave I?+(a-6+c— d)*=E+a-b+c-d 

Conversely E+a- b+c-d— E+{a—b+c— d) 

Alsofiom (B), -we Lave E-(a-b+o-d)’=E-a+b~ c+d , 
conversed 27— a+6-c+d=H-(a-6+c-d) 

Hence we get the following rules for the insertion of biackets 

Rule I It a + sign is to precede a bracket, keep the signs of the' 
included terms unchanged. ' 

TLus o-b+c-d=a+{-b+c-d)=a-b f (+c-<Z)=a-6+c+(— d) 

ScriiE II If a — sign is to precede a bracket, change the sign of 
each of the included terms 

Thus a-6+c-d=a-(+6-c+d)=a-6-(-c+i)=a-6+c-(+d) 

Ex 1 Enclose in a bracket with a positive sign, the last 3 terms 
of*— y+z-1 

Given expression =x+(-y+z-l) [Rule I ]=* + (s-y - 1) ' 
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' * examples for revision (a) 

Ex. 2 Enclose the same terms in a bracket with a negatue sign 
Given expression =#— (+y— *+l) [Bale II]=«— (y— s+1) 

> v. 

Examples JXIX. 1 

1 Enclose in a bracked (1) with a positive, and (2) with a 
negative sign, the last 4 teims of a- b + c—d—e+f 

2 Of the expression a-b+c^-d—c +/— g + h, enclose m a bracket 

(1) every 2 terms beginning with the first , 

<2) . ~ second , 

(3) . 3 - . first , 

(4) 3_ . . . second , 

(5) the last 5 terms , 

(6) the second, third, fourth, and fifth terms , 

(7) the fifth, sixth, seventh, and eighth terms , 

(8; all the terms except the first 

38 The terms of an expression inay be grouped m 
any manner. We have by -Art 37, 

a - b + c - d - e +f== a + ( - b + c) + ( - d - e) +f 
or =(a — &)+(c— d— c)+f 
' or =(a— b+o)-d+(.-e+f) 

, or — &c , 

This principle is known as the Associative Law for Addition 
and Subtraction, 

Examples for Revision (A) 

1 Define ‘‘Algebia ” To whom is the' invention of this science 
ascribed ? 

2. Distinguish between 5 6 and 5 6 Find their difference 
* ll ) 4* C 

3 Find the value of ^a+Ab 1 w ^ en a=s5 > &=4, c=3 

4 Find the sum of 4 ax } — a 2 x, 8ax 2 , — 2ax, -(-3a 2 e), -2ax 3 
and -3 ax, and the value of the result when 2=1 

5 Subtract -ba-hb from « 2 , and simplify the result when «=1, 
b=-2 

6 Remove the brackets from x— {2y— (2y+3s)- 1} 

7 By how much does x—y exceed x+y i 
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8 How old will a man be m 5 leais, if he wak % \eara old 10 
seats ago i 


9 What expression must be subtracted fioin 0 o as to leave a 
remainder x 2 -2^ + 1 i 

10 In how mam mh can the product of-10, v and y be wntten l 
In bow mam wms the prodncfc of a, hand c 1 

11 "What must be added to a - b that the result roa> be e 1 

12 Subtract the faitm of 3 v 2 and l-2a? from niiiti What is the 
v due of the diffeience when *=1 / 

13 Simplifi 3p- {?'H2p-q)—(p'-g)} 

14 -Add togethei 4 v 2 -2iy+y 2 and 5v 2 — 2 i/ s 3 and decrease the 
sum b\ Bx t ~2xy+y s 

15 If 2 = 1 , and y =5, how will 40 be represented fr) these 

*1 nibols ( ~ 

10 X have R GO How much shall I have (i) if I spend m annas 
inn (n) jf I spend Ra and then b annas 1 


17 Define a factor, a coefficient, a power and an md^t Distin- 
guish between 3a aud a 3 , awl find their difference when a=2 
What axe the factors of 3a(6 + c) > 

18 Find the remainder when 3x s —4x+I is subtracted fiom 0, 1 
and the value of the remainder when x=l J 

19 Explain wJnt ib meant bs — « ' 

20 .Add together 

3 - (2 + x), x-(3-2x)?4x+(8~x), 2- {x + (y- l)} 

21 Subtract 4« - (36 - 2c;+ (2a - 6) from 3 - (2a - 3b) 4- c 
„ 22 Remove the brackets from 

2b— {’il>+[e-(a + h-2o)]}--(46— c) 

23 Find the quantity attach when subtracted fiom 3 a 2 -2«x+ 

3 zy leases a remainder 2x i —3ax+3xtf+l 

24 A has Ra and B If A gives 5 Hr, how much has 
each i If aftei wards B gives A By, how much Ins each then > 


25 If a=6, h=4, c=3, d=0 and e=» — ], find the i line of 

5(a — i>X° s +bd~e)~ 2 (a + e ) 2 

26 Wh it aie meant bj 2r 5 and (2v)", and what is the difteience 
between them when #=3 1 

27 Add togethei -5+2a+3c, 6a— (b+c), 4&-(2cs-c), 3c-(fi« + h) 
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28 Take 2 + {j:-( 2^+3-‘)-5} from 2t- {4y-(6--7)} 

29 Simplify 4x-[3y+(2-3z-(1 -3x-2}}] 

30 .Arrange the numbers 3, -2, 1, -5, -7,2 and —1, (l)i' 1 
(icccTuhnn order of magnitude and (ti) m cluccnding order. 

31 What is that quantity from which ft 2 -3a&-V/ being taken, 
the remainder is jn 9 -}- 2a& — £*5 2 i 

32 If a debt of K50 be represented by r, what will -2i 
represent f 


33 Jf ft =8, 1=0 and c=3, find the value of 

2'i-(3&-c)— (8c— o)— {4c — (a — &)} 

34 By how much does x exceed 5 - 2x ( Find the value of the 
difference when t= 4 . 

o 

35 lVhatisthealgebi.no sum of 5, — 9 and 1 ; What of ft,?/, 
— canid - 3 1 

36 Find the sum of 

5r-(4jH-r), 2r+(2-~v), and 9;-(6x-Cy+3;) i 

37 Mibtract 

o-(6~c)+{2c-(36-5«)} from «-25- {3ft-(&~c)- r n./ 

38 Ifeiuo\e the brackets fiom 

4 a? 3 - { 2x 3 - (2x - 3) } - { x’ - (5a - Sr 2 ) } - {3 - (2x 9 - x ) } 

39 'The sum of two expressions is 2x s +3ry, and one of them is 
lr 2 -2,z i $'+2y 3 j find the othci 

40 I buy a horse foi Hr, if by silling it for Ityr I lose R30, 
express the i elation between x and y 


41 B\ how mncli doe-i 0 exceed r >x - 3 > 

42 Find the numerical value of 

17x— (2x— 3y)— {4y+2x-(x — 2yr)}> when x=3 and y= 14 

43 Add a— (3&-2e)-c?, h- {a-(2c-d)}, c- {2b-(3d-<t)}, and 
d— {2e+(4a—Z>)} 

44 Find the difference when ft 3 — 2ft5+ b s — 3 i p taken fiom 
a 4 - 3'ib - 1 

45 Simplify »i— [{2tfi — m — ( 2nt + n )} -( 3m — 2k)] 

46 The difference of two expie sion« i*- 2a + 3ab — bb, and the 
greater i* f )« + 2a&-3?> , what is the other > 

47 Shew graphically (using squared papei) that 

(i) 8-5=3, ( u ) 7- 5- 2=0, (m) 7+4-15= -4 



40 


THE NFW MATRICULATION ALGEBRA ' 


48 A man lias v miles to walk , lie walks for h hours at c miles 
•in hour , how much has he stall to walk ? 

If £=25, c=3, h— 5, what is the answer ? 


40. If a=10, 6=2, 1=4, and 1= -5, find the value of 
2a— ( N /6I + & s +6 N /a6- J) 

50. On a Centigrade thermometer, what is the rnc between (i) 
- 8* and +25°, (n) -15° and —2", and (in) +20" and —4“ * , . 

51 Add 3* 2 — {a£+(a 2 — a: 2 )}, — 3a*+ {® 2 — (a 2 — 2aa?)}, 

and 3a 2 - (ax - x 3 ) + 2x 3 

52 By liow much does 3s— ^+7 — 1 exceed ^~+~—2 ? _ 

3 4 2 3 4 

53 Simplify -(a-e)+36-[3c— (8a + 6)+4a]+2a— (2e+6-a) 

54 Shew graphically (using squared paper) that , 

(1) 2a-6a+3a= — a, (11) a— 2a+3a— 5a= — 3a 

55 The difference of two expressions is 5xy— fr*— }y 2 , and the' 
smaller is 3a: 2 — 6:ry— |y 2 , find the greater _ 

56 If g=2x 3 — 3*- 7, tabulate the values of y, when v has the 
i allies —3, —1, 0, 2, 3 and 5 


67. What is left when 5a— 35 is taken from the sum of 
3-2 a+x and 4a— 56— 7 * 

58 Express m a simple form 

3a 2 — (46 s — 3c s )+2c s — {(a 2 — 36 2 )+£c 2 } 

69 Shew that X* + 23* = 3(3a: 2 + 5) when a?=], 3 or 5 Which 
of the two cxpiessions is the greater when £=4 ? 

60 Prom a- (35-(2a-c)} take 3a-(26-c), and add the 
remainder to 6 +■ 1 

61 Simplify 5x- {3y-(x-y)} +8x-(3y+e)~ {z~(x-2y)} 

62 If ar=6+c— 2a, y—c+a— 25, s=a+6— 2c, shew that 

x+y+z = 0 

63 A man walks 5 miles due north, then 8 miles due south, 
and then again 6 miles due north Shew graphically how far- 
he is from the. starting point 

64 Prove that a+(6— c)=a+5— c, and that a—(b—c)=n — l+c 


65 What remains when the difference of 3a: 2 — 2y 2 and 3i,y— 5y 2 
is taken from unity 1 
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66. If x=4, find tlie difference between K f 9x ard J9x 

67 Add together 3a-^J-7 and 4c-|, and subtract the sum 

c 2 *x 2 

from « 

68 Subtract 1x z —2x -— 4 from unita, and 3x-— 4X 3 from 0, and 
add tie two results together 

69 Add to the sum of 

3r-{2y-(3r-2x)} and x-{3y-[~jz—(x —y )] } 
the difference or 3; and 3y— {x-r{2y — 3:)} 

70. Find the coefitoent of ax and of x in the sum of 1w, 46y 
— Cox, x and —3 bx 

72 If Y^7a--8ab~5b\ A’=93 2 -5^J-3 7 A 

a6 j-3Zr, find the value of 

fi) r~{X^z-r}, (ix) Y-iz-ix-(r-n]}. 

72 A sum of monej ra« divided between A and B ; if A 
received - rupees and B as much as 4 and 3 rupees more what 
was the sum ? 


73 Shew that the sum of •i'is-s-3bx-2c, 2cx~2*x~b and — 4ls 
—ex— 3a is equal to the snm of 2ax~5bx—c, 3bx J -4cx—9't ard 
— £cx— 4flx— 4b, if x«=3 

74 Find the coefficient of x 3 m x 5 -r3x 3 — y 2 -M— ix 1 , and of 
sandy m the snm of lx— 2y+l, ?y— 2x— 3 and 10— 4x-6y 

75 TThat are the like terms in the expression 

2x~-2xy+ F i!j--x" ! +4sy-x z -r6z-2j” ? 

76 To what expression mu^t 2x ? — x*+5x— 1 be added «o a= *o 
give 0? 

77. "What expression must be added to 3x 2 — 5 x+2y so a= to 
■ give s— y for the sum 1 

78. If o=5, 5=3, c=0, x=4, and y=2 shew that 

(i) al{' 3 - 1 -^+3acfa ^-c) - t -2^y(x— y)+17 
=ax(a+x) + cy[c~y) + ay(a -^y) - 17 
(n; £(«x— by) J -±xy+4-f- 

= {>ax - 1 - 4 (a -*■ 6)fx — y) — ^by — 4 2 5 r 

79 If y=4x 2 — Gx+5, tabulate the values of y t when x ha 5 - thc 
talues -2, —1 3, — 1, 0, 1, 1 3 and 2 

80 A h'ls as much as B, and C has 2 rupees less than B If 
A has a rupees, find how much the) have altogether. 
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CHAPTER IV ' 

FUNDAMENTAL LAWS— MULTIPLICATION 

Monomial* 

,j<j Law of Signs The ordinary definition of Mi Implication 
i-> not flic lent when the multiplier is a fraction or a negative 
nuantitv M e therefoie define Multiplication thus — ' To Mvltiplf 
out av tuber by a sicond is to do to the Hi U i chat is done to unity to 
obtain the second" 

Fiom this definition the Lttw of Signs at once follows 
To obtain 4, unitv la repeated four times, that is, 

4 = 1 + 1 + 14-1 , 

therefoie T x4=7+7+7+7= +28 , 

and (—7;x4=— 7-7-7— 7=—2S 

Again to obtain —4, unit) is snbti acted four times, that is, 

— 4= — 1 — 1 — 1-1, 

thciefore 7x(— 4)= — 7— 7— 7— 7= — 28 , 

and (-7)x(-4)=-(-7;-(-7)-(-7;-(~7r 

= +7 + 7 + 7 + 7=+28 

Thus the definition holds when the multiplier is an integer 
Similailv it mav be shewn to hold when the multiplier is a 
fraction 


Hence geneiall) 



(+p)x(+6)=+a& 


(i), 


(-«)x( + h) = -ab 


"(«)» 


(+«)x(-6)= -ah 


(ill) , 

and 

(-a)y(-6)=+«h 

• 

(iv) 


Fiom (i) and (iv\ we see that if the multiplicand and multiplier 
hit ic the same sign, the siqn of the pioducl is + , and from (n) and 
(iu \ that if they have different signs, the sign of the product is — 


* Here we see that a negative multiplier makes a contrary repetition 
of the multiplicand, which idea we first meet with in the works of a 
Hindu algebraist ‘'It has been before observed that negation is con 
trariety A negative multiplier, therefore, is a contrary one , that is, it 
makes a contrary repetmon of the multiplicand Such being the case, if 
the multiplicand be posit \e, (the multiplier being negative) the product 
will be negative , if the multiplicand be negative, the product will be 
affirmative Krisiin \ Biiatta’s Commentary on Biivskara’s Vi)a<ramta 
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'fins !•, the law of signs- and is briefly slated thus — Like signs 
give j-, andunliko signs givo - 

40 1 he following applications of the Law of Signs should be 

noticed IV'clmac 

ox(— Z»J= — ah , 

<i{-b)[-c)t=-ab> (—<•)= +abc , 

a( — by — r){ — rf)= -**<i6r x ( — d) = —abed , 

»(— b)(— c}' -d)(-r)~ - ahed y ( -f) — + alfdf , and *o on 

IhtH thr product of any number of nujutuc factor * t# positive 
er negative n> carding uh (1 a numb r of fa> torn u oven or odd ^ 

Jjun i id , 

(-ay~(^~oX-a)(~a)- -a : , 
l-aj s =(~a)(-«/-a)(~o)^ +o* , 

{— «) 5 — (—«)(—«)(— «)' — «){ — ») - -a ’’ , and so on 

J 1 n- « 'g ov on porcr of a n . tutu > qmrtxtu i > positive and 
tun odd poi'cr of a nmntir' quantity t< negative 

Examples XX 

II a -= - 2, h-ofi, c=- — 3, }, and v- -1, lind the laluo of 


1 

"fx? 

2 

-« : *y 

3 


4 

3o 6c 

5 

-AV 

e 


7 

2 t 3 6r 

8 

— 

9 

-ry 

10 

3'.V. 

11. 

WiV 

12 

- 26 s jw j 

13 

Vjnd 

14 

— 2 ( ihc~ 

15 

— idx^tf 

10 

4a 5 6c 3 

17 

-RuV. 

18 

— c a 7/ 5 






If »/=- — S f jrs- 


_ ? - _ _ 0 

* > * -1 

find the ’ alue of 



19 

id-xi 


to 

0 

1 

«v 

21 

n; 3 - 

xy 

22 

a'-xjz. 


23 «*■- 

(y+-/ 

24 

rt 3 + 

> 3 -/ 

25 

n'<-2xX»*+2x) 


26 

( r >x-f <ly)(2^ 

-3y) 

27 

**t— -S/y+j 

I*.*" 


28 

v 3 - 3x;-o" 



29 


2w 


30 

y Say 

a" 



31 lfy=»jc s -5j+}> J tabulate the vali.c-. of y, coi responding t>> 
the value, 0, -1,-2 and — of x 

32 2f i/v** 1 - %x, tabulate the aaluts nf y, when r has the seriea of 
valuu 3, «, 1,0, -3 and - ? 

33 Sfmphfv (- 1)5 , (- 1)’ , (~ y , (-1)6 

^ number 15 ‘-nil (o be c^cn when in is (lisisibk by 2, as 2, 4, 
oil, when it ij njt divisible by 2, as 1, 3, 5, 
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41 To prove that «&=&« 

-■*-*- 

■» * T * T 1 

4- V - 

T -* •* 

Let a stai represent a marble Thus there are 5 marbles m a 
row aud 4 such rows , therefore the total rtumber of the marbles is r > 
repeated 4 times, j c , 5x4 .Again tlieie are 4 marbles in a column 
and 5 such columns , theiefoie the total number of the marbles is 4 
lepeated 5 times, ic , 4x5 

Hence 5 x 4 = 4x5 

And we shall come to the same conclusion if we take any 
number of marbles m a row and any number of such rows Thus 
the theorem is proved for positive integers Similarly the defini 
tion of multiplication given in Art 39, will enable us to prove the 
theorem when a and b are fractions or negative number^ Thus 
generally 

axb—bxa, i e, ab=ba 


42 The factors of a product may be grouped in any 
manner Let there be 4 stars in a row and 5 such rows , and let 
each star represent 3 units 

+ •* T + 

-4 & U M 

■* r 4 4 

-4 

T ■* T 4 


Then clearly the number of units represented by the stara 
=3x4x5 

Since each star represents 3 units , therefore in each l ow there 
«ue (3x4) units And there are 5 rows , thus the total numba of 
units the stais represent is (3x4) repeated 5 times, i c, (3x4)x 5 

Again there are altogether (4 x 5) stars , and each star represents 
i units thus the total number of units that the stars lenresent ia 
3 repeated (4 x 5) times, ic, 3 x (4 x 5) 

Hence 3x4x5=(3x4)x5=3x(4x5) 
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Now d earls the reasoning will be the same if we take am 
number of stars in a row and any number of such rows Thu> 
the theorem is proved for positive integers , and with the definition 
of multiplication in Art 39, we c*n prove it when the factor* are 
fractions or negative numbers. 

Hence generally 

n x 6 x c = (a x 5) x e = a x (5 x c), or a&c =(ab)c =a(6c) 

^Reasoning similar!) we can prove that 

abed. —{ab)cd^ . =(ab)[cd ). .—{abc)d, ,=&c 
Thiii is called the Associative Law for Multiplication 


oAer 11310 * ac tors of a product may be taken iu any 

This follows as a consequence of the theorems of Arts. 41 and 42 
•For n5c=a(&e)=(a&)5 , 

an( ^ ' a(bc)—(hc)'i ) (ab)c=c(db) , and bc—cb } "b—b‘j , 

*. abc=acb=:hca—bac—c/\b=cba. 

Similarly it maj be shewn that 

abcd~acbd=bcad=&.o h , 
and so on for any number of factors 

Example. Multiply 2a by Zx , 5x bv ~3ab , and —4 ax by -6b 
2o x Zx—2 x 3 x a x *= 6cte 

oxx (-3xb)=* -(5x x 3a5)- -(5 x 3 x a y b xx)= - \5dbx 
(— 4o») y (-65)= 4-(4ax y 05) = 4 x 6 x a x & x x=24a5;e ' 

This IS known as the Commutative Law for Multiplication 

44. Multiplication of Powers of the same Quantity ' 
Since a-~aa and (P-uan, we get o 5 xa s =na X aaa = aaaaa = a 5 = o 2 “ - 
similarly a 6 x a* = «aacfo x twaa = ammawx = a* = a*** ; 

*«r°™ «*«« tic Wrier of 

aF^aaaa .. tom factors, 1 
and « n =aaaa . . to n factors , 

- fl ° XB,,= K- • to m factors) y (ana . to n factors) 

- — S'lao ... to (m +7i) factors , 

r =a ei+T1 J 

thu3 o™ y a* =0™+* where m and v are positive tv'eyeis 



THE >EW irATBIGULATIOX ALGEBRA 


W 


Hence m multiplying poweio of the same quantity ■we add the 
indices of the poweis 

Tins law it> called the Index Law 

Examples SXI 

Applung the Index Law, find by inspection the product of 
1, « 6 and —a 3 2 — a 4 and — a c 3 a 3 and —x* 

4 — rt !m and a" 5 «" and —a 2 0 x 2m and — x 2u 

7 —o anil a* 8 x" and x’ 1 ' 1 9 — a m ' 1 ' 1 and — </ m_l 

10 'i 2m 1 and - a** m 11 — a-~ m and a 2 " 1 ' 1 

12 - 2o 2 j. 3 and 3 (tv"' 2 


43 Ei repeated applications of the Index Law, if »i, n } p, 
me positive lntegeis, we have 

a m x a 11 xa p — (a m x a'*) x aP = a m+ " x aP = a m+,1+p 
And gen erally a m x a” xa p x = a n +r,+j>+ . 

Ex 1 Multiply 2a 1 "by 3a , -4a 2 by ~ab , and 7a\c by - 5 nx s 
2a 4 x3a=2x3xa 4 x a = Ga i+1 =6a B 
( - 4a 3 ) x(-a6)= +(4a 3 x a6)= 4a 8 a X b = 4a 2+l 6 = 4a 3 6 
7u 3 x x ( - 5ax 2 ) = - (7u 3 x x 5ax 3 ) = - 35a SJ ' 1 r 1+2 = - 35aV 


Ex 2 Find the value of (—ax) 3 

Required value =(-ax)(-ax)(- ax) = -(axxaxxas) 
' = - (aaa x xxx) = - a 3 x 3 


Ex 3 Multiply together a6, -26c, -3acand -ibc” 

Here the number of negative factors p, 3 , therefore the piodn 
is ncqatnc Hence 

Product= - («6 x 26c x 3ac x 46c 2 ) 

= - (2 x 3 x 4 x a6 x 6c x ac x 6c 3 ) 

= - (24 xaax 666 x cee 3 ) 

— — 24a s 6V 


Definition When three oi more quantities are 
togethei the result is called their continued product 


multiplie 


Examples XXII 


Multiply 
1 3x b> ax 
4 - 2u6x by ac 


2 5xyb> -2y 3 -8ax by 13jcr 

6 — 7a6c by —86c 6 — PQf bv — qrv 
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Multiply 

7 21axy In — 315cr 
9 “ 54 ah; b\ 1 2cdy, 

“11 — 1 Gabpq bj — 5 nhxy 
13. 3u 8 b> 2 a 14 

10 2a* In —5a 3 . 17. 


8 

10 

- 12 
lOr fi b> 5x* 

— 12m 8 by -Gm^. 


-312»ik b} — 5Gpy 
- 12jcyr b> 3«x 
2Qar* b\ - 17 linn 
15 15y 5 by -4y 

18 - 7J° bj -11--’ 


19. 

3ti3? 2 by -a-x 

20 

b> -3 xtf 

21 

— tr5c- by — 2a5c 

22 

- m’n-x b} ~4mx" _ 

23. 

3xy : 3 b\ - 2 x\- 

24 

— 4<i5 2 bv — GaTi 5 

26 

2a “b ! (fd l b\ —abed 

26 

— 4a-x s by t b\ -3a 2 ar5y 

27 

— lantern by 3a'5 4 m- 

28 

— Sa^ry 3 ;: b\ — 20 «y 2 . 3 

29. 

^imphf} (— In) 2 1 (— 2«5) s 

, (-<i6c) 6 , ( 

-3.C 2 ) 4 

Multiply together 



30 

~ax, bx and —acx 

31 5a5, — 2 cd and - 3 ef 

32 

-a, 25, —4c and —15 d 

H 


33. 

62 , -55c and I 2 px. 

34. — 

lGa5, — 2 cj? and - 20 y - 

35 

~ab,2c, -15r, —3c, —4*, 

Gr and ~y 


36. 

3a5, —5a, —5, 2c, —45c and —Sac 



37 20 ib, -3a be, — 4<\r, 5 xy, — 2by and — Sc 


Find the continued product of 

33, 3c 3 , -2c and —vK 39 4c, -8; s , —7c and -m* 3 

4:0 — o 2 , 3a 3 , — 4a* and — *5i 4 41 — « c 5yc and ~3i 3 xy 

42 -GiVx 3 , 12a 3 xy 3 , — c 3 xy .and — 3j 3 cy*. 

43 — ax 3 , 2/ 3 j, -4/y 2 alid — 15c.ry 
44, efx 2 , — 5 2 y ! , me 3 -, — ary 2 and 5xy; 


Polynomials 

JIULTirLicATioJi nr a Mosomial 

46 "We have 

(a + y rt = (« + 5) + (a + 5) + (o + 6) + . repeated n ti mes 
=o-f«+rt-fa+ .. , repeated ?i times 

+ b+5+5 + 5-h . .lepeated n times 

=an + bn, •where n is a pontue integer. 



48 THE LEW HATBICOLATIOK ALGEBRA. 

"\Ve assume for the present that the result ts true whether n be 
negative or fractional Thus for all values of n t 

(a+b)n=*an+bn 

Again (o J -5+c)»=(p+e)n, if 0+6=^, 

=pn+cn 

=(a+6)n+cn 

=*an+bn-i-cn 

And generally (a +b+c+ )n —an+bv +cn+ . , where anyone 
or more of the quantities a, b, c, may he negative or fractional 

Thus the product of a polynomial by a monomial is the algebraical 
sum of the partial pi oduch of each of its terms multiplied separately 
by the monomial 

This is called the Distributive Law for Multiplication 

Ex. L Multiply 2a-36+4e by - 5 m 

Prodncb=(2a— 36 +4c) x (— 5m) 

= 2a( - 5m) -36(-5m)+4c(— 5m) 

= — 10am + 156m — 20cm 

Ex 2 Multiply -3a‘+2a s 6~8a ! 6 3 bj 2a 2 6 
Product=(- 3a 4 +2a s 6 - 8a« V s ) x 2a a 6 
' = ( - 3a 4 )2a 3 6 + (2a 3 6)(2a a 6) + ( ~ 8a»6 3 )2a a b 

= — 6a c 6 + 4a 6 6 s — 16a 4 6 4 

Ex 3 Simplify 8x ? (2z - 3) - 4s(4;# 3 - 3) + I2*(2x - 1) 

Given expression 

" x2 *~ x 3) - (4* x 4x 3 - 4s X 3) + (12* X 2* ~ 12a: x 1) 

= (16x3 - 24x 3 ) - (16x 3 - I2x) + (24* s - 1 2x) 

=16x 3 — 24X 5 — le^ + ^x + Six 2 - 12*=0 

Examples XXIII 

Mulhph 

1. «-x by 3ax 2 *-yby- 0 3 -a-6bv'-6 

4 2as-bybyay 5 4a6-c a by 3a6c 3 

6 -eb-cd-bi -56c 7 ~x+y—Z by 2a 

8 #-36-a6 3 b} — 6x g bc+ca-ab by -a6c 3 

10 2x-y-4zby- 2xyz 11 ~a*~b*~c* by -2aWc* 

12 3a+26-4c+db> ad 13 2« a 6c-3a6»c-4a6c* by -abo 
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Multiply 

[In Ess 14 — 19, multiply the numerical coefficients as in Arithmetic) 
14 5 js-2#+4z by # 0 a? 16 4«— 3&-2l>y — -/ 2 a 2 6c. 

16. -Ja-#>-lby~-£a6 17 Sa*x*-ia*x* b) §ax 3 

18. £a 8 &~ frW-ZPby 

19. — ia?x— f&y 2 +|e 2 * 3 by —ifAPcx 3 

20 — 2<* 3 — 36 3 — 4c 8 by — 5fl 9 5 s o 21 2a 2 &-8& 2 e-5ac 2 by 3o6V. 

22 fi s i 3 — 2a 2 ^ 6 — 3a 4 a: by — 4«s B 

23 — 8j?y 3 z i + r 1xyz 3 — 3x 3 y*z by — 2*y 2 * 3 

24 * 3 -3ar J y+3jy 2 -y s by 8ary 

25 3a 3 6 3 c— J s c 2 rf— 2c s d 3 tf+4d s a 2 i by — 3a&erf 
^ 20. 5a 2 6 s c — 3aw 3 y —abx+ cx^y 4 - by — 4a bxy 

Simplify 

27 3a 2 (l-a)-4ci 3 (a-2)-«(3a + 5a*) 

28. 4« 2 (* — 4) — 3*(* 2 — 5a;) + 2(s 2 — 1) 

29. 2a*(« — 1) — 2ax(x — • 1) + 2a*(a — x) 

30. 3x 8 (l 3a — 12&) +3* 3 (14& — 4a)— 3# 8 (2a — 5&) 

31 6a(3a - 4b + 1) - 86(3&— 3a + 1) - 2(3a - Ah) 

32 Sx 3 (2x ~3y+4)~ 6y 3 (4x - 2y) — 8x(2x 3 - 3 xy - 3y 2 ) 

33 5x*y(3x-y 3 - 2 xy 3 - 2 y 3 ) - 3 xy\bx* -2 zPy- 4x 3 ) 

+ 2x 3 y%2x 3 y 3 ~ zy+1) 

34. a 2 (& - c) + a 3 ( 3c + a) — a\b — 2 a) +a 2 (a - b) 

36. ab(a — b)+bc(b — c)— Z» 2 (e-a)+ 6(c 2 — a 2 ) 

36. a\b - c) + b 3 (c - «) + c(a 8 - Z> 3 ) - ab(a 3 - b 3 ) 

‘37. xHy 3 z-yz 3 ) + z\x 3 y - ary 2 ) - xW(yz - xy) - xz(x 3 y 3 - y 3 z 3 ) 

47 Degree of a Term. Each of the letters m a term is 
called a dimension of the term, and the number of the letters m 
it, denotes its degree 

Thus aba has three letters, it has therefore three dimensions, or 
is of the third degree , 3 a 2 xy 3 has nx letters aaxyyy , it has therefore 
nx dimensions, of is of the sixth degree , and so on. The numerical 
coefficient is not counted 

Hence the degree of a term is determined by adding the indices 
of the letters involved m it thus 2 ax 3 y 2 z 4 is of 1 + 2+3 + 4, oi 10 
dimensions 


4 
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48 Degree of an Expression The degree of a polynomial 
is the degree of the term of higlwt dimensions in it Thus the 
polynomial £ 3 +3;r-l is of the second degree, 2x+3* s +4 is of the 
third degree , and so on 

An expression of the second degree is often called a quadratic 
expression, or simply a quadratic 

It is, sometimes useful to consider the degree of a given polynomial 
With respect to a particular symbol involved m it, say x The polyno- 
mial is then said to be an expression in os and the symbol os is 
slid to be the symbol of reference Thus X s +2ax 2 + la-x + 2« 4 is 
in expression of the third^degree when x is the symbol of leference, 
and of the fourth degree when a is the sy mbol of reference i 

49 Homogeneous Expression When all the terms of a 
polynomial art of the same degree, the polynomial is said to be 
homogeneous Thus u s —5a*b+2abc is a homogeneous expression 
of the third degree 


50 Arrangement of an expression according to 
powers of a letter An expression is said to be arranged 
according to the ascending or descending powers of a letter, 
when the powei of that letter increases or decreases in each successive 
term beginning with the first ThiiB the expression 

1 +x+x 3 +x*+ x i + x 6 

is arranged according to the ascending powers of x Also, the same 
expression when wntten 

x 5 + a: 4 +3r' > + x 8 +*+l 

is arranged according to the descending powers of r 

Again an expression containing two or more letters, may be 
airanged differently Thus for example, the expression 

a\b -c) + b\c - a) + c\a - b), 

when arranged according to the descending powers, of a, b and o 
will be written respectively 

(b — c)a 3 — (6 s — <fl)a + (b s c — be 3 ), 
(c-a)b s —(c s —a s )b+ (c s a - ca 3 ), 
and (a-b)c 3 -(d i -b' i )c+(a' s b-ab 3 ) 


Cor Hence m an expression ananged m descending powers, 
the first teim is the highest term and the last is the lowest term in it 
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MULTIPLICATION BY BINOMIAL 

31 TTe hare (a+b)(c+d)=n'c+d), where n=a + b, 

=ne-H id [Art 4G] 

-(n+b)c+(a+ b)d, leplaciug % by a+b, 
=ac+be+ad+Vd 

Thus when one expression is multiplied by another, we have the 
following rule for finding the product 

Buie Multiply sal'll term of the multiplicand by each term of 
the multiplier _ the algebraic sum of the partial products thus found 
i* the product required 

The following lb a graphical illustration of this important 
result — 
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The whole rectangle contains (a + b)(c + d) units of area, and 
it !-• equal to the sum of the 4 smaller rectangles whose areas are 
✓ie, be, ad and bd sq units 

That is, (a- l -b')[c+d)=zac+bc+ad- t -bd 

Ex 1 Multiply x+2b\ x+3 
Beqm red product =(x+2)(x-b3)=(x+2)z+(x+ 2)3 
=* s +2«+33? + 6=* 3j -oa:+6 

The work is usual!} arranged thus 

x+2 

x+3 

x 3 +2x 

+3x+6 

x 2 +5x+6 

The second partial pioduct f> shifted one place to the nght to 
bring like terms under like terms 
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Ex 2 Multiply 5a 2 — 26c bv 3« 2 — 86c 
5a 3 — 26e 
3 o s — 86c 
15 a 4 -6a 3 6e 

— 40a 3 6e+165°c 2 
15a 4 - A6a-bc + 166 3 c s 

[Y enh the work bA taking a=3, 6=2 and c=3 ] 

Ex 3 Multiph **+3y 

b\ 2*~ iff 

* 2 +6*,p 

»*+-j fxy-y* 

The fractional coefficients are multiplied as in Arithmetic 
Examples XXIV 

Multiph 


1 

*+l b\ r + 5 

2 

*+5 b\ 

* — 3 

3 *— 7 In 

* + S. 

4 

*—11 b\ *-9 

5 

— a+6 b\ a — ! 

2 0 *+a In 

*+5 

7 

*+a b' x—b 

8 

x—a b> 

*+6 

9 x—a In 

*— 5 

10 

— *-7 In — *-9 

11 

a+6 b\ 

a+6 

12 a-5 In 

v -6. 

13 

a+6 b\ a — 6 


14 

a — 36 b} 4a— 6 


15 

1-8* b> 1 + 12* 


10 

1 — 3* 2 yb> 2-4* 2 y 


17 

5a 2 +6 In 3« 2 -26 2 


18 

6a 2 6 

— c b\ 4a6 2 +3c 


19 

3a 2 6 — 5c 2 b\ 2a6 — 4c 

20 

7a6 3 

-c s In 5a 2 - 3t 2 


21 

2* 2 — 5y b\ 4* 2 — 3y 


22 

4a 3 +36°c In Gar-Wc 



Simplifv 






23 

(a+l)(c-d) 


24 

(a-5)(e-rf) 


25 

, (a-b)[c+d) 


26 

(2m- 

-9)(m+13j 


27 

(2 ?- 3.50(3* -2y) 


28 

(px— 

6y,(a*+6j0 


29 

("x-a)$x-\a) 


30. 

(&«*■ 

-1)(t2j6*+1) 



31 (2*-l'(3*-2)-(2*-l)(5*-2) 

32 (5ff - 8 j ;(3g - 14 r) - (3 ? - 7r)(5g - 1 Gr) 

33 2*(* - 1) + (a - 1)(* + 2) - 2(* - 1 )(* + 3) 

34 a 3 (a-l)+a(a+l)(a-l)-2<r(a+2)(a-2) 
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52 In the following example^, the multiplicand consists of more 
than two terms 

Ex 1. .Multiply a 2 — ofi + 6 2 -Ex 2 Multiply a-+ab + b- 

tr> «+fe bj a-b 

o' 5 — u s b+ab- o 3 +o i 5+«6 3 

+a s b-ab*+P -p s 6-oftg-&* 

Plod net o' 5 +P Product a" —6 s 

Note These two results are vc»> important and should be committed 
So memorj - 

Ex 3 Multiply x i +x s y+x rt y s +xy s +y i 

i>3 *-y 

x r ’ + x'y + a?y i + x-ty 3 + xy l 
-xb / -x^/- — x-t/ * — x y i —y'~‘ 

Product x T ' 

Ex 4 Multiply r 2 +2xi/-3y s 
b} Iv-hy 

4x-" + 8x 3 y — 1 2x>(- 
_ — r >x 2 y — iQ-ry 9 4- P>v' 1 
Proluct 4 x 3 + 3x 2 y — 22 t>/ 3 + 15y 3 t 

Observe that multiplicand and multiplier aro both homogeneous and 
of the second and lirst degree respectively al~o the pioducb is 
homofjnieoun and of the (2 + 1) or third degree. 

Examples XXV 

Multiply 

1 « 2 +2a + 7 bi f< + 5 2 X s — 2 x+4 by x+2 

3 xr 5 -f-3x+9 bv x— 3 4 x 3 +x 2 +x+ 1 bj x— 1 

5 1 — flx s ~ 12X 7 In 1 - 5x 6 2y 3 -y-5 b> 4 +3y 

7 p 3 +4joy4-4jt 3 to) p4-2y 8 3x 3 — 5x»/+7y s by 2x-3y 

9 25x 3 — 20xy+4y 3 by >x— 2y 10 f»’ I -2a+3 b> rt 3 +2 

11 x 2 - 2 cy 4-y 2 by - x - 3y. 12 2c 3 +ec?-3rf 3 b\ -2c- cl 

13 -e 5 +2v 3 y-y 3 b\ x 3 -2y 14 5«’— 7« 2 — 3'*+ 8 b\ 7a 2 +P 

15 25rt 5 +10rt&+4ii 2 b) 5a — 25 10 25 r ! — 4 Oxy + G4y 2 by 5x 4- 8y 

17 tf—cfb+cPP— aP+P b\ a + b 18 x-+»x-bb} av—b 

19 M ultiply 4x 2 — 3(x — 2a) by 3a - 0(a - 2x 2 ) 

20 Find the continued product of c+3n, c-3n, and c+3« 

2L Find the cQntimierl product of x— a, c+x and a 3 +x J 

22 Simplify (2a -l) 3 -4(2x+l)(r-2)+3(x-lX4x-3) 

23 If A =2csx n — ax+3 and Z?=4 +bv — 2&v 2 ,fmd the value of Ab + Ba 
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33 Square of a Binomial "We have' 

(u + b) i ==(a+b)(a+b)=a 3 +ab+ctb+b 2 =a 2 + Zab+/t) 3 , 
whatever be the values of a and b Hence the equality 
(a+b) 3 =a 3 +2ab+b* ( 1 ) 

is regarded as a general remit from which particular cases will 
follow if any numbers or expressions are substituted for a and b 

Thus if a=2x and Z>=3, (2s+3) 2 =(2r) a +2 2* 3+3 2 =4* 2 +12r+9 

We enunciate the result thus — The square of the sum of two quan- 
tities is equal to the sum of their squares plus tmoe their product 

Again (a— b) 3 =a 2 — iSab+b 3 (u) 

This may follow from (i) by the substitution of — b for b, or bv 
multiplication as follows — 

(a — bf =(a — b)(a — b)—a 3 —ab—ab+b 3 =a 3 —Zab+b 3 

This is also a general result and may be stated m words thus — 
The sqvare of the difference of two quantities is equal to the sum 
of their squnics minus twice their product 

These two important results are commonly called formula 

Any general result expressed by means of symbols is called a 
formula 

The following are graphical illustrations of the two formula 
given above — 
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1 Fig 2 

F J g 1 illustrates formula (t) The whole figure is the square 
on a + o, and it is equal to the two smaller squares a 2 and b 2 and the 
two rectangles ab and ab 

Thus , (« + 6) 2 = A 2 + 2« & + b- 
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Eig 2 illustrates formula (nj The -whole figure is equal to 
the square (a— 6) 2 and the two rectangles ah and ah 

Again the same figure is equal to the large square winch is the 
square on a anil the small square which is the square on b 

Thus (o— 6) 2 -*-2o6=o 3 +6 3 , 

or (a — 6) 2 =gs , + 6 5 — 2a6 5 taking 2 ah fiom both sides 


Examples XXVI 
UYifc down the square of 


1 

*+3 

2 

o+4 

3 

1 + 2* 

4 

2*+7 

5 

o+26 

0 

3*+« 

7 

2*+3a 

8 

a*-*-l 

9 

3+2ry 

10 

x—y 

11 

3* -4. 

12 

1-5* 

13 

2j-3 y 

14 

3* — 8r/ 

16 

x- r jy 

10 

3a — 46 

17. 

8 -3a* 

18 

J-abc 

19 

ab—xy 

20 

l 2 + 7)171 

21 

2 pq+r- 

22 

o6+2e 2 

23 

c s — 2o?> 

24 

Ipq — 4r" 

25 

-1 — 0 

26 

— 3o — 1 

27 

« 2 +* 3 

28. 

2«*+36y 

29 

* 3 — 0 S 

30 

o' — 6 4 

31 

o 2 *+«* 2 

32 

« 3 — 3a 3 6 

33 

mW-l* 

34 

2« 3 +6 s 

35 

* s +3 yz 

30. 

3»i* 2 — 3»n 3 * 

34 

Difference 

of two 

squares 15} 

actual 

multiplication 

we have 

[a+b){a—b)= 

-a s —b* 

(m) 


This is another important formula and is stated m woids thus — 

The product of the sum and difference of two quantities t* equal 
to the difference ofihnr igvarrr 

The following is a graphical illustration — 
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The large square is the squire on a , and this square minus the 
hinall square, ns , l- is equal to A'+ Tor AT+ T', which is the rectangle 
(a+b){a~b) 

Tint l", (o +&)(«- 6) =« 2 -6 2 
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Es 1 (1 — 2x)(l + 2x) = I s — (2x)-= 1 — 4:s 2 

Ex 2 (-J+3^)(-j-3j)=(-*) s -(3y)3=a3-9y 3 

Ex 3 (2*2+5^ ! X2ar 2 -5^ 3 )=(2a;S;a_(5^3=4» 4 -25 < y J 


Examples XXVTT 
1) rile down the value of 

1 (r+2X*-2) 2 (* + 5)(ar-5) 3 (l+*Xl-x) 

4 (<i-3)(a+3) 5 (2x+7)(2x- f i) 6 (3-4*)(3+4*J 

7 (7— 10je)(7 + 10 j) 8 (n + 5a?Xll-5*) 9 (2*-y)(2«+y) 

10 (a+bx)(a-bx) 1L (a-fl^)(*+ay) 12 (-z+m)(~z-m) 

13 (-2«-y)(-2a+y) 14 (1 +ax s Xl — ax s ) 15 (ax-3)\ax+3) 

13 (3x+4y)(3x-4y) 17 (2ax+3y)(2ax-3y) 18 (z 3 +2y)(z--2yf 

19 (2a 2 — 3bc)(2a a + 3bc). 20 (« 2 +* 2 )(o 3 -5») 

2L (« 2 — 26 3 X« 3 + 2b°) 22 {2ab+c a ){2ab-c a ) 

23 (-5j 2 -3a5X-5J 2 +3'«b) 24 {4c a ~7db\4c a +7ab) 

25 (jr=+ 1X^—1) 26 (2a'-3& 2 X2o*+3& 2 ) 

27 (3*‘-5« 2 X3*4+50 


55 The product of the two binomial factors x+a and z+b should 
he noticed 


x+b 
x i +ax 
+bx+ab 
x-+ax+bx+ab 
~X 2 +(a + b)x+ab 

where ct and b mui have an\ \ nine, jiositive or negative. 

This result shews that (i) the frH term of the product t 2 is the 
square of % the first term of each factor , (u) the coefficient of x is the 
m,a of the second terms of the two factors , and (mj the last term is 
the product of the last terms of the factors Bearing this m mind 
we can write down at sight the product of any two "binomials, the 
nrst term of each of which is the same 

Thus fx-3X*+4)=s: 2 +ai— 12 foi the coefficient of t is - 3 + 4=1 
and the last term is —3x4= -12 
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It should be noticed that b\ chengmgjthe signs of a and 5 we can 
get two other equalities, thus — 

(x-a)(x—b)=x--(a + b)x+ab.. (n) , 
(x+a)(x-b)=x-+(a-b)x-ab .. ' >(m) 


Examples XXVIII 


Ifi tie dovrn the value of 


1 

(x + 2)(x-l) 

2 

(x-l)(x+3) 

3 

(«-4)(«-9) 

4 

(a — 8)(a+5) 

5 

(<H-10)(a-ll) 

0 

(x-2)(x-3) 

7 

(x+3)(x+7) 

8 

(x + 4)(x — 5) 

9 

(s— 5)(z— 10) 

10 

(v+8Xt+11) 

11 

(in + 6)(m - 9) ' 

12 

?y-8)(y+3) 

13 

(y— 4a)0/-7u) 

14 

(x+3a)(x + 5a) 

15 

(2m+3)(2ja-l) 

10 

(2a-3)(2a~7) 

17 

(7a-3)(7n+4) 

18 

(3x+2)(3v+4). 

19 

(im-ll)(«m+5) 

20 

(5x— 6)(5x— 11) 

21 

(4x+n)(4x— b). 

22 

(4x+ 1X4x4-10) 

23 

(wi«+3)(wix+4) 24 

(mx— 8)(mx — 10) 

.25 

(2x— a)(2x+&) 

26 

(^+c)(x 3 +rf) 

27 

(x 2 +a 2 )(« 8 — ft 3 ) 

.28 

(SjP+3X8*’+9) 

29 

(2x 3 — 3)(2x 5 — 9) 30 

t3p 3 -4)(3p 3 +l) 


CHAPTER V 

FUNDAMENTAL LAWS— DIVISION 
Monomials 

56 Divibion is. defined as the inverse opeiation to that of mul- 
tiplication 

Thus if u—b—c, the quotient c is such that 
c x b—n 

Heuce («— b)xb=a , 

te, a— 6x6=o 

Ino— b=c, a (the quantity divided) is called the dividend,?* 
(the quantity b) which <i i>> divided) is called the divisor, and c 
(the lesult) is called the quotient 


37 Since Division is the inverse of Multiplication, it is cleai 
that the fundamental Laws of Association, Commutation and Distn- 
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button which have been proved for Multiplication are also true for 
Division 

Thus a— ft— e—d=a— c— 6— d— a~tZ— e— i = &c , 

«x6— GXd*=a— ex bxd=axd— cxb=*axbxd~ c=&,c , 

md so on 

Again (u— b— c)xbc=a— f>— cx&xc 

=fl-lx5-cxo= a , 
a—b—c^a—be 

Similulv a— b~c— d— =a—bcd 

Thus to divide a quantity by tvo or more quantities successively \.s- 
the same as to divide it at once by their product 

Conver 0 el> we have a— bed =a—b—c-~d~ 


5$ From the definition of Division, we have 
a x~xd=ax 1 — dx rf— ax 1=« , 

1 , 
ax^=«-rf 

Hence to du idea quantity by another is the same as to multiply 
the jormer by the reciprocal of the latter 

Bet Quantities are said to be reciprocal to one another when 
their product is unity Thus 2 and | and |, a and ^ &c , are reci- 
procal quantities 


50 Law of Signs Since 

(+«)x(+J)=+o&, we have +al—(+a)~ + b , 

(— «)x(+6)= -ah, we have -ab—(—a)= +b , 
(+a)x(-&)=-«6, we have -ab—(+a)~-b , 

(- a)x(-6)=+a6, we have +ab—(—a)= ~b 
_ Hence when the dmdend and the divisor both ham the same sign 

%S'Zth$l- s * + '”' d *— */«■« ■*»■, a: 

Tins we Lave the same Law of Signs for Division as befoie which 
Stated thw ' _Llk9 Slgn8 Sive + and unlike signs 

Division of Monomials Etjle —Indicate the operation 

Ant a f raci ' lon s * triko out the common factors as 

Arithmetic the remaining factors mil be the quotient required 
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Ex. L Divide 20 abed b> 5 toe 
Required quotient = - 


Ex 2. Divide Ibd'ibxyz b) — 13«#c 


Required quotient = 


12 IS'i xzby 


— 13a#, 


— = — 126y. 


Ex 3 Dmdo —Swinery by — mxy 

Required quotient— =2 uc 

Ex 4 Divide 13a&e b\ 2 ad 

-r, , , , a 13&c llhc 

Reqmred quotient = 

Ex- 6. Divide 24xyz b) - 28axyz 

„ , - 6.ir yz G 

Required quotient = —.A— = ~ 7a 


Examples XXIX 

Divide 

1 abxyz b} ax 2 —IZOucdxy by l~)cxy. 

3 V)\mnpxy\i\ —2 Inpy 4 — 15«Z>c# by Gaby 

5. — 420'txy: b) — T0«#c. 0. — \0abqr b) 15a#pr 

7 IZbcrtb} —13 afcrs 8 -Zmiixyby —Samyz 


6J Division of Powers of the same quantity By Art 44 
«*'•-» x a ” = = a «», 

where m and n are positive integer, and m>n Hence bv the 
definition of Division 

a", 

n and » being both positive integers and m > n 

Tims m dividing one power of a quantity by a lowei powei, we 
subtract the index of the divisoi fiom that of the dividend 

This is the Index Daw for Dmsiou. 

Cor Meaning of When m=«, we havo 

a m-» naO m_ u n_ a m_ 0 i.. 1= i j 

and then m-»= 0, and therefore « TO ' n =«°. Thus w* = l 
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Ex 1. Divide 20« 6 b) 5a 2 

Required quotient=20«°-5a 2 =20 x « 5 -5-a 2 [Art 57] 
= 20—5 x a 6 —a 2 = 4 X a 5 ' 2 =4a 3 

Or more conveniently tliu * — 

Requued quotient = -^-^■=* , J > -a B ~ 1 =4a :> 

Ex 2 Divide 150a 6 j 4 b> 30a 2 £ s 

Required quotient = = 30 x n '•* ==5ar 

Ex 3 Divide SOa 2 ^ by - 4 ax v y 

Required quotient = * a 2 * 1 * 3 V= - 5ar 

Ex 4 Divide — 14 4 x 3 y 10 by - 30xy 3 


Required quotient = 


-144*W —144 


24 


V — - — x ■ t 3-l,,10-3 £= _- ! ;2 )/ 7 

-30jy 3 -30 * J 5 J 


Examples XXX. 


Divide 

1 « 4 j s by —aPx 
3 16a 3 x^y 3 by -4 a 3 xy 
5 - 129-zy.s 3 by - 3x^=3 

7 — 16« 4 x s y 2 b> — 24a s a 6 y 

9 — 50a°J 3 m 7 by — 75s°im 4 


2 3a 2 6c by ac 

4 — 1 BOaWcPd* by 45b 3 c 3 d 

6 - 3x 3 yJ by 2ax 3 yz 3 

8 -20xy? 9 by 5*y 

10 4a 3 x 3 y h by 5 ary 4 


Polynomials 

DIVISION BY A MONOMIAL 
4»S! We have (« + &)— «=(«+6)x -=nx - + 6 x ~=a—n+b—n 

/! 31 /l 

Similarly _ 

(a+5+c+rf)— 3i=(«+6+e+(i)x-==rt— ?i+6— 3t+o— n+d— n 

n 

And generally (a + b+e+ )— 7i=«— n+b—n+c— n+ 

Thus if a polynomial be divided by a monomial, the quotient shall 
be equal to the sum of the pa> tial quotients obtained by dividing each of 
its terms separately by the monomial 
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- Remap K It is to be noted that the Lav? of Distribution has full 
application to Multiplication, but only a partial application to 
Division In Multiplication both the Multiplicand and Multiplier 
may be distributed, whereas m Division, the Dmdend only can be 
distributed but not the Divisor Thus it is true that (a+b)—c 
=a~c+b—G, but it is not true that «— (5+c)— a — & + «— e 

Ex L > Divide ax+bv by x 

Required quotien t = (<*a? + fa?) — * = a t? — x+ lx— v=*a + b 
Othei icifc more conveniently thus — 

Required quotient = — =— + ^=a+6 [.Art 60] 

Ex 2 Divide 3ax 2 —2abx+a*cx by —ax 


Required quotient = 


3aa? 3 — 2 abx+a?cx 3ax 3 2 abx . a-c^. 


— ax —ax —ox 


= — 3r+2 b—ac 


Ex 3 Diude — ISaV-f 5afa? 2 — 20fa? by —2x 

_ , . 12a 3 ,* 3 5abx 3 , lOfa? 

Required quotient= ^ + —= 


=6a 3 x 3 —*abx+5b 


Examples XXXI 

Divide 

1 ab+bubyb 2 2ax— fa? by —x 

3 3« 2 j?— 2afa? by ax 4. — lS^+Sx 2 b\ —5x 

S 16« 2 & 3 — 8« 3 J 2 by —Aa-b 8 — 20j? 4 — Gj? 3 by — 2* 5 

7 Sab^—abc+abd by ah 8 — ox 2 + a 2 r 2 — o 3 x b> —ox^ 

9 2x a — x i +3x 3 by — x- 10. 2x s +6x a y-9xy i by 3* 

11 3« 2 fa— 9ab-G—6abc 3 by —3 abc 

12 — ’2Aa 3 x' i y — Zaxy + Gx-y 3 by —3 xy 

13 ~ 144« 3 — 108a 2 6+96a& 2 by -12a 

14 5a 3 fa? 3 ,y 2 — 'ia-x-y 2 + 2a i xy 3 z 1 by - a 3 xy s 

15 6« 4 j? 2 — 30a 3 x 1 +24a , J? 3 by 6a 3 x s , 

10 18a 4 6°c 3 - 24a i W + 30a s 6 4 c 3 by 0«W 

17 16a 3 xy—14a 3 x 3 +4a s x :, b) 4a 3 x 

18 30a 3 6 ? c — 24a*c 3 + 12a 3 c 2 J? — 6a 3 e by 6a 3 c 
19. 3p 4 q — Gp^q 3 + Zp 3 q 3 — 2pq 4 by — Zpq 

20 — \2x a y 3 + 4x 3 y~ — 6v i y b — Zx 3 y a by — 3 x s y 5 
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DIVISION BY A BINOMIAL 

US To divide 2x 3 + 13* + 15 by x + 5 

We have 2x 3 + 13* + 15 = (2x 3 + 10*) + (3*+ 15) 

= (*+5)2r + (* + 5)3... (l) 

= ~~ri~ + ^ + ~ i ~ distributing dividend 
*+5 * + 5 * 

= 2t+3 . («) 

Dividend and Divisor are arranged m descending powers of r, and 
the Quotiont is in the same order [see (n)J , therefore the first term m 
each is the highest term m it Also from (l) we see that Dividend 
=Dmsoi x first term of Quotient + Dmsor x second term of 
•Quotient Hence first term of Quotient=first term of Dividend 
~ first term of Divisor, ie, first term of Quotient = 2a: 2 —x~2x 

Now multiply the whole Divisor by 2x, and we get (*+5)2* 

If (*+5)2* is subtracted from dividend, we see from (i) that the 
remainder is (*+5)3 or 3x +15 The first term 3x of this remainder 
is the pioduct of 3, the second term of quotient and * the first term 
of divisor Thus the second teirn of quotient=3*— *=3 

Multiply the whole divisoi by 3 and subtract the lesult and 
there is no remainder Thus the division terminates and the com- 
plete quotient 2*+3 is the sum of the two paibial quotients 

The process explained above is usuallj shewn thus — 
t+ 5 ) 2* 3 +13* + 15 ( 2v + 3 
2* s + 10* 

3* + 15 
3* + 15 


Hence to divide one polynomial by anothei, we have the following 

Buie —Arrange both dividend and divisor according to Ilf de- 
scending or ascending powers of some common letter 

Divide the first term of the dividend by the first term of the dn aor 
to obtain the first term of the quotient , multiply the whole divisor 
by this term and subtract the product from the dividend and put down 
the remainder - 

Consider the remainder as anew dmdend and repeat the ahoie 
process thus the second term of the quotient is obtained 
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Continue the same operation with the successive » emamders to obtain 
the other terms of the quotient till there it no remainder left 

The sum of these partial quotients is the complete quotient required 
Ex 1 Divide a s — 2a6+6 2 by a — b 

Here the dividend and the divis-or are arranged according to the 
descending powers of a 

a — b\ a 2 — 2a&+& 2 

° 2 ~ n A 

— ai+ii 2 
, — ah + & 2 



Remark We may arrange the tin id end and the divisor according 
“o the ascending powers of a and obtain the same result , thus 


— b+a \ b 2 — 2 ab+a i 


\ 6 J -2 ao+a- / 

) b-- ab \ 

-ab+a- 


-b+a, the same result as before 


- ab +a 9 


Ex 2 Divide lla; 2 +2:c 3 4-5+r7;s by 2*4-5 

Here the divisor is arranged according to the descending powers of 
x , hut not the dividend , ai range it then according to the descending 
powers of x. 

2*45 \ 2x 3 +Ux 2 +17x+5 / x*+3x+l 
J 2*»45* 5 V 

6j j +17t 
6j 2 4 15* 

2*45 


2*45 


[Woik this example by ai ranging according to the ascending 
porwers of v] 


Ex 3. Divide ax 3 — (a 2 4 b)v 3 4 V 2 hy ax—b 

ax—b \ ax 3 — a 3 x s — bx 3 +b 2 / x 2 —ax—b 
* ax 3 —bx 3 V 

-«*** ~ 

—a 3 x 3 +abx 

— abx+b 2 1 

— abx+b 2 
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Ex 4 


1 


Divide 8 Is 1 — 1 by 3* + 1 
3*+l \ Slje 4 — 1 / 27* i -9* 2 +3*-l 

/ 81 t^?*’ ' 

— 27* s - 1 
-27* 3 -9* a 

9*2-1 


9z 2 -p 3* 


— 3*— 1 


Examples XX II 

Divide, by arranging (1) according to tlie descending and (2) 
according to the ascending, powers o£ v 


1 

*2+4*+3 by *+l 

2 

* 2 +7*+12 b> *+4 

3 

* s -10*+21bj *-3 

4 

y s +4y-5b} y-1 

5 

2* 2 +5*+2 by *+2. 

6. 

4* a +23*+15bj 4*+3 

7 

2m a — 13m — 24 b} m - 8 

8 

10-13a+4a J bj 2-a 

9 

12+*— 6* a b) 4+3* 

10 

25— 40o + 16a 3 b\ 5 — 4a 

11. 

14*2+5*— 1 by 7*— 1 

12 

* 3 — 5*y + 6$r 3 b) *— 2 y 

13 

4*2-9 by 2*-3 

14 

27*2-1 by 3*— 1 

15 

4« s — 3a— 1 by a- 1 

16 

4* 3 — 2*2+1 by 2*+l 

17 

6* 3 -5* s +6*+8 by 3*+2 

18 

m'— 6m 9 +llm— 6 b> m — 2» 


19 24* 3 — 22* J +17*— 5 b) 12a; — *5 20 **+o s b\ *+« 

21 2«* 2 — 7c*— 8a* + 28e b\ 2(i*-7c 

22 5«* 3 — 2apqx — 5 bx 3 + 2 bpq by 5* a — 2 pq 

23 a* 3 — 5*+5a* a — 25 b> «* 3 — 5 

24. 6a 3 J3 — 12 6* — aJ 3 b\ 3ol» + 46 s 26 81- 1G** by 2*+3 

26 aje’+fS— a 3 )* 2 -a*+2 b> a*+2 

27 , : -a(a+l)*+« 3 by x-a 28 n 2 * 3 - b{a-+b)% +ab' ) In a* - Ik 

20. 3ri+6* s -7*2_8*+4b\ 3*2-4 • 

30, 6* 4 — 2*2 — 23*2 + 5* + go 2x*-5. 

31 Divide the sum of *(*-5; and 7(5-*) In *-7 

32 Divide the product of 3* -9 and 3* -12 In *-3 
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6*5 

33 Divide the product of 2y — Pa aud 2y — 4« by y - 4a 

34 Subtract 3(x—d) from 10 c(x— 2), and divide the diffeience 

b\ 2r- 3 

36 Simplify (2x + G)(4x- 20) -(x- ^%x + 3) 

38 -Simplify {{x+lyKx-W-Zii&x-W+ly*-) ~(x~2y) 

Examples for Revision (B) 

1 Add together 3(< rS —xy + Or ( u ~ x )(p ~V) an ^ cx+ay— ac 

2 Subtract ax — by fi om (a + b)(x —y) 

3' Multiply x*+ax-a by x—a 

4 Divide 2x 3 +5nx— 3n 2 by 2x—a, and check the result by 
multiplication _ 

5 Shew that x(x*+ 1) =4 r* - G, if x = — 1 or 2 oi 3 

6 If x*=rt+2h+3e, y==6 + 2c4-3a, c=c-f-2o+3&, shew that 

x+ »/+ s=C{a+ 1> +<s) 

7 Find the number, which is 5 times the number that exceeds v 

bx 10. 


8 Add together (2x— l)(x — 2y), 2(1 — x)(x— y) and x(2y— 1) 

9 Subtract (a-l)x-(o~djy from (a+b)x+(c — d)y. 

10 Simplifv (a - 2) 2 - (rt - 3)(a + 3) + (« - 1 j(« + 8) 

11 Multiply 3(x 3 -8)-4x(r-5)b> 5(x-l)+*-G 

12 Divide the difference of x^+Sx and 3x 3 +l by x — 1 

13 If A=6 2 +<J 3 -a 3 Z?=e 2 +« 3 -& 3 C=a*+b°—c*, D=a 2 +5«+c 3 , 

shew that A+jff+C , + D==>2(f» s +& 9 +0 ^ 

14 A‘s age is x y ears and A’s age i» 3 times of what A' a age was 
8 \ ears ago , what is the age of B * 


16 Explain the terms ditnennon and d’rfrce How n» the degree 
of a term determined ? State the degree of each of the teims — 

3fl 4 h 2 <J, 5x u -rPbcx- and —2 ale 

16 Add fi(x 3 +yj 2 ) to the diffeience of (x— 1y)(2y— v) and 5 x(y-x) 
17. Take 2(« + x ) + 10 — 14 (a? +y) from 5(« + x) — 10 — 8(x +y) 

18 Without actual multiplication, find the coeflicient of x 3 nr 
the product of 4x 2 -8x+3 and 5x— 3 

19 Divide « 3 x 3 — (a 3 +& 3 )*—fl& by ax+b J _ 

20 Shew that {(x s - x - G) -(x - 3)} + {fy 3 - Gy + 8 )-(y-i))-x+y 
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2L Tliei e are (a 4- 1) mangoes in one heap, twice as mam m 
anothei, and 5 times as mam m a third , what 19 the total nmnbei 
of mangoes ? If (7 a-b) mangoes he sold out of them, what number 
lemaina ( 


22 How it. the degree of an expression ascertained ? State the 
degree of the following expressions — 

(1) ax*— bx 3 +ox— d, 

(2) 3^-2aV + 4f<x 3 + l , 

(3) a 1 x- + WtPx- — 2r» b*x +a c , 

(1) when the s>mbol of reference is x, and (2) when it is a 

23 .Add together 3 {*--%- 3s)} and 5y-2{s-4(3x~y)} 

24 Take 3x-8 from the sum of (a;+lX*-3) and (i-x) r K x-2) 

2 6 Simplify { ar(4 + a) - a(x - 1) - 3 x } x (x - a) 

20 The product of two expressions is fl* a -(2a-3)r 2 -7x+2 and 
one of them is x— 2 , find the other 

27 lfa~x(l+y), b-y{ l+d), c=*xy+<,(l+y), 
shew that a+h— c=x+y — z 

. ? 8 A ,P® ro0U lea ^ es x rupees and a properh of the same value, 
to be divided among his 4 sons , find the value of each share 


29 What is a homoqemous expiession 1 State %vhicli of the fol- 
lowing expressions are homogeneous and which not , and also their 
degrees —(1) 2&c+«i-4a& , (2) 3x-*-2ar s y+ i t 7 « , (3; ax*+2Jtxy+b?/ 3 

t 0 3 (SL IX?- 2) Ct (X 7} fr0m ~ 2}{ - x ~ 3 >> and add tlie result 

31 Hind the value of (x 3 - l)(r + 1) ! 

32 Divide 4(a:+ 2X*- 2) + r )(x-l) hj (2i - 3)+2{« , -2) 

.J 3 , Express s) mhohcally the quotient when the difference oi c 
sfrnpie form ^ piodncfc Plnd also ll “ quotient in a 

A=«ar-H»y and £=bx-ay, find the valuo of (An-c£b) 

a onf 7 paid 1 r,” ^i° r ea °k °f 0 articles and y annas for each of 

» ”SS ^ “ tk “ S . I."" A r„p=„ Wllnth 


-00 . 

37 What must be added to 2 o' 1 - 6 a 8 j' 4 - 3^2 7 ,, . 

Mim may be a s — ax 3 — l / “roax 1 xa older that the 



examples fob psnsiox (b) 
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38 Simplify 3x— 4(2y— x) — 2{x-(4y— 3x)} and 

2x — 3(x — 2y) ~ 4 {y - 2(3x — 2y)}, and multiply the results together 

39 If B represent the dividend, d the divisor and Q the quotient, 
express the relation between IJ, d and Q 

40 "Without actual multiplication, find the coefficient of t 2 m 

(x 2 -Gx 2 J-3x- 1X2x4- 1) 

41 Shew that {a-kbx) r b— ax)4-(«x4-6X&x— fl)4-2x(a4-6X«— 6)=0 

42 From a piece of wire (x4-2«) 3 aids long, 3 pieces each 
2{x-5») feet long are cut off , how main yardo are then left 1 


43 Simplify a 2 — 3{6 2 — 2c(« — 36)— 26£64-3c)} aud find its numeri- 
cal value when «== — 2, 6=3, c— — 4 

44 Multiply 2x4- Gy by 2 x—’jy, and divide the result by v4-3y. 

45 If x=6— c, y=e~a, z=-o— 6, find the lalnes of 

ax-ffiy-fc* and (6 4- /•) r 4- (o 4- «)y 4- (« +6)? 

48. ''lniphfy the product (v— "){x^-b) aud from the result deduce 
the value of (x-r l) 2 . 

47 Shew that (,'tx+b)[cx+d)-(a-*-bx){c+tlx)+(ac— bd/l— x s J=*0« 

48. A person having (lx 5 -!, 2 ) rupees spends 5o(x4-«) rupees 
out of it, and then divides the lemaindcr among (x-2n) boys , what 
aoea each boy receive ? 

49, If x has the values —3, -1,0, 2, tabulate the values of 

i'x 2 - 3x4-1 


50 Find the value of x 2 ■*-y , +lxy — 1, when x=4 G and y=5*4 

5L Subtract 2x 4 — 3x^y4 4x 2 y 5 , from 2y ’ — 3y 5 x 4- 4y 2 x 2 , and ai- 
range the result according to the doaCinding powers, of x, 

52 Multiply x 2 by «4-x, and divide the product by a — x 

53 Find the value of 2x 2 -3x+f, (1) when x is, changed into 
x- 1 -! and (2) when x is changed into x - 1 

54 Shew tint («x ■*- l)(rx-rd) - fex a. h){aix +d)^(x- c)(6 - d)x=0 

55 If -l»4x— 3t» and 2?=3x — <Ut, find the valne of 

(A-2B£2A-JJ) 

56 If x and y are respectively the ten*’ and units.’ digits of a 

rnunher, shew that thp sum of the number and the number formed by 
1 ever-ing the digits is ll(x4-y) Check the result by taking the 
'lumber 57, 0 


57 If « = — 1, b= - 2, r=z —3, find the value of 

„ _ ^-(6--c)}’4-?6-( c _«)}34-{c-(«-&)}=. 
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58 Fiom Sj'-'a®, subtract tlic product of v + 2a and e — 2 n, 
mid multiply tbe difference b\ a-+x s 

69 AY liat aie tbe coefficients of r, x" and y % m tbe expression 
(ii s - 4 bx^y + 2c vy- — ip ' 

00 If 4=25-3 and .£=35 — 2, find (A + B)* and (A-BT 
61 Simphfi (5-lXr + 3) + ')(r-4) 3 -2(5-2)(* + 2) 

02 100 rupees was divided among A, B and C, so that A received 

3x rupees B (25+5) rupees and ( (80 - Ax) rupees , what is the 
value of x i 

68 If y=t 3 4 25—1, tabulate the values of y t for the values 
—4, —2, -1, 0, 3 and 4 of c 

64 Simplify (5 +o) 2 -(t-«)('s + «)-(5-2m) 1 

65 Find the continued pioduct of y+ 35 , y — 35 and y+3x 

00 Divide the sum of 4-35 + 105 2 , 55-<)5 a +3 and 2r s -5 -75 
by 35-2, and find the value of the quotient when 5 => —1 

67 _ If A— 25— a and 1 =5 — 2a, find the product of X—Y and 

A t2J 

68 Divide 5 s +# 5 bj x+t/ and from the result deduce the quo 
taeut when (a+6)*+c s is divided by a+6+c 

69 A man walks (3p—q) miles an hour, m how many houis 
will he walk 3 y» a + 5 |jg’- 25 s miles 3 

70 Tabulate the values of the expression St 8 — 1, coriesnondmsr 
to the values -3, -2, - 1, 0, 2 and 3 of v 

CHAPTER VI 

EASY FORMUL/E AND FACTORS 

Formulae 

414 A\ e shall further illustrate the Formulte given in Art 53 

Formula I (a+&) 3 =« 3 +2a&+& 3 \ 

Formula II (a-&) 3 =« 3 - 2 «&+&= / 

Ex 1 Expand (a + 6 +c, 2 

Here are 3 terms, but enclosing 6+c m a bracket, we mav considei 
these two terms as one Hence ' 

(a + 6+c) 2 ={a+(6- rC ) f 2 

=a 3 +2a (6 + c;+(6+c; 2 
=a 2 + (2 ab + 2ac) +(6 3 +2lc + c 5 ) 

= r» s + 6 9 -r c 3 + 26c + 2c« + 2a& 
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00 

Ex 2. Pint! the hqinre m « ■*■ 5 4- e 4 d 

Here nre 4 tenm^lmt tnrln^in<»«+6 md e+d in brackets, -we mj\ 
cfliiMder them ns single lermb Jlence 

^ + & + <"+^) s ~{('i + &)+(' , -rd)} 2 

=(«tJ-ft;*+2'«4-&X<5+rfj-i (e-rdf 

-*{n- 2d6 4- 5 4 ) 4- 2 ft 4- by 4- 2(o 4* 5){?4- (e 1 4- 2cti 4* d’) 

« (ft 2 4- 2ft5 4 - lr) 4- (2<ie 4- 2 5 i ) •** (2 %d+5bcl)-T-(c i +2 l 'il 4 -d*) 
“ft" — b-~rr" 4- ? 2 -r 2«5 4* 2ftc 4-2 u^4* 26s 4- 25 1 4- 2 cd 

’Note lit nee tjentnll) fPr j iar, </ a t-oh normal —tht s w, of tkt 
, £ ar'sef ect t term + 1st e It e pnftte' xf tier} ho of If cm 

Ex 3 Mitllijih j: 3 — ax— b liv nx—b 
Required i>rfeliicLc“(j-’’4-oj— 7*)Vx — ») 

-- <x'4-0'X-5)}ifix- b) 

« - x\nx — h) 4 - (<ix — bf 
-s«jr*-» ?<t s 4-ft s x 3 — I'tbx + b* 

= ftx* 4- b t J - h) V s — Znhx 4* 5% 

Ex 4 Pniil the \alur o' ;*<i s -M0rt> -J-5 5 when «= —2, 5=>7 
ftiU’i expression r=( r ifty ! - l -2'r>")54-5* 

«{0'4-5j I --{5(-2}4-7} ! 

Ex 5 "nmplif (x-f/-r2v' , -2(x4-y-2;)(j-«/4-£:)4-(x4-y-2;) 3 
Let '<=x-y4-2.:ftn<l 5- jr+y-2i , thtt- gi\en expression 
■=« 3 — 2'»o J -5*=('< — bf 
~KJ?~y4-22)-rx~»/-2j)} s ==(-2y*Mi) s 
*> «y 5 -l0yc4-lC* 2 

Esamplos XXXIII 

Ex. pint! 

1 (3x— £y— 3:) 1 2 (2x4-Cy4-r) s 

. 3 (3i— S54-4e) s 4 (ax-by-rtzf^ 

5 \!uh±xy—c r f 8 (tt 3 4-«&4-5 3 ) s 

7 (1-2x4- 3*-)% 8 (o 3 4- 6 3 4-e 3 ) 5 

9 (n — b — r+df 10 (4 *4-55— c— 2rf) s 
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Find tlio value of 

11 (Sx4-3^ + 4.)(l»/ + 4.) 12 (3-f s - inx- - a s ;(3 e" - «’*) 

13 (x* +xy +y u )y(* +y) 14 (4* , -5«j? + 3'*‘ > ) / ?(5j; — 3fl) 

15 -4fl 2 -»-96 s , when 2«=p + 1, 3i»=^ + l 

10 16f 3 -2')^°, -when 4x=2p-l, 5t/=3q-l 

17 25x 2 — 40x/+lG i y 3 , when x = 3 and ^ = 10 

18 36p n +60pg' + 2oq* t nlion p= r > and <jr = — 6 
10 IGn-— 48mn + 'i6)i% when m— — 1 8, « = — 12 

20 9x°+ 12^+4^’ when r=«- 2 and,y=« + 3 
Simplify 

21 (x -yf + 2{x~p)(x +y) + ( j +y) a 

22 (jp-l)»-sfr+lX*-l> + f*+l/ 

23 (2sr — l) a ~2(2r— l)(ar — 1)+(jt — ])* 

24 (jf“2y + ;)2+2(x-2y fs)(j;+2y- i ) + (jr-|-2 y-r) 2 

25 (2n + &-l) 5 -2(2a + 6-I)(2<-& + l) + (2j-i + l;2 

C3 The following are other applications of 
Formula III («+&)(«- &)=«*- &* [Art 54]_ 

Ex 1' Multiph a 2 +«&+& a b> ifi—ab + W 
Reqimed prod not- { (a 2 +& a ) {( a s+ &) - «&} 

= (a 2 +& 2 ) 2 -(«&)" 

=« 4 +2a 3 6= + ^-«5h3 
=« 4 +a 2 & 2 +&* 

Ex 2 Find the continued product of I 1 i + r 3 an( j j + ^ 4 
Required product=(l - J?)(l + «■)(! + t 2 ;(1+^) 

*=(1 - 0(1 + *»)(! 

*=(l-.e 4 )(l + ^J=l-a;8 


Examples XXXIV 


Find the product oE 
1 a-rh+c and « + &— c 
3 o — b — o and a + Z >— c 
B x+2y+3*and x— 2p— 3z 
7 ® + 2y-3.. and a?-2y+3F 
9 T 2 -«r+<iS an d v a +ax+a-. 


2 « + &- c and «-Z»+c 

4 « + &+cand a — b+c 

6 c-2y+3r and x-2^-3; 

8 a s +2a&+6® and a 2 — 2 ffh+Z» 3 
10 * a +G&-h a and vt+al+b- 
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11 «— 6-c+tfand «— b+c— d 12 x+y— 2+1 and x— ^+ 2+1 

Find the continned piodnet of 

13 a+x, a—x and « 3 +a 14 x* +y*, # 9 +y 2 , x+y and x—y 

15 x-— ar + 1, x*+x+l and a 4 -a? 9 + V 
Simplify 

16 (('— 2 b)(a + 2b) + (26 + 3tJ)(26 - 3c) + (3c - d0o + d) 

17 (a— 6 + c) 3 +2(«— 6+o)(° + ^“ c )+(« + 6“C) s 

u 18 (2« + 6 + c) s - 2(2 a - b - c)(2« + 6 + o) + (2a - 5 - c) a 

19 Find the value of (l — 2«)(I +2®), when x—ab—1 

20 Find the value of x^-xy+y*, when v=ab+cd and y—ub — cd. 


00' Formula IV. (a+&) 3 =« 3 +8er 3 6+3a& 2 +6 3 

=a s +& 5 +3«&(a+&) 

( a + 6) 3 *= (o+ 6) 3 (a + 6) = (a a + 2u& + 6*;(a + 6) 
=(a 3 +2a6+6 2 )«+(ff 3 +2rf&+ 6 3 )6 
=a s +2a 2 6+a6 9 +a 9 &+2«& 9 +6 3 
=o s +3a 3 6 + l«6 9 +6 3 

t That is, the cube of the sum of two quantities— the sum of their 
cube i plus three times their product into their sum 

Formula V (a-'&) 8 =a 3 -3« 3 6 + 3a& 3 -6 3 

=a s -&"-3a&(«-&) 

t That n, the cubj of the difference of two 9 quantities— th e 
^difference of their cubes minus three turns their product into 
V thm difference 

This formula may be obtained by direct multiplication as abo\e, or by 
changing +b into —b in Foimula IV 


Ex 1 Multiply p 2 +4pq+ 4 j 9 by p+2q 
Required product = (p +2g) 3 (p +2 q) =(p+ 2 qy 
=p 3 +2p' l (2q) + 3 Z , (2g) 3 f (2qf 
= p 3 + Qpfq + 1 2pq i + 8g s - 


Ex 2 Find the value of (3 jt — 4y) 3 

Reqiured value = (3 xf- 3(3T) 9 (4,y) +3(3a?)(4y) 3 - {Ay f 
=27z s — 108« 3 y + 144*y 2 — 64y 3 
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Ex 3 Simplify (a + Z0 3 +3(a +&)'(<»— &)+3(a- &) s (a + &)+(a-&) 3 . 
Let m—a+b and n—a-b, thus the given expression 
= m 3 +3m. 1 2 j; + 3mn*+n s = (m + n) a 
= {(a+b)+(a— 5)} 3 =(2a) s = 8a® 

Ex 4 Find the value of m a -6m 2 7i+12m» s +8n s , -when m=7 
and n=2 

Given expn = { m® - 3m 3 (2n) + 3m(2n) 2 -8n®} + 16n® 

= (m - 2n)° + 16»® = (7 - 4)® + 16(2®) = 3® + 128 = 155 

Ex 6 If x—y=3, shew that s® — 9xy— y®=27 
Since x-y*=3, we have (* -£)"!«= 3 s , 


thus 

*®- 3a#(* -#)-# s =27, 

or 

a.®-3x#x3-#®=27 >< 

e c, 

v s — 9s# — #® = 27 

Multiply 

Examples XXXV 


1 a 3 — 4s+4 by x—2 2 4a 3 +12sy+9, / 3 by 2x+3y 

3 25m 3 +20»m+4?i 2 hj 5m+2n 4 25 a 3 - 30ay + 9jr 2 by ,5s - 3y 

Find the value of 

5 (3a+26)® 6 (a-1)® 7 (1+2*)® 8 (2s~3y) 3 9 (2s-4)® 

10 (l-4s)® 11 <l+s 3 )" 12 (2— a 9 ) 3 is (as-^y 

Simplify , 

14 (a + Z>)® - 3(a + b)\a -b)+ 3(« + &)(« - bf - (a - 6)® 

15 (s + 2)® + 3(s + 2) 3 (s - 2) + 3(s + 2)( x - 2) 3 + (a - 2>® 

18 (2a- l)®-3(2s- l) s (2s+3)+3(2x - l)(2s+3) 2 -(2s+3)® 

17 (2a — 6)® + 3(2a — 5) 2 (a + &) + 3(2a - b) f a + li) 3 + (a + fys ' 

18 (x — 4)® + (2s + 7)® + 9(s — 4)(2s + 7)(* + 1) 

19 (a+b+cf +6a(a 2 -(&+c) 2 }+(a — 5-o)® 

20 (2a- 6 + 3c) 3 — (2a + b -3c) 3 - 6(3c - 6 )( 2a - b+3c)(2« +b-3o) 

Find the value of 

21 8a® + 36a 3 4- 54a +8, when a= —4 

22 a® — 9a 3 y + 27 s# 2 — 27#®, when s=,-3 and #=-l 

23 8s®-G0s a +150s-136 J when s =-2 

24 a®+Gs 2 # + 12s# 3 - 8#®, when r=5 and #= - I 
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25 27*5+1031^144/ -72, when i«-2 

26 2u 2 -3i&(o— &)— 6*, when o=3 md 1—5 

27 If - + 7=-lj shew that **’+'l;ey+y , as=l 

28 If c— v-2, shew that r*— Git/— y'~S 

29 If x+y**« t shew that jc n +3axy+y“*=«i8 
‘ 30 If z-y—n, ‘■hew that jt 3 — 3 fixy-y^-tP 

31 If 2t+3y*-~ i, find the value of Sx 3 +72r/+27y* 

32 If ax — hj—t,, find the value of aV— fribexy— 6V* 

33 If f«ud the ■value oF x' i +’ix-y"+y'' < 

34 It j ? — y s --3, shew that t'-^x-y 1 — t/ G «27 

Ut Pormula VT. (/r + I»Xrt 2 -a5 + h 5 >=« 3 -l» 5 [Att 72, Ex I] 

That i-, (hr sum. of *> r o jimj tut 1 * into the rum at their tr/vurci 
x a n ithed by (fair product **tho sum. of their cube* 

Eormula VII. («-6)fa s +a7>+6*)=n s -65[Art 52, E\ 2] 

/ I hat 15 , th*' difference of tiro guantttti* into the *um of thtir 
|/ *g>'i rti titered id b’f then prod'ietxmthc differ once of their cube* 

HfM vnn. The student should notice that this Formula is obtained 
irom Formula VI, 1»\ putting —6 foi + 6 

Ex 1 "Mulnplv U--Gxy+<\y*h\ 2x+3y 

■'luce 4jr-~(2x) 2 , 6xj~(?xXfy/) and 9^ s =(3y) a , the leqmred product 
ti oi the form (n , -ab J -b 3 j(a+b) lit nee product required 

- (2 vf (Zy)- = W + 27y t 

Ex 2 Multiply 25 **'+ IU16+ 16® h> On — 26 
Required pi oduct={(7a; s +(5n)C25) + (26) 8 }(5n- 26) which is of the 
loi m (IV s + nb + 6 s )(o - 6), 

*= (’top — ( 26 )" « 123 k 5 — 86 = 


Examples XXXVI 


Write doin’ ipe value of 
1 (* s - 2 r+l)>+ 2 ) 

3 (x s ~xy+y^)(x^y) 

5 (o s +2hxx-4x-)(a-Zx) 

7 (W-Quh-i-M-y'ta+Zb) 


2 (t 8 +3x+9)(a-3) 

4 (r 2 +*y+y 3 )(*-y) 

6 (a 3 -2ax+4x s )(a+2x) 

8 (4<i 3 +6a6+96 8 )(2fl— 36) 
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11 

/ if doin' the \ nine of 



9 

(a-+a+ l)'n- ]) 

10 

(a? 3 — 5 r + 25)(x +■ 5) 

11 

(4» 3 -2a + l)(2i + V 

12 

(l + 2* 3 +45r4Xl-2* 2 > 

13 

(1 — 4x+lGx 3 )(4x-h1) 

14 


16 

(U s +Gx + 0;(2r-3) 

10 

(Or* + G c 3 y: + 4y 3 : 3 )@x 3 - 2y.) 

17 

(1G i 1 - 20ri 3 x + 25j 3 j{4a 3 + 5*) 


18 

(4»n < + 18»n s n J + M»' , X2M> a - 

.qn-j 



Siniphfx 



19 

(*’- vg+y s +J)(x+g)-(x a +y") 


20 

(x-+ 2 xy + 4y° +x+ 2y){ v — 

2y)~ 

(x*-4t/°) 


21 (n t -av+x*)(a-x)+a 2 (a+2v) 


08 Tlie following examples [see Art 55] will furthci illustiate 

Eormula VIII (as+«)(jc+6)=sc s +(a+&)ac + o& ( 1 ) 

The following are two otliei forms of tins foimtila 

(x—u)(x—b)—x-~(a + b)x+ab (n), 

(v+n)(jf-Zi)=j; ,, + («- b)x-ab (iu) 

Ex Multiplx * 3 +2*~3bx x -+2x+4 

Put a=j 3 +2r, thus lequired product 
= (a — 3)(a+4)cr-o 3 + (4 — 3)a— 12 
=« 3 +a-12=(x 3 + 2.r) ! + (tf 3 +2:r)- 12 
=j 4 +4j: s + 5x 3 + 2i;-12 


Examples XXXVII 


Multiph 

1 c+o+1 h) ar+a+2 2 

3 i+y+lliv x+y-G 4 

5 «r— 6+3 bx ax—b-7 0 

7 2« — & — 4 by 2u — 6 — 7 8 

9 3.r 3 — 4*-6bv3* 3 -4*-8 10 

11 4a , -5j/- t ) by 4*-'b/+G 12 

13 ff 3 -c n +3u& by cP-cP+2ab 14 


o+Z>-2 by a+&+ 5 
af+2y-lbx #+2,y-3 
x 3 —xy+i bv x 2 —xy+ 6 
2x—3t/+5 bv 2x— 3y — 6 
2a a — a5 — 3 by 2a 3 — ab+8 
3*+5y— 8b\ 3 x—4y—S 
x 3 —3g 3 — 4; 3 b\ x 3 — 2y s -4/ 



FAST formula: and factors 


v> 

Factors 

<»i> Monomial Factors An expiession 4 of the form an+bn 
Pen 4- , m winch a factor is common to each term, is lesolved 

by tiling out the common factor und enclosing the rest in v braclet 

\ 

Thus an +bn+cn+ —n{a + b+c+ ) 

Ex 1 Resolve 2a v + 2xy into factors 
Given expression =*(2«+3y) , 

required factors aie x and 2«+3y 

Ex -2 Resolve xy+yz—y* into factors 

Gi\ en expression ~y(x+s—y) , the factoio are y and v+z-~ y 

> •. 

Ex 3 Resolve 6ti 3 a; 2 — 9 i 2 ® 5 - I5abxy into factois 
Gi\ en expression —3aa(2a s v — 2a x + r ihy) , &.c 

, Examples XXXVIII 
Resolve into factors 

1 ab+ax 2 m+mx . 3 2x—x~ 4 «*— uc 

5 m 3 +2 mv 6 3r 3 -H>j* 7 o 2 &+o& 3 8 ab-bc+abc 

9 8a 2 — 6'«&— 4«c 10 20pg — 15pV + 55rp 11 3a s 6— 3p& 4 

12 KW+Zab 13 Wfq-Zpq 1 14 S^-lOm^ 

Ifi -18m 8 - GmPn 10 3x 2 y+xy+2xy" 

17“ 4a 3 6 — 16a 2 6 — 20a6 2 18 2*y>-3 rx‘ i y+2rxy 2 

19 6j5»^-9arV+12vV " 20 81*V+ 63tf4 ^ 8 

21 24m 4 tV - 42mVfy E 22 7a 3 xj/ 2 + 14a 3 vfy 2 — 21a 3 vy 3 - 

70 "When a common fartoi other than a monomial occult, 
m every teim, the method is the same as above 

Ex 1 Resolve a{x + 1)+ 2(* + 1) into factors 
Here x+l is a common factoi, put it=m , thus 
given expression = ma + 2m = m(a +2) = (* + 1 )(a + 2) 

* Here “expression” means a “ mhonal and mttgial expression” , that is, 
one in which the symbol of reference is free from the radical sign and 
does not occur m the denominator of any term 
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Ex. 2 Resolve « S .«H al i v+a l bi/+l :> y into factor*. 

Given expression =(o s J?+ alPx) + (a 3 by + Py) 

= «ar(fl 3 4- b 2 ) 4- by(a? 4- 6 3 ) — (o 2 + 6 2 )(a * 4- by) 

The same lesult also may be obtained by a suitable rearrangement 
and grouping of the terms [see A rt 73] , thus , 

given expression = a 3 x 4- a 2 by + ab-x 4- Py = (a*x + a 3 by) + (aPx + Py) 

= a\ax 4- by) 4- P(ax +by)—(ax + by)(a 2 4- P) 

Ex 3 Resolve 4mi 4 ji—G»i°m 2 4-4m/ 2 ji' , —6hiji 4 into factor^ 

Given expression =2wm(2?n a — 3 mi 2 m + 2mn s — 3« s ) , 
and the expression within the bracket 

=(2»i s — 3ffi°n)+(2inii 2 - 3 m 2 ) 

= m 2 (2m — 3w) + n 3 (2«i — “in) 

=>(2m-3n)(m*+n s ) 

given expression = 2wi n(2m — 3»)(«i 3 + n 2 ) 


Examples XXXIX 


Resoh e into factois 


1 

tib + Jc+cd+rtd 

2 

m 2 +m+n+mn 

3 

ax+a+x+l 

4 

2a x - 4 ay -bx + 2 by 

5 

*1 -v-y+xy 

6 

a 2 — ab — ac4- be 

7 

v"~ niv—my + vy 

8 

« s +n 3 +« + l 

9 

l-x + v^-x 2 

10 

pg-cfh+Jgh-ch* 

11 

ab + b t c+a-c+abc' 1 

12 

acx 2 — box -adv+bd. 

13 

abg~bcg 3 +acq—a? 

14 

xyz 2 — x 2 z — y~z +v-y 3 

15 

(a + b)x-(a+b)y + (a + b)- 


\ 

16 

5 (p - g)mp + 10*p - q)nxq - 25(p - q)m 2 

17 xyz+bxz+cxy+bcv 

18 

a% 4- 3o& — 4a 2 — 1 2« 

19 

m*xy — mi 3 # 2 — m-x 2 + m vy 

20 

S»i 2 ji 2 — 24wi”np - 16mn*+4Smn 3 p 


- 

21 

Aa 3 gh — 2 a^cfy — 8 a 3 bfh + 4 abef 2 


y 


71 Factors of Expressions of the form a 2 -& 2 Fioin 
-Art 54, we have the identits 

a s -P={fi+b)(a-b) 

Thus an expression which is the difference of two squares 
can be separated into factois 
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Ex 1 Ecisol re 4 r 2 -0^ 2 into factor^ 

4i s_ 9jr 2 = ( 2r )*_ W =s(2 -+ Zy)(2x - 3r/) , 
reqmred factor-, are 2c+3y and 2x— 3?/ 

Ex 2 Besolvc 0(<*+5) 9 -4c 2 into factore 
Given cxpiession = {3(a+ &) J 2 — (2c) 2 

=(3a+3& + 2c)(3a + 3&- 2c) 

"Lx 3 Find the value of 571 x 571 —420 x 420 
Heqd % .due = (57 1 ) a - (429)" =(571 + 4 20)(57 1-420) 

= 1000 V 142 — 142300 

Ex 4 Find the square of £39 
Now (830}"=(839) 2 — (39; a — (39) 2 

=(839 +39X830 - 30) +(30) 2 
=S7S X 800 + (39 ) 5 = 702400 + (39) 2 
and (39) 2 =(30)-’- 1 +1=(39 + 1)(39 - 1)+ 1 

=40y3S-«-l = 1521 

required sqnar e=702400 + 1 521 =703921 

Ex 5 Find the tquarc of 670 

(8751 ! =(875) 3 — (2r») 3 +(25) 2 

=={875 +25X875 - 25) + 625 
=000 x 850 + 625 = 765625. 

Examplos XL 


Jle^olve into factoi-. 


1 

l-* ! 

2 

t 

17l S - 16 

3 

64 -2 s 

4 

1-SI- 2 

5 

25y 2 -l 

6 

16a 3 - 96 s 

7 

2 W- 406 s 

8 

144T 3 — 100 1 2 

9 

81g 3 — 64r s 

10' 

G25'<M-121 

11 

81p a - lOOj 9 

12 

144* 3 — 121y 2 

13 

4 f taV-Rla' 

14 

l s ni*-n*q*. 

16 

W-lGxY 

16 

25« ! ^ a — k 3 y-’ 

17 

a 4 -* 1 

18 

16* 4 — 25ft 1 ' 

19 

4o 4 — h* 

20 

ZG'fi-x* 

21 

25««-9& l ° 

22 

m* — 1(> 

23 

16a 1 — 1 

24 

1-3* 

25 

a s — 1 

26 

— a 13 

27 

X s — ixy- 

28 

59a* — 2« 

29 

3 — 4 c « a x s 

30 

32»r« 2 — 2 
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.Resolve into factors 

31 > 3 - 3« s 2 32 20« a c-3ab 2 <? 33 50je 1 -32*y a * 

34 3ar-12* 3 35 r )0 i iW-8')¥y s 38 81t s -16r^ 

37 2^-hxf- 38 39 102a B 6 2 -32-/' > i t> 

40 {x-yf-i 2 41 m 2 -(2n+g) 3 42 9^ a -4(2&-3-c) 2 

43 4(3r-4y) 2 -l 44 4a 2 -9(6-3c) 2 45 16-9 v 5;;+6ti) 2 

40 25^ 3 -4(3j-l) 2 47 (5z-2y) 3 -9; 2 48 i(ft—#»yj*-8l*y 

49 (5r — Cs) 2 — 2 j£ 2 50 (a+&) ! -(c+rf/ 

61 (3a; — 2y) 2 ~ (1 + 2s) 9 52 (3r+8) 2 -(3*-8) 2 

63 (3a -55)3 -(3a +5 ft) 2 54 (7a - 66) 2 - (6« - 76) s 

65 (Zax + byf— (Sby-ax) 1 50 (a 2 — « r + a 2 ) 2 — (a 2 + «£ + a 2 ) 2 - 

67 (2a+J-3c) 2 -(fl-3Z> + 2fl) 2 58 («-2&-4c) 2 -(3fl + 2&+6c)°- 

59 (l+xy) 3 -(v+y) 2 00 (x'+y^-x’ix-y? 

61 (m x+y) 2 -(v + my) 3 02 (pr-q^-fps-qr) 3 

63 (x + a^-fx-a)* 

Find the value of 

04 (354) 2 — (254) 2 65 (879) 2 -(121) 2 00 (487/ -(304/ 

67 (9728) 2 -(9727/ 68 (9218/ -(4882/ 69 (64/ 

70 (85/ 71 (145) 2 72 (193) 2 

73 (416) 2 74 (989)3 75 (9999/ 

76 Shew that (j? 2 -f- 2 ty + 3^ 2 / — (#3 _ 2xy + 3y 2 / = 8xy(v 3 + 3y 2 ) 

77 Shew that (a 2 +ah— 6 9 ) 2 — (a 2 -aJ + & 2 /=4a 2 h(a— 

78 Shen that (a 3 +ab) 3 -(ab+b 3 ) n -=(« + bf(a-b) 


72 Factors of Expressions of the form a 3 +J> 3 or « s -& 3 
From the Formula of Ait 67, we haic 

fl 3 + i s = (a + &X« 2 —ob+ b 1 ) , 
and a 3 -& 3 =(a-li;(a 2 +a&+& 2 ) 

Hence anv evpie'-siou which n, the sum or difference of two 
cubes can be easih resolved into factors 

Ex 1 8-f 3 4y = (2 *) 3 +y 

~(2x +y){(2 r) 2 -(2x)y+y*} 

=(2x+y)(4x 5 -2x y+y 3 ) 
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Ex 2 27.r 3 - l=(3x) 3 -l 3 

=(3x-l){(3*) 2 +(3*)l+l 2 }' 

=(3ar-l)(9x 2 +3*+l) 

Note With a little practice the student may omit the second s ep 
■and rite 'down the work thus — 

27.x- - 1 =(3*) s - 1 = { 3 ar - i)(9a® + 3* + 1) 

Ex 3 3ft E x+24a 2 x 4 -=3a 2 x(a 3 +8x 3 ) 

-«3a 2 x(«+ 2x){« 2 - a(2») +(2*) 2 } 

■= Sft 3 x(a + 2x)(a 2 — 2ax + 4x 2 ) 

Ex 4 S(/<+6) 3 +l =8x 3 +l, if x=a+b, 

=(2t+1)(4x 2 — 2r+I) 

= {2(a + 6)+l }{4(a+6) 2 — 2(a + 6)+l} 
=(2'i+26 + l)(4a 2 +8a6+46 3 — 2«— 26+1) 

Ex S (a 2 + 6o) 3 — 86 3 c 3 == (ft 2 + 6c) s — (26c) 5 

—x z -y\ if z—a-+bc, y~2bc, 

= s C*-,y)(* 2 +*, y+y") 

*=(« 2 - 6c){(« 2 + bcf+ (a 2 + 6c)(26c)+ 46 2 c 2 } 
=(« 2 — 6c)(a 4 +4a 2 6c+76 2 c 2 ) 


. Examples XLI 

Resolve into factors 


L 

a 3 +64 

2 

* 3 -&y 3 

3 

27n 3 — 6 3 

4 

27x 3 +o 3 

5 

_3ft 3 +l 

6 

641 s - 1 

7. 

1 + 27F 

8 

512x3-27 

9' 

125a s +27v 3 

10 

54 (A 3 — 2 

11 

* 3 +64$r 3 

' 12 

o 3 x 3 — 64r/ 3 

13 

64p 3 +1256 3 

14 

8ft 3 c s — 6 s 

15 

343x 3 +8 

16 

' x b +,y 3 

17 

2l6a 3 ‘-8x° 

18 

729 + 21 6c 3 

19 

x 3 +£y z 

20 

J« 3 — 54x B 

21 

x^+Bxy 1 

22 

192j> 5 5 r -37ojp , 2 4 

23 

x z ~S(y+sf 

24. 

G4(c' + 6)"+27c\ 

25 

(a+5) 3 x 3 -8c^ 3 

26 

(x-2 yf+y* 

27. 

(a 2 -6c>’+86V 

28 

x G +(*“-2'? s ) 3 



29 

8x 3 -(x 2 +l) 3 

- 

Write down the following quotients 

i . 

- - 

30 

(27x 3 + 1000) — (3£ + 10) 31 (1 

-64c 3 )- 

-(f-i-4c+16c B ) 

32 

(729ft 3 +1256*)— 

(Sift 2 

- 45«6+256 2 ) 
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73 Factors found by suitable rearrangement and. 
grouping of terms 

Ex Factorizo « 3 +«ar a -fl 2 Jf-fl s 
( 1 ) Take the terms as the) are , thus 
X s + ax 3 — a s x — a 3 = ( x 3 + ax s ) — (a-x + a 3 ) 

—x\x+a) — a s (x + a) 

= far + a)(x s — a 2 )*=(v+a)(v + a)(x — a) 

(u) Arrange the given expression as follows , thus we have 
r 3 - a" v + «* s — a 3 = far 3 — a 3 v) + fa r 3 - a 3 ) 

=x(x s —a 3 )+a(x !! ~ a s ) 
=(z s -a s )(x+a)=(x+a)(z-(()(x+a) 

(m) Arrange the terms as below , and we have 
x s - o s + oar 3 — a s x = far 3 — a s ) + (ax s — afar) 

-(x~a)(x s +av+a°)-\-ax(x-a) 

=(x~ a)(v s +2 ix+a s ) 

~(x- a)(v+fl) 2 =far- a)(x + a)(x + a) 


Examples XLII 

Fictorize (arranging -where possible in moie than one wai) 


1 

1+ah— o s +a 3 & 

2 

a 3 — a s b — b s +ab" 

3 

« 4 +a-a 3 -l 

4 

x*— v s — v+1 

6 

x s -ax s - ar+a 

6 

a 3 — afar — x s +ax s 

7 

l+2r— X s — 2r 3 

8 

a-— a"b— a& 3 — b- 

9 

afar 3 — b s x s —a s + I s 

10 

x(x+a)-y(y+a) 

11 

x-(x+a)-y s (y+a) 

12 

1 + a + afar — afar 3 

13 

a 3 — 4a x s + afar —4*" 

14. 

a° — cf — a ! +l 

16 

a 2 jr 3 +a s --ar 3 — 1 

16 

ax'— a— v'+l 

17 

«¥- a 3 — * 3 +l 

18 

a*x+a-x-l 

19. 

l + ox+2cx & ~4x i 

20 

c^+a'b+ctb' + b* 

21 

a i +a % x~ax i —x i 

22 

aP-pW+ctW-h* 


M Factors of Quadratics of the form ocP+jJX+q, found: 
by inspection The general foim of quadratic expressions m 
-which the coefficieht of x s i b mity, is z s +px+q, where p or q, or both 
mav bo positive or negative* Thus a quadratv ni t gtnzral fonit 
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consuls of f> terms only, vi: , the fir-t term which contains x 3 , the 
second term which contains x, and the third or last term which doe3 
not contain x at all By comparing the identities of Ait 55, viz , 

* 3 +{n + &)x+w&=(x+a)(x+5) . (1), 

x-—(a+l)x+ab—(x-a)(x-l) ...(2), 

and # 2 +(«— 6)x— o6=(jf+o)(x-6) . ••• . (3), 

with x-+px+q t we see that (1) corresponds to the form x^+px+q, 
(2) to x*~px+q, and (3) to x^+px-q oi x--px-q according as a 
is greater or less than b Hence it follows from (1) and (2), that 
when q (the last term) is positive, a and b (the second terms of the 
required factors) have both the *amz sign, and that sign is the sign of 
p (the coefficient of x) , and from (3), that when q is rcqative, a and 
b have opposite signs and (he greater of the two has the sign ofp 

Moreover we see that p n> the algebraic sum of a and b, and q their 
product. Hence m resolving expressions of the form x^+px+q, we 
have onlv to see whether q is the product of two quantities such that 
their algebraical sum is p 

Ex. 1 Resolve x 3 +5x+G into factors 

Here the two factors of 6 are positive for the coefficient of x is 
positive and their sum is 5 How pairs of numbers, of winch the 
pioduct is G, are (ll 1 and G, (n) 2 and 3 tYe reject the first pair and 
take the second for 2+3*=5 Hence the second terms (? &, the a 
md the b) of the required factor^ are +2 and +3 , 

. x 2 +3x+6={*+2)(x+3) 

Ex 2 Resolve x 5 ~ 15x+3G into factoi» 

Of the paira of numbers whose prodnet is 3G, we take 3 and 12 
for their sum is 15 , and as 36 v» positive, 3 and 12 must each have 
the same sign, which is here — , as the coefficient of x has the — sign. 
Thus the second terms of the required factors are —3 and — 12 , 

x 3 - 15x + 30 =(x- 3)(x - 12) 

Ex 3 Resolve x 5 +8x- 48 into factors 

The two fvetora of 4S whose algebraic sum (or difference) is 8, are 4 
aud 12 ; and 48 being ne-jative, 4 and 12 must have opposite signs and 
12 the greater must be pooitive as the co-efficient of x is positive 
Hence the second terms of the required factors are +12 and —4 

* x s +8x — 48 = (a? + 12X* — 4) 

I 

Ex 4 Resolve X s — 13x- 48 into factors. 

Here we take the factors 3 and 16, for their difference is 13 , and 
48 being negatu e, 3 and 1G must have opposite signs, and 16 must be 

6 
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negative as the co efficient of * is negative. Thus the second terms of 
the lequired factors are +3 and —16 

v 3 - 13*- 48=(*+3)(*- 16 ) 

Ex 5 Rssolve * 3 -(a+6)*+(a + 1)(6— 1) into factor 

Given expression = * 2 — {(a + 1) + (b - 1) }* + (a + l)(b — 1) 

= {*-(a+l)}{*-(6-l)}i=(*-a-l)(,*-& + l) 

Note It is easy to see that if x+a and x+b be the factors of 

x*+fx+g ~ . . * (i), 

those of * a +pxy+gy* . . . ~ (n) 

will be x+ay and x+b), that is, the factors of (n) tan be written down from 
those of{i) by writing ay for a and by for b 

Thus from Ex I, * a +5*>'+6>' a = {*+2.>')[*+3;'} , 

from E\ 4, x" - 13 xy - 48^“ =(* + 3 y)[x - i6y ) , and so on 

Examples XLIII. 

Resolve into factors 


1 

* 2 +7*+12 

2 

n 3 +7a+10 

3 

* s +10x+21 

4 

fJ 3 +24jp+80 

6 

s 2 +17s+42 

0 

**+9*+20 

7 

a 2 — 4a +3 

8 

a 2 — 9a +20 

9 , 

* 3 — 6*+8 

10 

a 2 — 7a + 12 

11 

* 2 — 5*+6 

12 

* 3 - 27*+ 170 

13 

* 3 +4*-32 

14 

a 2 — 4a -21 

15 

a 3 +a — 72 

10 

* 2 -4*-32 

17 

* 2 +6*-40 

18 

* 3 +19* — 42 

10 

**+*—42 

20 

* 2 -3*-54 

21 

* 2 — 15*— 54 

22 

m 2 +4m— 96 

23 

m*-29»i-96 

24 

m 3 — 20)n-06 

26 

a 3 + 2a -120 

20 

a 2 - 19a- 120 

27 

p 2 +7p— 144 

28 

* 2 +8*-48 

29 

* 3 +2* — 48 

30 

t 3 — 13* — 48 

31 

Z 2 +19l— 20 

32 

Z 2 — 23?— 78 

33 

? 2 -7J-78 

34. 

* 3 +*-156 

36 

* 2 - 20* -156 

36 

a 3 6 2 +15a&+36 

37 

a 2 6 2 — 20a6+36 

38 

* 2 y 2 -3*y-18 

39 

j? 3 g 2 +14pg-32 

40 

m 2 n 3 —6mn— 16 

41 

a 2 * 3 + 5a* -36 

42 

a 2 — 3a&— 54& 2 

43 

* 2 — 15*y — 100y 2 

44 

* 3 +2*y — 24y 2 

45 

* 2 — lOxy— 24y 2 

46 

a 3 +4ab~6db i 

47 

J 3 +18fot+45m 3 

48 

a 2 +l7at-606 2 

40 

m 3 +8mn-128n 2 

60 

m 3 -28nwi— 128» 2 

51 

p 3 +pg-3B0g 3 

62 

36+24*— 5v 3 

63 

64 -16a -195a 2 

64 

1+ 2 m -24 in 2 
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Resolve into factors 





55 

is- 1 -420 

56 

x 2 +x — 650 

67 

y s + 105? +2000 

58 

l+3x— ISr 2 

59 

1 — 7x-1Sa 2 

60 

9+ 12x— 32x 2 

61 

q-42r-32r 2 

02 

9 — 48x+28x’ 

03 

25 — 90m + 72m 2 . 

64 

25+30x- IGx 9 

65 

25 — 75x— lGx 9 

66 

m 2 — 5m -300 

67 

m a — 5rf?»i— 50/i 2 

68 

x 3 +2ux— S0« 3 

69 

l+3xy— 4x 2 y 2 

70 

l+55xy+750x 2 y 9 

71 

/.*+4f — 192 

72 

x 3 — 6xy-40y 2 

73 

o 3 +9rt— 4SG 

74 

x 2 — 2x — 360 

75 

x s +2Gx-5G0 

76 

24x— x 3 — 128 

77. 

72+Gc— x s 

78 

80-lGx-x 9 

79. 


80 

x"—^fx+l 

81 

T 2 — -tx — 5 

82. 

a 2 +(c+2)'*+2r 


83 x 2 +(l+n)x < y+ay 2 

84 

y 2 +(2x-l)y+x(v- 

>1) 

85 x 2 - 

(2u + l)x+a-’+«— 6 

86 

x*-2(y-2)x+(y~ 

i)(y 

-3) 87 x 9 +(y+l)x— (jr— 2)(2y— 1) 

68 

* s — 4 abx - (a 2 — Irf 

89 x s +2nx+(« 9 — 1) 


75 Factors of Quadratics of the form ax? +bx+c, found 
by inspection An expiession of this form o»n be resolved as 
in the last article b\ reducing it to tho form x*+px + q, which is 
done by multiplying it by the coefficient of x 3 

Ex 1 Resolve Gx 9 +23x+ 20 into factors 
Multiply the given expression by 6, thus 
Cyguen e\pn =Gy Gx ! +G*23x+Gy 20 
=(Gx) 9 +23r6x) + 120 
= A s +23 J+120, where A'=6x, 

-(X+WJC .l'+S) 

=(6x+15X6x+8), replacing A’ by 6x, . (A) 

aivenespn =(0x -MOXGx+Sj-G... . . . ,(B) 

=(2x+5)px+4) 

Note We sec from (A) that 15 anil 8 are the factors of i3o[=G, 
{coefficient of v s )>.20 (last term)}, that 23 (coefficient of 1)1=15+8 , 
and that the factors obtained are (6x + 15K6A + S), the first term in each of 

hich is 6x Also from (B) ne sec that the requited factots are these factors 
divided by 6» the coefficient of x 8 . 

Hence the Rule — Multiply tin, Ui*t term by the coefficient of x 2 , 
r^foloc thi* pi od’t't into two factors , whose algebraic mm n equal to the 
coifficwnt of x , thou divide the product of the factors thus found by 
the coefficient of * 3 to obtain the required factors 
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Ex 2 Resolve 3a: 9 - 14*+ 8 into factors 

We may proceed aa in Ex. 1 , oi according to the abo\e lule tlms , 
3x8=24, which is positive , and the two factors, winch make up 
24 and whose sum is 14, are 12 and 2 , 

3* 3 - 14* + 8 = (3* - 12)(3* - 2) -3 = (* - 4)(3* - 2) 

Ex 8 Resolve 2* a +*— 6 into factors 
Pioceed as in Ex 1 or thus — 

* 

2x(-6)= — 12, which is negative and the two factors, which 
make up 12 and whose ditference is 1, are 4 and 3 , 

2* 2 + * - 6 = (2* + 4)(2* - 3) - 2 = (* + 2)(2* - 3) 


Examples XLIV. 
Resolve into component factors 


1 

4* 2 +ll*+6. 

2 

5a<+19j-4 

3 

6* 3 +* — 12 

4 

6* 2 -35*+3G 

5 

3* 2 — 10*— 25 

0 

4* 2 +23*-72 

7 

8/-Gy-35 t 

8 

15* 2 +4*-96 

9 

I2* 2 — 17* — 5 

10 

10* a +3*~4 

11 

9m 2 +9m-28 

12 

8r 3 +61x— 24 

13 

15* a — 26*— 21 

14 

8* 2 +14*-15 

15. 

12* 2 — 17*— 40 

18 

8* s +10*-7 

17 

G* 2 +H*-10 

18 

4* 3 — 13*y — 12y 3 . 

19 

10 — 3*— 27* a 

20 

12* s -*-G , 

21 

12* 3 — 32*+5 

22 

4* a — 5* — 21 


23 24 

1 -62^+35g 2 . 

24 

3 — 13*— 10* 2 


25 9*y+52*y-12. 

28 

8* 3 +29«*-12a 3 


27 6-11*- 

10* 3 

28 

10« a — 31a6+156 2 


29 12* s +31*y+20 i y 3 

30 

12« 2 — 28a&— 5fi 2 


3L 18m 3 +97»«-35« 2 

32 

12* 2 — 41ax + 24a 2 


33 42* 2 

-41*- 20 

34 

56y 2 +99ys— 45s 2 


35 24* 2 -37*y-72y 2 


CHAPTER VII 

t 

THE USE OE SQUARED PAPER 

?G W 6 has e already seen how Theorems m Algebra may be 
graphi calh illustrated by means of “squared paper ” In* the 
present Chapter we shall gn e home more examples of its various 
uses The beginner is recommended to use the “tentlMnoh.” 
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squared papei (? e , paper ruled into squares, the side of each of which 
is -j^th of an inch) as we have done 

77 To prove graplucally that a+(-b) = +(a-b), whei e -< 
and b are both positive and a>b 

Let a side of square represent the unit. - 

[We shall generally emplo\ this unit] 

•since a is positive, let OP(=a units) 
be drawn to the nght , and because b is 
negative, let PQ(—b units) be drawn from 
P to the left 

Thus 0<2=«+(— b) 

And b being <«, Q is to the right of 0, and therefore OQ is positive 

Also - OQ=OP— PQ—a—b 

a+(-b)~+(a-b) 

The reasoning will clearly be the same whether « or b or both, are 
tractions 


i 1 m 

1 — H 

"T 

T 

rr 

m 

i i 

1 

_L 

i ° 

j a t II 

1 

p 

lL 

1 I ! 

- 1 - 1.1 1 1 

1 

_L 


78 To prove graphically that «+(-&)= -(& -«), where 

<f<b 


Take the same unit as m Art 77 
Draw OP(—a units) to the right 

Then because b>a, Q falls to the left of 
0, and therefore OQ !s negative and is 
equal to b—a 

But OQ=a+(-b) 

a+( — b)= — (6— «), 

whethei a and b are integers or fractions 



79 To prove graphically that a~{-b')=u-*-Tt 
Draw OP(—a units) to the right 

Mow to add -b, we take b units to the 
left horn P, therefoie to subtract — b, 
we must take b units in the contrary 
direction Thus we drarfr PQ( — b units) 
to the right from P 

Hence OQ—a-{~b) 

Also OQ^OP+PQ^a+b 

( f ~(-b)=a+b 


II 1 1 .1 . i ' ! . 1 

1 1 1 1 -I i 1 1 1 I 

0 1 

I i i p i i i a 

J_L 

1 ! 1 1 J 1 1 ) 
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80 To prove graphically that (<*+&)— nu+n b 


Let OP— a units, and PQ—b units 
Draw 01l(=n units) at right angles to 
OQ, and complete the reets OT, OS and 
PT 

Thenrect 0T=n(a+b) 

Also rect OT—rect 0S+ reot PT 
»W*+7l b 
n(a+b)=na+nb 

81 To multiply graphically 2 5 by 7 


s 

Hi 
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s 

8 
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■ 

mm 
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I 
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mm 




Take 10 sides of a square for unit, so' that the 
times the area of a square 

Thus 0P= 2 5 units of length and OQ 
— 7 units of length 

Now 0P0Q = area of rect 0PRQ=Vlb 
squares (b\ counting) 

=17 I > hundredths =1 75 units of area 
2 5 x 7=175 

82 Ex 1 A rope 25 ft long is 
attached to the top of a tower, and when 
stretched tight just reaches the ground at 
a point 7 ft from the foot of the tower 
Find the height of the towez 

Take a side of a square to represent 1 foot 

Let A be the foot of the tower, and 0 the 
point where the rope touches the ground 

With centre 0 and radius 00 (which is 
25 ft), draw a circle to cut the vertical 
through A at B Then B is the top of the 
tower 

From the diagram we see that AB is 24 ft 
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Ex 2 A ship sails 11 nnles due 
and finally 15 miles due south 
Hoy? far is she now from her 
starting port 2 

Take a side of a square to repre- 
sent 1 mile 

L*-t 0 be the port from -which 
the ship starts 

Now 11 miles north will bring 
her to A , then 13 miles east to B , 
and lastly 15 miles south to C 

"With centre O and radius 0C } 
draw a circle, 'cutting the horizon- 
tal line through 0 at D Thus OD 
is the required distance, and from 
the diagram, it is seen to be 15k 
miles nearly 

Ex. 3 A boy cycling a certain 
distance due north-east finds that 
he is 8 miles due east of his starting 
point ,what distance has he cycled ' 

Take a side of a square to represent 
1 mile Let OB— 8 miles, and let 
the vertical through B cut OA, the 
line of the boy’n path at A Then 
OA is the required distance 

Let the circle with centre 
0 and radius OA cut OB 
produced at G 

Thus OA — 00 =11^ miles 
nearl} 

Ex 4 The distance 
between the tops of two 
upright posts, 20 ft. and 
12 ft m height, is 17 ft 
Find the distance between 
them 

Take a side of a square 
to represent 1 foot. 

Let AB be a post 20 ft 
m height 

Now if BC—8 ft, then 
AC =12 ft, so that the top 
of the other post must be on 
a horizontal through C 


north, then 13 miles due east 
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With centie B and radius BD(=17 ft) draw a circle cutting the 
liorizontal through G at Q Thus PQ, the vertical through Q, which 
is 12 ft , lepresents the other post 

From the diagram we see that the required distance AP=1 5 ft 

Examples XLV 

[Worl the following exa.nples graphically by using sqwred'papcr ] 

1 Prove that (-«)+(-&)= -(a+6) 

2 Prove that —a— (—5)= —a+b, (i) when a>b, and (u) when 
<t<b 

3 What must be added to 12 to make— 16 ? 

4 What must be taken from — 8 to give —14 s 

5 What must be added to - 13 to give 15 ? 

6 What must be subtracted from 10 to make 18 ? 

7 . ... 17 . -9? 

8 • • ... 5 20 s 

9 A is 11 years old , 4 years ago B was twice as old as A was 

3 years back , what is -8’s age l 

10 A boy has 18 rupees with him , he spends half his money on 
a book and one-third on a pair of shoes , how much, has lie left l 

11 Prove that (a +b) 4- (a- b) = 2« 

12 Prove that (o+6)-(a-6)=2h 

13 Piove that a(«+6)=a s +a5 

14 Prove that n{a~b)=na- nb 

15 Prove that (*+3) 9 =r a +6#+9 
10 Prove that (x - Af = a 2 - 8 x + 16 

17 Prove that (x + 2)(* —2)=x*—4 

18 Prove that (x + 3)(# -4)=x 2 —x— 12 

19 Multiply (l) 2 3 bj 8 , (u) 3 4 by 4 2 , (m) 5 6 bj 3 5 

20 The sides of a right-angled triangle are 3 1 ft and 4 6 ft , 
find the hypotenuse to the nearest half-foot 

21 A room is 18, ft long and IS ft wide , find approximately the 
distance between two opposite corners 

22 On a base of 4 inches, construct a triangle whose sides shall 
be 4i and 5 inches respectively Find the altitude of the trangle to 
the nearest tenth of an inch 

23 Find to the nearest inch the altitude of an equilateral triangle 
whose side is 2 5 inches 
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24 A ladder 24 ft long rests against a vertical wall , if its foot 
is at a distance of 8 ft from the wall, how far np the wall does the 
ladder reach V 

25 A ladder with its foot at a distance of 25 ft from the wall of 
a house, just reaches a window of the house, 34 ft high , find to the 
nearest foot the length of the ladder 

26 _ The distance between two vertical posts, 30 ft. and 21 ft high, 
is 12 ft. , find the distance between their tops 

27 A man goes 15 yards west, then 20 yards north and lastly 
35 yards east , hnd„ approximately how far he is from the starting 
point 

28 A ship sails 17 miles south, then 21 miles east, then 35 miles 
north, then again 31 miles west, next 33 miles south, and lastly 13 
miles east , bad to the nearest mile her distance from the starting 
point 

29 s A cy T clist runs 12 miles south, then 18 miles west, and then 
-again 32 miles north , what it. his approximate distance from the 

place of starting ? 

30 A and B stait at the same time from the same place , A goes 
due east at 15 miles an hour, and B goes due north-east at 18 miles 
an hour , what is the distance between them at the end of two hours ' 

31 A horse is tethered to a post by a rope 34 ft long , if the 
shortest distance of a straight hedge fiom the post is lb ft , over 
what length of the hedge can he graze l 


CHAPTER VIII 

r 

' SIMPLE EQUATIONS IN ONE VAPJABLE 

S3 Identity and Equation A statement of equality of two 
algebraical expressions is called an equation 

Thus 2(x— l)—2s - 2 and *—1=3 are equations 

In an equation, the two expressions connected by the sign of 
equality are called sides or members of the equation , the expres- 
sion on the left being called the left side and that on the right being 
called the right side 

When two algebraical expressions aie equal for all values of the 
letters involved m them, the equation is termed an identical 
equation, or briefly an identify 

Thus 10 + 5=6x2+3, 2(v-l}=2*— 2, &c, aie identities 

1 rom these examples, it is seen that the right side of an identity is the 
same as the left side pul tn a aiffercn * form - 
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When two algebraical expressions are equal for some particular 
. line or values of one or more letters involved, tlie equation is 
termed an equation of condition or briefly an equation 

Thus x- 1=3 is an equation of condition, for the value 4 only of 
makes x-l equal to 3 , so ib a? 2 -5x +6=0, for the values 2 and 
onh, and no other values, of x make a 5 — 52+6 equal to 0 , and so on 

Ordinarily an equation of condition will be termed an “equation 1 

84 The sign, =, is sometimes used to denote an identity , thus 
(«+l)*sar+® We shall however continue to use the sign = to- 
denote an identity 

S5 The symbol, whose value we want to find, is called the Un~ 
fno-rni Quantity, or briefly the variable The last letters of the 
alphabet, x, g, z, u, &c , are usnalh employ ed to denote variables - 

An equation is said to be satisfied by a value of the variable 
when that value make-, the two sid>s equal Thus 4 satisfies the 
equation 22+1 = 13— x, because 4 standing for 2 , makes 2r + 1=9, 
also 13-2=9 

The value of the variable which satisfies an equation is called its 
xoot or solution 

To solve an equation is to find its > oot or root* 


86 Simple Equation When the first power only, and no 
nigner power, of the variable occurs in an equation, it is said to be 
a biairiiB Equation It is also called an Equation of the First De- 
gree or a Linear Equation-- Thus n*+6=0, ax+bg=c, are 
oimpie or .Linear Equations, m one and two variables respective^ 


. ® ^ . Axioms The following axioms are necessaiy foi the solu- 
tion of Simple Equations — 


are eqml^ U ^ <luant * ties are a< *ded to equal quantities, the sums 
Thus if «=6 and 2=y, then (i) (t+m<=b+m , (n) a+X=b+g 

the wSjffiVrJSS equal 3,16 subtracted from e( l ual quantities, 
Thus if o=& and 2=y then (i) a-m-b-m , (n )a-x=*b-y 


A term adapted from Analytical Geometry 


*S H 
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III If equal quantities are multiplied by equal quantities, the 
products are equal 

Thus if «=& and x—y, then (i) am=hn , (n) ax—ly 

IV If equal quantities are divided by equal quantities, the 
quotients are equal 

Thus if a—b and x<=y, then ( 1 ) a~m—b—m , (u) a—x—b~y 

Examples XL VI ( Oictl ) 

Find the value of x which satisfies the equation 


1 

2x=>8 

2 

3x = 

15 

3 

4x=20 

4 

5x— - 

15 

5 

6x— — IS 

6 

-3x 

•=21 

7 

9x=27 

8 

-11*= 

22. 

9 

8x=* 0 

10 

— 8x—0 

11 

X 

i - 3 

12 

*_o 


13 

X 

14 

3r 

— - =3 

4 

-G 

15 

2x 

"T =4 

18 

X 

3=0 


17 


18 

Ax 
_ = 

8 

5 10 

19 

3x==2 

20 

~)X~l 


21 

3x 2 

4 “3 

"22 

OX 

6 

3 

4 

23 

*+3=5 

24 

r— 1 = 

G 

25 

3x+S=20 


28 

8x— 5 = 

• 11. 

27. 

x+5x= 

12 


CO 

2r+3x=15 

29 

5x— 8x 

=G 

30 

— x+4x= - 18 


31 

ox— 2x+x- 

=S 

32 8x-3x- 

x— - 

7-5 33 

7x+2x- 

■3*= - 

42 

34 

-2x-4x- 

>7x= 

= — 44 + 5 

35 

— r lX— v - 

■ 6* = - 1 

-7-4 



SS Transposition of Terms Suppose x-a=y , 
add « to both sides, thns 

x-a+a=>y+a (Ax I) , or x=y+a , 
that is, — « is changed into +«, when it is taken from the left side 
an 1 placed in the right 

-Again if we subtract y from both sides (As II), we have 
*-y=y+«-y» or x-y=«, 

which shews that +y is changed into — y, when it is taken from the 
right side and put in the left 

1 hese two examples are sufficient to shew that— Any term may 
be transposed from one side of an equation to the other 
side if its sign be changed , 
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Cor 1 We may write all the term * of an equation on one side of 
the sign of equality and zero on the other side 
Thus fiom 22=* +3, we have 22-2-3=0 

Cor 2 If the same term with the same ngn occurs on both 
sides of an equation, it may he removed without the equality being 
affected 

Thus from s+a~2+a, we have *=2 

Cor 3 If the sign of even/ term on both sides of an equation be 
changed, the equality still holds 
Thus from A~-a—b—c, we have — *+« = — h+c 

Ex 1 Solve the equation 3r~2=2r+7 

32-2=22+7 

.Add 2 to both sides , thus 

32 - 2+2=22+7 +2 (Ax 1) 
io, 32=22+9 

Subtiact 2* from both bides , thus 

3v~2*=2*+9-2*(Ax II), 
te, v=9 

[Verification The beginner to satisfy himself should always vert/}' the 
solution, t e , prove its correctness, by substituting the value of the variable in 
both sides of the equation 

Thus if A=g, 3 a -2 = 27-2=25 
Also if x=g, 2.1+7 = 18+7=55 
Since these results are equal, the solution is correct ] 

Ex 2 Solve the eguation 5 j+21«=202-24 

5*+21=20r-24 
Subtract 202 from both sides (Ax II) , thus 

5 c+ 21 - 202=20+ - 24 — 202, 

1 e , 21 — 1 , ve= -24 

Take 21 from both sides (Ax II) , thus 
A 21 -lGv—21= -24- 21, 

, te, — 152= — 45 

Divide both sides by - 15 (Ax IV), thus 

—45 ■* 
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In the beginning the student is lecomm ended to woika good many 
examples m details, for then the reason for each step will he impressed 
on his mind But after a little practice, the solution may be 
put in a shorter form thus — 

6#+21=20#-24 

Transpose , thus 5#- 20#= - 24 - 21, 
or — 15# = —45 

Change the signs , thus 15#=43 
Divide by 15 , thus # =3 

Ex 3 Solve the equation 831—5 + 21 = 13+2# — Vo? 

8#— 5+2#= 13 + 2#— 7# 

Remove 2# from both sides (Art 88, Cor 2) , thus 
8#— 5 = 13 — 7# 

Transpose , thub 8# + 7# = 13 + 5 , 

or 15#= 18 

Divide by 15 , thus #={|=ll 

Ex 4 Solve 4#— 3=4(2#— 1)+13 

4#— 3=4(2#— 1)+13 
Remove the bracket , thus 

4#— 3=8#— 1 + 13=8# +9 
Transpose , thus 4#— 8#=9+3 , 
tc, — 4#=12 



Ex 5 Solve 3#— 10(2#— 3)+21=0 
Remove the bracket, thus 

3#-20#+30+21=0 , 
ie, — 17#+51=0 
Transpose , thus — 17# = — 51. 



& 
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Ex 0 Solve (*-5) s +(2*-3) 2 =5(*-2) 2 
Simplify, tlius 

x-- 10* + 25 + 4* 2 - 12*+ 9 = 5(* 2 - 4 * + 4) , 
or 5* 3 -22*+34=5* 3 -20*+20 

Kemove 5* 2 from both sides , thus 

-22*+34=-20*+20 

Transpose, thus — 22*+20*=20— 34 , 

or -2*= -14, 

2*=ll, 

dmde by 2, thus *=7 

Examples XL VII 

Solve the following equations, verifying ,cach of them and givm t 
the solutions of the first ton in details 

1 6*+7 = 55 2 3* — r > = 19 3 * = 4-15* 

4 5#— 8=10— 3* 6 53+30*=3-20* 

0 3+*— 15*= 10*— 102— 3* 7 10*-3'*- 1)+3=90 

8 5-3(4— 50+4(3—2:0=0 8 G*+2(ll-*)=3(19-*) 

10 52* + 4(3* — 2) = 376 11 (3* -5)20 -(4* -3)1 2 = 0 

12 13* -21(*- 3) = 10 -21(3-*) 

13 11(* — 8) + 13(4* — 1)= 15(2* — 1 )+ 13 

14 2* - 1 - 2(3* - 2) + 3(4* - 3) = 4(5* - 4) 

15 * 2 +3(5*-18)+3* 2 =4* 2 -3* 

10 2*(#— 3)+*(*— 4)=*(3*-2)— 80 

17 15(* 2 — 3) + 20* = *(1 5* + 17) 

18 (* — 3)(* — 2) = (* — 4)(* + 5) 

10 (* — 2)(2* — 1) = 2(* + 1)(* + 3) 

20 (8-3*)(5-*)=(3*-4)(*-0)-I3 

21 (*— l) 3 — (*— 2) ! =5 22 (2*+7) s + 3*(*-10)=7(*"+ c ) 

23 (3*-4) 2 +(2*-5) 2 =13(*-0) 3 

24 (20* + 3J 2 - (15* - 8) 2 = 5(2 - 5 *)(3 - 7 r) + 30 

89 If denominators occur man equation, multiph both * d,->=. 
by the least common multiple of the denominators 

Thus to solve &(* - 8) - - 3) = £(7 - *) 
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To clear the equation of fractions, multiply both sides by 30, the 
l o n of the denominators 

Thus 9(s-2)-10(2*-3)=24(7-*) , 

or 9*— 18 — 20*+30=168— 24# 

Transpose, thus 9*c- 20 c + 24* =168 +18 -30 , 
whence 13* =156 


Note Since the line between the denominator and numerator of a 
fraction serves the purpose of a vinculum, w e may \\ rite the given equation 
thus 


3(*— 2) 2*-3 4(7-*) 
10 3 “ 5 » 


]ust as i*~ 2 > 
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Examples XL VIII 
Solve the following equations 


1 

XXX 

12 6 I 

2 

3*— 8 15-2* 

10 3 

3 

4x+3 4-3* 

7 4 U 

4 

2*-^(* + 14)=12 

5 

5* 2ar— 1 4 

9 3 15 

6 

3* 7* 11* 

T +15+^=366 

7 

*-2 3— a: j 

4 6 K 

8 

5* , 2* „„ 3* „„ 
2 + 3" 17 ~ 5* + C ° 

9 

14+5-1 

x 2 x 

10 

s-i= 5 -i 

X X 

11 

1 *-l_ 5 

2 5* 2* 

12 

4 — * 7 

3* 4* 

13 

3 — 2* 4*-5 

14 

* + G 16-3* 25 

4 1 b 

4 12 6 

15 

12-3* , 3*- 11 

16 

, *— 2 *+2 

4 3 

1 5 4 

17 

7*+15-23- 1 “ 9r 

2 

18 

f+KH)- 1 - 2 * 

19. 

„ *— 2 4*+7 

20 

* * — 4 4 , 24-* 

** 3 5 

I" 6 = 3 + 12 



TI1E NEW MATItlCWiATlOli AEOEBPA 


Solve the following equations 
X+l X+2 

~ + T 4 
x Sx + 4 4x — 0 
2~ 3 ~ 3 

,4-6 . 16-3*, 3;> _ 4 , 


"24“ + 12” 


27 28 3 -i±!. 

28 80 S±? + 

3i 32 £-i- 

,, 3(*+1) . 7.. + 1I 7«t1 . 

33 16 + 15 “ 20 

3^6_2<47 0 _3;_ 0 

7 3 r > 

36 i(*-3)-K*~*)+K*-7)=0 

36 M(6j:+3)+5(13j+8)-^7x-11)«0 

37 ||(2x-ll)-?j(x-5)=|-(l0-x) 

38 |<8-x)+x-l|«|(x + G)-§ 

39 3(3x-3)-5(2x-3)=5(x+3)+31 

40 J(6x-2)+J(3x-5) = }{3x + 1) + K5*+I) 


U-x 19-x 
22 ^+- 3 ~= — 

_ x-7 lr— 1 2x 

26 ^-^=39-3x 

28 *«i-i+2 + f}l-0 
30 i±J + £f 2 + £±?=10 

7x , 3x+l 4x+51 
32 T -l-“2 14“ 


41 33*+4)+ 


2x— 15 x/6 


SG-0 


x— 7 3x-5 , 125 . „ 

11 7 ^77 

x— 2 10-x 2x— 3 
6 “ 3 " 6 

x x-1 3x-4 x 
8 ~2£ ~ 15 + 12 

3x+7 2x-7 - x-4 

14 21 + * 4 


42 

44 *-£ 


-(*-*-r)“ 33 

r-i-nr+T 


x-1 23 -x „ 4+x 
~7 5 4 “ “4“* 


5x— 1 7x— ! 
2 “ 10 


■85-1 


2x+l 402— 3x „ 471 — Cx 
9 g 


49 


60 
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Solve the following equations 
is — 34 238 — 5* 69 —x 
51 , 17 3 2 

82 i £- il + 7 f + ^ S _, +3; _?^4 

11*— 13 . 19* +3 5*-23£ „ rtl 17* +4 
53 23 ^ 7 4 28 " 21 

99 Equations - involving decimals can ordinarily be 
sohed bv -working m decimals But sometimes by multiplying or 
dividing by a suitable power of 10, thev mav be eibilv solved 

Ex Solve 12a;- 4*4-9 173 

Multiply by 5, 6*— 18*+ 05=2*+45 89, 

or 4* — *18* =45 S9 — “05, 

or 3 82* =45 S4, 

45 84 „ 

X 3 82 1 


Examples XLIX 

Solve the following equations 
1 31*— 4=’]*— 19* 2 3 5*— 4 7=6 3—2 1* 

3 4*- 35= 34* +*01 4 1 32*+*02*=l 17-* 

5 15*+ 2 - 875*=-0625*-l 375 

6 111*— 3(2*— 5)=7(18*-3)-3 9 

_ Is- 3 5—* 

7 * 

7 35 

n -i -18*— Oo . . 


8 12 *- 


■= 4*— S-9 


0 07*- 53=— r-^- 5 + 1* 

4 

5*- 4 13-3* 18-8* 
LU 3 + 2 12 


5 2* 1- 2*/3 


vs \y 


1*+ 028- 


5s— 9 


./ 5 1\ 02,_ 01/ 1— 3*\ 

v-r6) + T3 (3 *- 1)= *- 39V"- —1 


4 
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CHAPTER IX 

i 

Stjibolical Expressions — S gbstitutions — Problems 
Symbolical Expressions 

!)I In this Chapter -we shall shew how to solve Pioblems 
Problems are statements in woids of the relations that exist 
between certain quantities, one 01 more of which we want to hnd 
These relations are called conditions of the problem and when len- 
dered into the symbolical language of Algebra lead to equations, on 
the solution of which that of the problem depends Such a 1 endu- 
ing is known as symbolical expression 

To enable the student to acquire facility to express verbal state- 
ments readily m algebraical language, we give some more examples 
m addition to those given- m Chapter I 

Just as 7 x 2 is double of 7 , so x x 2 or 2x is doable of x Similarly 
3x is treble of x , 4v is quadruple of x , &,c 

If the product of two number-, is 48 and one of them is 6, then the 
other is 48-6 Similarly if the pioduct of two numbers is a ind 

one of them is x, then the other is - 

x 

The price of 15 apples at 2 annas is 15x2 annas , just m the same 
way the price of x apples at m annas is mx annas rupees 
= 12m* pies 

If 15 mangoes cost 11 aunas, then one costs annas In the same 

way when x mangoes cost y annas, then one costs - annas and 10 

. ioy x 

cost —2. annas 
x 

r 

If a man walks 35 miles m 8 hrs , then m 1 hr. he walks ~ miles , 

O 

similarly when a man walks x miles m 12 hr , m 1 hr he ualks ^ 
miles and my hr, miles or g miles 

'Asa tram limning at the rate of 30 miles per hr performs a journey 
of 137 miles m hrs , so a tram Iwhich runs at the rate of x 
miles an hour performs y miles m ^ hrs 
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Just as a man who is 35 years old will be (35 + 8) years old in 8 
years and was (35 - 12) years old 12 years ago, so a man who u x 
years old now will be (a?+y) years old m y years and was (x - <«) 
years old a years ago 

Write down 3 consecutive numbers of which x is the least 

Since the diflerence between 2 consecutive numbers is unity, the 
number next after x is x+1 and the nest number isa + 1+lorx— 2 

Thus the required numbers are x, x+1 and x+2 

Question What is the consecutive number next before x 1 

Are the numbers ar+1, s and r— 1 consecutive numbers 

Definition Two numbers aie said to be consecutive when 
the' differ by mnt\. Thus 4 and 5, 2B and 27, &c, are consecutivo 
numbers 

The natural numbers 1, 2, 3, 4, 6, are consecutive numbers 

We shall now shew how verbal statements can be symbolically 
expressed m the form of an equation 

Ex 1 The excess of xoveil'iisy Express this statement m 
the form of an equation 

The excess of 10 over 6 is 10-6 ; so the excess of x over 15 is x- l r > 
-And this excess is y by the question 

y=x-W 

\ 

Ex 2 Express symbolically the statement that x is greater 
than « by 12 - 

The number which is greater than 8 by 3 is 8+3 , so the numb r 
greater than a by 12 is « + 12 And this is x by the question 

x=a+12 

Ex. 3 Eighteen years hence A 7 * age will be 3 times, his present 
age which is x y ears Express this statement by an equation, 

18 years hence A 7 s ago will be (r + 18) years, and this age by she 
question is 3 times x yean. 

x 3x=*x+18 

Ex 4 A has x rupees and B has y rupees , aftei giving n 
rupees to B, A finds that he lias § of what B then has Express tins 
statement in the form of an equation 

When A gives B a rupees, then A has (x-o) rupees and B has 
(y+«) rupees 

By the question AN money now is 5 of B } n 

x-a=%(y+6) 
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Examples L (Oral) 

1 What number is greater than x by a ? 

2 What number is greater than 20 by jr ? 

3 What number is less than y by 8 ? 

4 What number is less than 50 by ml 

5 What number exceeds 12 b} x ? 

6 What number exceeds yby x 1 

17 Bv how much does 21 exceed x l . 

8 B) how much does y exceed x ? 

9 By how iruch does v+l exceed x—A 1 

10 One pai t of 15 is x , what is the other part '( 

11 One part of y is 13 , what is the other part 7 < 

12 How often is x contained m 27 9 

13 How ofkn is x contained my? 

14 What nnmber divided by m will give 53 ? 

15 What number multiplied by * will give 53 > 

18 If m is divided into v equal parts, what is the value ol 
each part 9 

17 The sum of tvo numbers is a and one of them is a? find 

the other ' 

18 The difieieuce of two number is x and the "renter is y 

find the other ° J 

19 The sum of two numbers is s+ 3 and one of them is v- 3 find 

the other < ’ 

20 What is the value of x mangoes at 4 pies each ? 

21* What is the value of x mangoes at 6 annas a scoie 9 

22 If x oranges cost 8 annas, what is the price of one > 

23 It 50 oranges cost x pies, what is the price of one 9 

24 If y oranges cost 8 pies, what is the value of one 9 

25 Write down 3 consecutive numbeis of which the middle is x 

26 Write down 3 consecutive numbers of which the greatest is x 

27 If 57 contains x three times, what is the value of * * 

28 A man walks 40 miles m x hrs , what is his rate per hour ? 

29 A tram goes at the rate of 30 miles per hour , m what time 
will it go x miles 9 
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30 If <f is less than m, by c, how do vo« expiess this statement 
symbolical!) 1 

31 A man walk* x miles in « hours at the rate of b miles an hour 
Express this statement m the form of an equation 


Examples LI 

1 Find the number which is 3 times x, diminished b) <* 

2 The sum of two number* is 31 , if one of them is x, find 
the other 

3 The difference of two numbers is 40 , if one of them is y, find 
the other 

4 Twentv is divided into 2 parts, one of which is x , find she 
■other 

5 The product of two numbers is G3 and one of them is x , what 
l- the othei 1 

6 The quotient when a number is divided 1>) 3x is 18 , what is 

the number i , 

7 .A father is 33 > ears older than his son whose age is (x-1) 
\ ear* , what ib the age of the father 1 

8 A walks 3 miles an hour to go to P, a distance of ">0 mile- , 
fiud the distance between him and P at the end of x hours. 

9 A walks li miles an hour faster than B who walks (x— 1) miles 
an hour , if the\ start together, find the respective distances walked 
b) each at the end of 6 hours 

10 Four persons equally contnbnted to make up the -am 
£{x+4) , how man) shillings did each give I 

11 A post whose length is 12 r has a third coloured red and .v 
fourth coloured black, ana the rest white , what is the length of tins 
portion '< 

12 The age of a person is x ) eai s , how old was he G ) ears back 
and what will be his age G Years hence ( 

13 J performs twice as much v ork as B in 1 hour , if ll r represent 
the work which A performs m 2 Louie, how would )on represent the 
work B does in 1 hour ' 

14 If sound travels at the rate of in feet per second, what i» itj 
velocity in miles per hour ? 

15 How manv square vards of matting will be required foi a 
room whose length is « yards and breadth b feet ’ 

16 If r mangoes cost a rupee, what is the cost in annas of '< 
mangoes and how many can be bought for m pies t 
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17 If a person travels 84 miles a "week, what distance will lie 
tnvel m x days i 

18 A performs a journey of 25 miles in x days , vrhat is las rate 
of travelling per hour I 

19 In what time will a man walk 30 miles at the late of % mile3 
per hour i 

20 If a person travels * miles in « hours, what distance does he 
travel m 3 hours ? 

21 A person gives (x- 3) rupees more to A than to B , if A get 
*/ 1 upees, what does B get '( 

22 A picture and its frame together cost x rupees , if the value of 
the picture he ( 20 — y) rupees, find that of the frame 

23 A’s age is x years and 2? ! = age is 5 tames what A* a age will he 
3 vpais hence , what is B s age } 

24 A railway train performed a distance of a miles m x hours , 
it had to stop a quarter of an hour at an intermediate station , at 
what rate did it run ? 

25 A and B have each x rupees if A pays y rupees out of his. 
money to B , what has each then ( 

28 The amount in a bag is £m , if it consist entirely - of haf- 
soveiemne, find their number If there be 6 half sovereigns and thfr 
re-.t half crowns, what is the number of the latter ' 

for 8 Bvpress 38 and 83 symbolically, when * stands for 3 and y 


b\ mbohcaIly Stall, * S *° r ^ ^ or 2 ’ and 2 f° r 3, express 231 and 312 

29 If x represent the units.’ figure and y the tens’ figare of a 
number, wiite down the number formed by reveising the digits 

30 The sum of a and 15 is * , express the statement symbolically 

meut in^bymbols 0 ^ 8 6 ° Ver 9 ^ enofced oppress the state- 

32 If the same number be less than * by 3 and greater than v 
bv 4, how do you express the statement algebraically » 

, 'The denominator x of a fraction exceeds the numerator b> 
* tIie “action is ,, express this stetemeut in the form of an 
equation, and find x from the equation 

Ot the two parts into which 45 is divided, one is 8 times thfr 
other If * represent the smallei part, express this statement b> an 
equation, and find * from the equation 

54 35 p J rnr h P t= : E f^ a 0 ff^f 0nS ^ ut ^ e v n 1 um | 3ers of ^eli * 18 the least, is 
54 Express this statement sy mbolically, and hence find x 
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36 The sum' of 3 consecutive numbeis of which v is the middle 
one, is 81. Express the statement m symbols 

37 A father’s age is 40 years and his son’s age is 10 years , x 
•veara ago, the father was 7 times as old as his son Express this 
statement by an equation, and find x from the equation. 

38 A and B play with v rupees each , after A wins R15, he has 
3 times as much as B Express the statement m the form of an 
equation and find v from the equation 

39 The price of a horae is x rupees and that of a saddle is m 
lupees less If the price of the horse is 4 times that of the saddle, 
expiess the statement in the form of an equation 

40 A boat which can row a miles m still water, goes m h houia 
IS miles up a nver which flows x miles per hour Express the state- 
ment b) an equation 

' Substitutions 

i)2 The following Geometrical and other Formulae should 
he carefully remembered as they are often required in calculations 
From these the value of any one of the involved quantities can be 
found by substituting the values of the rest which are supposed to 
be given 

Examples LII 

It A be the area of a rectangle whose length ts l and breadth is b> 
the)' A is gnen by the formula 

i . l/k=i*h 

(1) Find the area of the floor of a room whose length is 15 ft 
9 m and breadth 124 inches - 

(2) If the area of a room 16 ft long is 180 «q ft , what is its 
breadth i 


If Abe the area of the fom walls of a room of length land bicadth 
b, then A is Inosmfrom the formula 

II \ / /, A=2W+b) 

(1) Find the area ofthe 4 walls of a room whose length is 18 ft , 
breadth 12 ft and height 10 ft 

(2) The area of the walls of a room is 75G sq ft. and its height is 
10 ft 6 in , find the perimeter of the floor 

(3) The perimeter of the floor of a room is 30 ft 9 m and the 
aiea of the walls is 369 sq ft , fiuduts height 

(4) The length and breadth of a room are 16 ft 3 in and 12 ft 
0 in , respectively , and the area of the walls is 575 sq ft. , find the 
height of the room 
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(5) The length of a loom is 5 ft more "than its breadth and its 
height ii 11 ft , if the area of the walla is CS2 sq ft , find the length 
f the room ' 


If A represent* the area of a triangle whose hare is b und height li, 
hen A is given 'by the formula , * 

III A ={bh 

(1) Find the area of a tmng’e whose base is 7 ft 8 in and height 
o ft 4 m 

'(2) The area of a triangle is 17^ sq ft and its height is G ft 
S m , find its base 

(3) The area of a triangle whose base is 5 jds 2 ft, is 2775 "sq 
ft , what is its height 1 


If the ai ea of a parallelogram is P, its base b, and height h, then 
P is found from the formula 

IV r=bl! 

(1) The aiea of a parallelogram is 4464 sq in and its base is 6 ft. , 
find its height 

(2) The base and height of a parallelogram are respectively r » ft 
3 in and 7 ft , find its aiea 


If T represent the area of a tiupezium in which the parallel mbs 
are a and b respectively and h the distance between than, then Th 
given by the formula 

V T~\(tt+D)7i 

(1) Find the area of a trape/uun whose parallel sides are 3 3 cm , 
G 5 cm and in which the distance between the parallel sides is 4 G cm 

(2) The area of a trapezium is l2 r > sq cm, and the paralhl sides 
are 15 4 cm aud 18 6 cm , hnd the distance between them 

(3) The distance between the parallel sides of a trape/uun is 
8 4 cm and its aiea is 114 40 fq cm , if one of the parallel aides i> 
14 5 cm , find the other 


If G be the circumference of a circle whose radius is i, then C und l 
are connected by the formula 

VI C= im , 

where rr roughly 

The value of jr cannot be detei mined exactly A nearer ipprou 
mation to the value of w is 3 141G 
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(1) Pind the circa inference of a circle whose radius is (i) 1^ ft 
and (u) 8 cm 

(2) Find the radius of a circle whose circumference is 7S yds 

(3) Find the radms of a circle whose circumference is 16 m 


If A represent the arm oT a circle \rho*e radute is r 5 then A i-i 
gtrei’ hj the formula 

, /Vn A = -r% 

'■''where ir has the same value as m VI 

(1) Find the area of a circle (i) whose radius is 15 cm and (n) 
whose diameter is 8 inches 

(2) Find the diameter of a circle whose area is 28? sq cm 


If A i>c the area of tl c ring formed by tiro concentric circle < Wtos 
r i dii are K and r, then A is obtained from the formula 

|/Wr A=rrlV--'rv' 1 =‘r{B?-i r ) 

(1) Find the area of the ring formed by the concentric circles 
of radii 15 and 13 inches respectively . 

(2) The area of the ring is 113J sq cm and the radius of the outer 
circle is 10 cm , find the radius of tne inner circle 

(3) The area of the ring is 154 sq. in. and the radius of the 
inner circle is 9 m ; find the radius of the outer circle 

(4) The area of the ring is 550 sq cm and the sum of the radii 
-of the inner and outer circles is 35 cm , find their radii 

[From the 'formula we have A= , thus R-r can 

be found ] 


If Y represent th< lolume of a cylinder , h its height and a th> arm 
of its base, then V, h and a an connreted by the equation 

IX ' V—aJi 

Also if V, a, h, represent the lohim*, arm of base, and hnght of a 
right circular cone, then 

X Y—^nh 

(1) Find the volume of a pyramid whose height is 5 yd 2 ft, 
and which stands on a square ba->e whose side is 25 ft. 

(2) A cone has a base of radius 10 5 cm , if its volume is 924 
cubic cm , find its height. 
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The volume V of a sphere whose radius it r is given by the formula 

XI 

(1) Find the volume of a sphere of diameter 30 cm 

(2) The volume of a sphere i„ 310464 c inches , find its diameter 


Just at 19=3x6+4, where 19 is the dividend, 3 the divisor, 5 the 
q lotient and 4 the remainder , so 
XU JD=(7Q + I{, 

here D is the dividend, d the divisor, Q the quotient and E the 
mxainder 

Find (1) the dividend, when <2=8, Q=54 and 5=7 , (2) the divisor, 
rhen <2=27, 5=11 and Z)=470 , (3) the remainder, when Z?=81G, 
'=67 and <2=12 , (4) the quotient, when Z) = 3457, <2=231, 71 = 223 


Li a ri()ht-anqh>d triangle, if c is the hypotenuse, a and b the side 
ontaim/ig the right angle, then the r-lalion between a, b <m<2 c is 
it en by the formula 

XIII c 3 ~ce*+& 8 , 

or a 2 =c s -& a =(c+6)(c-&) 

In a nght-angled triangle, find 

(1) the hypotenuse, when the sides are 12 and 37 

(2) one of the sides, when the other side =12 and hypotenuse =13 

(3) the sides, when their sum =46 and hypotenuse=34 

(4) the aides, when their difference = 17 and hypotenuse=25 


If a body, starting from rest, pastes over a space sift timet with 
velocity v, then s is obtained from Ihc formula 

XIV (l) 

Thus if v be the number of miles passed over m 1 hour and t the 
lumber of hours, then s=w miles, if v be the number of milei> 

lassed over in I hour and t the number of minutes, then miles 
nd so on 

The following two equations obtained from Cl) are important 
' _ v=f (n) 



‘ (m) 



PROBLEMS 


ior 


✓ 


(1) If a tnan walk at the rate of 44 miles pei hour, what distance 
•will lie walk in 3 hours 20 minutes * 

(2) A cyclist scored a distance of 404 miles at the rate of 297 yds. 
pei minute , in what time did he perform the distance ( 

(i) A railway tram ran a distance of 30 miles m 40 minutes , 
what was its velocity m miles per hour ? 


Iff body falling freely vndei the action of gravity describes s feet m t 
sicond*, then s is given by the formula 

XV s=i,vt 3 , 

wlieie <7 (acceleration of gravity) =32 ft. roughly 

Foi example, 'if a stone filling from a certain height takes 10 
seconds to reach tho ground, then 

the height from which it fell = \ x 32 x (10) 3 ft. = 1600 ft 

(1) A cocoanut falling from the tree reaches the ground m 1 } 
seen Find the height of the cocoanut tree 

(2) What time does a stone, dropped from a height of 112 yds, 
tike to reach the ground 1 


If lu the interest of P rupees for n yean and r it the interest of 
1 wpeefor J year , then I it obtained from the formula 

S^XVl i=rm 


Hence 


P=~, ft. 
nr 


I 
= Ft 


/ 

1 In 


Abo ij 21 is the amount , then I*=M - P , and 


M~P+Pnr y jp=——- — 

' 1+ur / 

N E If the rate of interest be 5 fet cent , then = 05 

(1) Find the interest on 8725 for 3^ yeaio at 6 p c per annum 

(2) What sum will amount to K738 in 4 years, at j p c i 

(3) In what time will 8450 amount to 8513 at 4 p c pei 
annum i 

■v. 

(4) At what rate per cent, per annum will 8.825 amount to 
81014 12« in 5$ yeais ? 


Problems 

*)S Wo give now a collection of easy’ problems foi exeicise 
In solving a problem, we generally represent the unknown quantity 
(? c , the quantity to be found out) by $ and then express the verbal 
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•statement of the problem symbolically after tlie manner described 
m Art 91 This symbolical expression will be m the form of an 
equation from which the quantity sought is found [Vide Art 01, 
Exs 33 — 40 Each of these examples might have been a problem, 
if v were taken as the quantity sought] 

Ex 1 If '20 be added to a nu t ,nbei the sum b^comei S time? the 
number , wnat is the number ? 

Let ,r= the nnmbei,* 

then r + 20=the sum of a: and 20 
Also by the condition of the problem} 

3r=the sum of v and 20 
Hence *+20=3*, 

an equation from which * can be found. 

Transpose , thus 3*— *=20, 
or 2* =20, 

*=10 

Thus the required number is 10 

Ex 2 What number is that to which if 3,5 be added and the mm 
•divided by J, the quotient will be 11 diminished by half the nvmb’r ? 
Let * = required number , 

*+23 

then — - — =quotient of the sum of x and 23 divided by 3, 

and 13— ^*=this quotient, by the condition of the pioblem , 
x 4* 23 

— 5 — =13-J,r, whence *=12 

* Thus the number required is 12 
Verification (12+23)-5=7 , aud 13 of 12=7 
Hence the solution is coirect 

N B The student will do well to venfy the solution of each problem 
that he solves 1 


Examples LIII 

1 Find the number, the double of which diminished by r > <nyes 
that number increased by 5 " 

2 What is that number a third, a fourth, and a fifth ’part of 
which taken together amount to 94 I 

* The sign of equality =, is here used to mean ‘Penoid .'Represent', 
or ‘Stand for’ 
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3 A certain number is equal to .570 diminished by four times 
the number , -what is the number ' 

4 Find the nnmber, five time* which exceeds the double by the 
nnmbei which is the difference between 284 and the number 

5 "What is that number, 3 times which taken from 120, will 
le.ue a remainder which is equal to that number increased by 8 ' 

8 If from 558 von subtract 8 times a certain number, the 
remainder will be 10 times that number , what is that number ' 

7 The sum of a certain number and 15 is multiplied by 12 , 
if \ou now subtract twice the number from the product, the 
iemamdcr will be 240 diminished by 5 times that number Find the 
number 

8 If from two-thirds of a number vou subtract 51, the remain* 
der is 84 more than half the number , what is the nnmber ' 

9 What is that number, to which if you add 3, the sum will be 
the same as if y ou take 93 from 5 times the number > 

10 Find a numoer, such that if its double and treble together he 
subtracted from 75, there will be a remainder 30 

11 Three-fourths of a number diminished by 1 is divided by half 

that number increased by 1, and the result is £ ; what "is that 
nnmber ' ^ 


Ex 3 Find the number** icho*c mu is Jl and difference is 17 
Let x=the 'smaller number , 

then, ’ the difference between the numbers is 15, v 

x +15= the greater number 

And by the firet condition of the problem, tbeu sum is 31 

3r-i-(a?-H5)=31, 
or 2 t+ 15=31, 

whence x—8 ; 

one of the numbers is 8, and the other is 8+1 j, oi 23 

Ex 4 The difference brltoem' tiro number « is 20, and four-fifths of 
the smaller number exceeds half tin larger number by 1$ Find the 
numbers 

Let x = greater number , 

then x — 20 = smaller nu mber, 

; by the condition of the problem 

&r-20;-i*=14 
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Multiply by 10 , thus 

8(s-20)-5x=140, 
or 8*- 1G0-5*=140, 

3* =140 + 160 =300, 
or *=100 

Thus greater number =100 and smallei number =80 


Examples LIII (Continued.) 

12 Find two numbers, such thnt their sum may be 183, and then 
difference may bo 13 

13 Find two numbers u hose difference ib 1"), sncli that if 40 be 
taken from the greatei, the remainder is 51 diminished bj the less 

Id Find two numbers whose Mini is 26, Buck that 3 tunes th. 
greater diminished bv twice the less, will bo equal to their diffeience 
increased bv 22 

16 Three fifths of the greater of two numbers is equal t» 
the excess of 61 over a fourth of the less , if tlio numbers differ bv 5, 
find them 

10 The sum of two numbers is 64, and if 4 times the greater lw 
added to 5 times the smaller, the sum will be 286 , what are the 
numbers 1 

17 The difference between two numbers is 8 and that betu eu 
their sqoares is 288 Find the numbers 

18 The sum of 3 cousecutive numbers is 1620 , what are thev < 
[Repiesent the numbers by *— 1, x and * +1 ] 

, 10 ' The sum of 3 consecutive odd numbers is 1149 , find them 
[Repiesent the numbers by 2*- 1, 2x+ 1 and 2*+3 ] 

20 The difference between the squares of two conseuiti/e 
-numbers is 613 , find the numbers 


Ex 6 Divide 100 into Uto parti, m n h that £ of the greater «? <y 
exceed of the lees by 7 

Let *= the greater part, 

100- r=the smaller part. 

Hence by the condition of the problem 

fr— J(100-*)='- 
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3Iultiply b\ 28 , thus 

20x — 21(100 ~ *) = 196, 

-whence a: = 56, the greater part , 

and 100-56=44, the smaller part. 

Ex. 6 Divide R » 12G0 bilireen A and 13, to that at often */? 
A receive* P* 4 t B thdU receive lit c > 

Let x =tmmber of times A receives the money , then also 

4 • Jj 4 • 44 * 44 | 

. 4x rapee3= money A receives, 
and 3v mpees*=. . B ... . 

by the question, 4x4-3* = 1260 , whence *=180 
Hence A receives 4x rupees=Rs 720 , 
and B . 3x =l?s 540 


Examples LIII (Continued) 

2L Divide 36 into 2 parts, such that the sum of 10 times the 
Jess and 15 may be equal to the excess of 8 tunes the greater over 3 

22. A horse and saddle together cost Rs 1000, and $ of the cost 
of the hor*e and ~ of the cost of the saddle amount to Rs 800 , 
9nd the pnee of each 

23 Divide Its S07 between 2 persons, so that 5 times the share 
•of one together wjth C times the share of the other may bo equal to 
11 times the excess of the first share over the second 

24 A and B together counted Rs 1265, and A counted Rs 125 
more than B , what number did each count ( 

26 At a municipal election 521 votes were given, and of the two 
candidates, the unsuccessful one had a minority of 31 , how many 
voted foi each ? 

20 Two persons have between them Its 72, and ono of them has 
Es> 15 more than twice the amount which the other has , how much 
has each 1 

27 Divide 340 among three persons, so that the first may have 
15 more than the second and 13 less than the third 

28 Divide Es 209 between 2 persons, so that for every three 
rupees that one receives the other recen cs two and a half 

28 DiTide Ola between A and B, so that as often .as A receives 
a crown, B receives 3 shillings and a half 
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30 Two peroons together earned 5 guineas , for ever} shilling 
that one earned, the other earned a half-ciown , how much did each 
earn ? 


Ex 7 A 1 * age is £ of BN , r > years ago , his age ms % of B’s , what 
are their present ages ? ' 

Let x years =5*41 present age , 

then %x years =A’s present age 

Now 5 years ago, A’s age was (far -5) yeaia, and B’o age was- 
(r — 5) years 

by the condition of the pioblem, 

3*-5 = l(*-5) , 

whence a; =30 aears=aj5*s age 

3 of 30 us = 20 } ears = A’s age 


Examples LIII ( Continued ) 

31 Eighteen years hence, A’a age will be 3 times his present 
age , what is his present age l 

32 A father’s age is 35 years and hn> aon’o age is 10 years , when 
will the son’s age be half that of hts father ? 

33 A father’s age is 4*5 years. and his sou’s age is 17 year, , when, 
was the father’s age 3 timei that of his son I 

34 A is 3 times as old as B , m 15 years he will be twice as 
old Find A\ present age 

35 A is 5 years older tliau B , 10 years ago $ of A’a age exceeded 
| of B’s age by 15 years. "What are the ages of A and B > 

38 The difference of the ages of a father, and his son is 25 years , 
m 12 years, the father will be twice as old as Ins son , how old 
are they f 

37 The ages of A and B are togethei 54 years , £ of A’s age 
2 years ago was 7 y eais moie than £ of B’s present age Find their 
ages 

38 The ages of A, B and G are togethei 4 times what iS’s age 
was 7 years ago , if A be 5 y ears older, and G 3 y ears younger 
than B, what is the age of each * 

39 A’a age is equal to the sum of the ages of B and G , 5 years 
hence 12 times A’s age will be 11 times the bum of the ages of B and 
G Find the present age of A 
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40 A is twice and B 5 times as old as C , 2 y ears ago, B was 
twice as old as A and G together Bind the age of each 


Ex 8 A and B plat/ with equal *ums of mawy A gain* B* 17 
and has then tmec os much n* B 117/at turn did they begin with ? 

Let #= required smn of money, m rupees, 
then #+17=sura of money .1 has, when the game is over, 

ard a: -17= sum of money B has, when the game is over 

By the condition of the problem, AV» money is double of j B’a ; 
x+17 = 2(jt-17) , 
whence x=ol 


Examples LIII ( Continued ) 

41 A and B began to play with equal sums of nionev , J lost 
TJs 12, then 15 timed A*s money was equal to 9 times B's .what 
sum had thev at firt-t l 

42 A has 5 more marbles than B , if he were to give B g of his 
marbles, then B would have 11 wore than J How many marbles 
has each 1 

43 A has twice as ranch xnonev as B , after giving />’ 12 rupees, 
he has only £ of what B then lias , what had each at fir-,t < 

44. A ha* 5 250 rupees and B has 120 rupees , after .1 has given B 
a certain sum, B fiuds that he has 10 rupees more than £ of the 
mono which A now has , how much did -( give B f 

45 A and B have 560 and 1040 rupees respectively when they 
begin to play After the game is over A, who is the wanner, finds 
that 3 times Ins money together with r > times B's money, amount to 
7 times the money which B had at first How much did -1 wm 1 

48 A has 50 rupee 1 ! more than B , lie pay s B a third part of his 
money, and B pays back two-ninths of the money he then has , it is 
then found that B has 10 rnpets more than A, What had each at 
first? 


Ex 9 A poet it J in the earth, j in the water, and 7 cpbite above 
the water what it tie length ? 

Let *= the length of the post, in cubits , 

then £r+3*+’5=whole length of post=# , 
whence #=60 


8 
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Ex 10 A labourer ts engaged for SO days , on condition that for 
every day he worts, he shall receive 8 annas, and for everyday he it idle 
he must pay a fine of 8 annas He receives Rs 10 Sas mall How 
many d tys does he work ? 

Let x = number of days, he works, 

then 30 -*= , he is idle, 

therefoie he receives, as wage-*, 8x annas, and pays, as fine, 3(30— e) 
annas , hence his net receipt will be 8*— 3(30— x), winch is, bv the 
condition of the problem, equal to Rs 10 3 annas or 163 annas 

8j?— 3(30-*) =163, 

whence £=23 

Ex 11 A baq contains Rs >67, m rupees and eight-anna bits , 
if the amount of the latter be less than that of the former by R* 18, 
how many of each are there 1 

Let *=amount of rupees m the bag, 

then also x<=number of rupees m it , 

and x— 13=amount of eight anna bits in rupees , 

2(x— 13) *= number of eight-anna bits required 

The total amount in the bag is Rs 365 , 

£+(*-131=365, 

whence *=189, the required number of rupees , 

2(*— 13) =352= the required number of eight-anna bits 

Note In solving problems concerning coins, be careful to remember that 
the number and the value of the coins are two distinct quantities Hence 
m an equation, the quantities involved must be either all numbers or all 
values When values are involved, be careful to express all in the same 
denomination 

Ex 12 P and Q set ou' at the same time" from A and B res- 
pectively to meet each other, P walking It miles and Q 8 miles an honr , 
if the distance between A and B be 27 miles, when and where will they 
meetl 

\ s 

Suppose A a represents 4 miles and B5 5 miles , then it is clear 

> 

A a O b B . 

that at the end of one hour P will be at a and Q at b, and the dis- 
ance they will have jointly walked, will he Aa +B&=4+5, or 9 
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miles Hence if «==nnmber of hours after ■which thej meet and 

0 the point of meeting, we have 

4;r=distance .Pwalks=AO, 

5ar=distance Q walks = BO 
But AQ+BO=AB=27 miles , 

4*+ 5* =27 , 
whence x—Z , 

t e , the} meet after 3 hours 
And AO=4 jt= 12 miles, 

BO=5*=15 miles , 

1 e , they meet at a place 12 miles from A or 15 miles from B 

Note All problems, concerning space, ■velocitj and time, depend on the 
Formula viv of Art 92, viz., 

s=vt 

For from this formula, any tiuo of the three things being given, we can find 
the third 


Examples LTII ( Continued ) 

47 A post is a third of its length m water, a fifth of its length 
above water and 14 ft m the ground , how long is the post 1 

48 Two-thirds of the bo}s of a class are Hindus, one-seventh 
are Mahomedans and the rest consisting of 8 boys are Christians 
"What is the total number of bojs < 

49 About one-half of India is under the English, one-third under 
the Allied Pnnces, -fffo under independent kings and TTill Tribes, 
and the rest, about 1200 square miles, is Foreign possessions , what 
is its area { 

50 A parts consists of men, women and hoys , the men are 
2 more than £ of the whole part} , the women 3 less than one quarter 
of the whole, and the boys 7 more than one-half of the whole How 
man\ are there m all i 

51 A workman is engaged for 40 davs, on condition that for 
ever} day he idles he has to pay a fine of 6d. He is idle for 10 days 
and receives £3 10* m all What were bis dail} wages i 

52 A man is engaged to work on condition that for ever} da} he 
works, he shall get 2 rupees and, for ever} day he idles, shall forfeit 
Be 1 2 annas If he works 16 da> s and gets Bs 25 4 as at the 
end of the stipulated time, for how man} da}s was he engaged i 

53 A bill of 4521 10* was paid with half-crowns and half- 
sovereigns, and the 'number of half-sovereigns exceeded 3 times the 
number of half-crowns by 4 , how many were there of each ? 
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13 *1 market woman bought a certain number of egga at 2 a 
penny and as m inv at 3 a penny, and sold them at the rate of 5 for 
2d , thus losing 7</ Find the numbei of eggs she bought 

14 In a sea fight, the number of ships taken was 7 more, and the 
number burnt 2 fewer, than the number sunk, 21 escaped, and the 
fleet consisted of 7 times the number burnt Of how man) ships did 
the fleet consist ' 

16 A and B &tait at noon to cycle to a place 7 miles off, IP a rate 
being 3 of that of A A leturning meets B at 12 40 l m Find 
the distance of the place of meeting fiom the starting point 

[The following art additional problems for exergue ] 

16 Divide 200 into 2 such parts that their difference divided by 
the greater mav be t s t 

17 Find a ntimboi such that whether it be divided into 4 oi 
5 equal parts, the continued product of the parts shall be the same 

18 What number is that to which if you add 1, then multiply 
the sum b) 2, next from the pi oduct subtract 3, and lastl) divide the 
remainder by 4, the quotient will be the sum of 1, 2, 3 aud 4 ? 

19 A ppioon being asked his age replies — If I should live as 
many years moie, half as manv years more, and 10 yean, be-ides, I 
should have lived 100 y ear:. What is his age l 

20 Divide 31s 62 among A, B, C, D, so that A shall have twice as 
much as B and 8 as more, G Es 2 less than A, and DEs 3 more than B 

21 A and B liavo together Es 57, B and G Es 50, A and C 
Es 53 , what lias each 1 

22 Divide E-. 800 among 3 persons A, B, G, so that B may 
ham ftlis of what A will get +40 rupees, and C ^ of what A and 
B will get togethei 

23 Two shepherds owning a flock of sheep agree to divide its 
value A takes 72 sheep, and B takes 92 sheep and pays A £25 
What is the value of a sheep ' 

24 How much water must a wine merchant mix with 50 gallons 
of wine at 12? a gallon, so that by selling the mixture at JO? he may 
gain £1 t 

26 Find two consecutive numbers such that the 4 th and 13 th parts 
of the less together exceed by 1 the 5 th aud 9 th parts of the greater 

26 From a basket of oranges, A takes one-third, B 20 and G the 
rest , it is then found that A has 3 moie than G How many oranges 
were theie ? 

27 From each of 16 coins an artist filed the worth of half a 
crown, and then offered them in payment foi their original value , 
but being detected the pieces were found to be really worth no more 
than 8 guineas What was the original value of each com * 
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28 I bought 2 dozen oranges for Re 1 7 a , some at ]« 3 p each 
.and the lest at 9 p each , how many of each sort did I buy ? 

29 A man gained Es 40 by selling a horse for Rs. 500 and one ■ 
thud as much as it cost him What was the cost pnce of thehorse ? 

30 A man has been saving annually a quarter of his income , 
Ins income increased by Es 50 and now he saves a third of his income 
and finds that he is saving annual!) Es 25 more than before What 
was his original income ? 

31 Boys equal m number to \ of a clasb are promoted out of it 
and twice as many promoted into it also 4 new boys join the class. 
It is then found that the number of boys m the class has been 
increased by one-third Find the numbers m the old and new classes 

32 How much gold at Es 20 a tolah must be mixed with 14 
tolahs of gold at Es 15 a tolah, so that the compound may be worth 
Rs 18 a tolah ? 

33 A. flock of ewes of which ^ were barren and £ brought twins, 
produces 23 lambs Required the number of ewe3, none being 
supposed to produce more than two 

34 Three men, A, B and C entered into partnership , A paid m 
as much as B and ^ of C , B paid in a» much as C and of A , aud G 
paid £10 and £ of A , what did each contribute to the stock '# 

35 The fore-wheel of a carnage makes 12 revolutions more than " 
the hind-wheel in 130 yaids , if the diameter of the latter be ^ as 
much again as the diameter of the former, find the circumference 
of each wheeL [See Art 92, vi] 

36 Round the edge of a rectangular court which is half as long 
again as it is broad, runs a path 3 ft wide If the area of the path 
is 1 584 sq ft , find the dimensions of the court 

37 A number is formed of 3 consecutive digits, that m the units 
place being the least of the three , the excess of the number above 
one fourth of the number obtained by reversing the digits is 36 times 
the sum of the digits Find the numbei 


CHAPTER X 

Simultaneous Lineaf Equations 

-93 Simultaneous Equations If the equation 

. 5 (l) 

be considered as an equation m one variable, ms , x, its solution is 

(«), 

aud this is the only solution of the equation But if we considei 
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it a'a an equation m two \ariables, viz , a and y, then it has an mfimti 
number of volutions , for giving to y in (a) any value we please, 
we can get as man} \ allies of x as we like Thus corresponding 
to the values 1, 2, 3, 4, of ♦/, we get for x the values 4, 3, 2, 1, 
Hence a *mqle equation involving two variables is mdeter 
minate, s e, it admits of no definite solution 

The same remaik holds good m the case of any other single equation 
in two variables, as for instance 

x-y=l (2) 

But if it is known that the x and they of (1) are the same as the 
x and the y of (2), then and then onl} , the two equations (1) and (2) 
hold loqether and are called Simultaneous Equations 

In this case they have definite solutions as we shall presently 
shew 

"What we have said above will be made ver> clear m Chapter XI 
There it will be Bhewn that all simple equations m two variables 
can be graphically represented by straight lines and that each of 
these equations la satisfied by an infinite number of values, viz , 
the co ordinates of the paints through which its graph passes It 
is onl) , at the point of their intersection that these equations are 
simultaneous ana are satisfied by definite value*, viz , the co-ordinates 
of that point - 

Definition If two or more equations are satisfied by the same 
values of the variables, they are said to be Simultaneous Equa- 
tions ' 

It is easy to see that the general form of all such equations in tv o 
variables, is a r v+by+c = 0 (3; 

Note Since simultaneous equations are satisfied by the same values 
of the variables, any equation obtained by combining them shall also be 
satisfied by those values 


96 Solutions of Simultaneous Equations There aie 
tiro methods of solving Simultaneous Equations The one that i-> 
explained below is called the Method of Elimination , and the 
other is called the Graphical Method which will be explained 
in a subsequent Chapter [See Art 124 ] 

To solve the simultaneous equations (1) and (2) of Art 95 

Prom (1), *=»5 -y . (a), 

from (2), x=l+y .(b) 

Since (1) and (2) aie simultaneous equations, the x of (a) is the same 
as the x of ( b ) Hence 

5-y= 1+y, 
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an equation m on* variable onK Solving tins equation, -we get 

y=® 2 ... ... • 

From (a) or (b), b\ substituting the value of y from (c), we have 
j=3 

Hence it is clear that to solve linear equations in two variable: 
we eliminate (t > , cause to disappear) one of th> lariahW from th< 
qncii equation*, tint* finding a wiiL rquation in on' variable which 
we solve bv the methods of Chapfc°r VIIL "We then substitute the 
value of this variable in either of the proposed equations, thereto 
reducing it to an equation in one variable and thus solve it 
The different methods of eliminating the variable* will he shewn m 
the next four articles 

Examples: LV 

Eliminate x and y b) turns from the equations 
L ;r4-y=10, 2 j?+3y=4, 3 2x~5y*=l J 

X-y**l r y r >X — 1y=32 4j:-3y = 20 

4 v=3r — 1, 5 y«5r+3, 6 l/~ 4^=0, 

3y— 2x= , ll 2*+y*=10 x-4y=3 

7 If x— find y from the equation y~ 2 r — 3 

8 If x— -4, find y from the equation 3r-8y=4 

9 If x=l, find y from Gr+5y=l6-12jr 

10 If y =3, find x from ~~ + ly *= 13 

11 If y *= — ■£, find x from * V g 1 = 1 

12 If y =3^, find x from 1 = 2 

07 Eire! Method of Elimination— Cross Multiplica- 
tion The principle is to mafe the roefjieienh of the variable to he 
eliminated the rami tn both the equation* To do this, we generally 
multiply tlje first equation b) the cofficient of the variable m t-he 
second equation, and the second equation bi the coefficient of the 
same variable in the first equation 

Then to eliminate the \ anable, add or subtract ^ the resulting 
equations, according as the variable appears with different signs or 
with the same sign 
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Ex 1 Solve 5*+2y= 16 (1), 

2*+9y=31 (2) > 

Multiply (1) by 2, tho coefficient of x m (2) , thus 

10*+4y=32 (3) , 

multiply (2) bv 5, the coefficient of v in (1) , thus 

10* +45^ = 155 (4), 

now subtract (3) from (4), and * is eliminated, and we get 

45y-4y= 123, whence y =3 

Substituting this value of y m (1) or (2), say in (1), we get 

5*+6 = 16, whence *=2 
the required solution is *=2 and y=3 

Note The same result would of course follow by eliminating y first 
instead of * 

Verification When x—2 and y — 3, 

(i) 5*+2y=5x 2+2x3= 16, 

(u) 2*+9y=2x 2 +9x3 = 31 
Thus both equations are satisfied 

EX 2 Solve 6*+3y='78 (1), 

x- 13y=2 (2) 

Heie the coefficient of * in (2) is made equal to that of * in (1) by 
simph multiplying (2) by 5 , thus 

5*- 65^=10 (3), 

subtract (3) from (1) , thus 

Zy + 65y = 68, whence y=l 
Substitute this value of y in (1) or (2) , thus 

*— 13 x 1=2, whence *=15 
Thus the required solution is *= 15, y=\ 

Ex 3 Solve 8*-13y=66 (1), 

12* +3^ =54 (2) 

Here the coefficients 8 and 1 2 have a common factor 4 , and 8=2x4 
and 12=3x4 Hence to make the coefficients equal, it is enough to 
multiply (1) by 3 and (2) by 2, instead of by 12 aud 8 as before 

Thus 24*-39tf=198 (3), 

and 24*+ 6y=108 ' (4), 

subtract (3) from (4), thus 39y+6y= -90, or y=— 2 , 

from (1), > 8* =66+13^=40, or *=5 

Hence the complete solution is *=5, y= — 2 
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Ex 4 Solve 

-+2 =7 

3 5 



(1), 


--3-13 ~ 

4 + ¥“ 13 



(2) 

Multiply mg (1) by i, 

r h x +Ta'J=*x, 




„ (2) by 

xV+“y=V. 




whence by subtraction, 

|y —, 2ny != ‘ 1 s‘ _ l> 


- 


multiplying by 9 x 20, 

40y-9y=780-3l5, 




•whence 

y=is , 




from (1), |=7- 

~= J or t=12 

5 




Ortherwise thus — 
From (1), 

5x4-3^=705, 




from (2), 

3x4-fy=156, 




now proceed as m other examples given above 





Examples LVI 




Solve the equations 

1 z+y=D9, 

2 x—y—0. 

3 

x-2y=2, 


x-y— 29 

z+y=l 5 


z+5y=23 


4 4*-y=22, 

6 3z+y=38, 

6 

5x-2y=26, 


.r+3y=25 

t +3^=42 


2x-.5y=23 


7 Sr+ty^l?, 

8 40x4-y=43, 

9 

3i=4y, 


lOz— 21y=51' 

25x-8y=l 


lOx— 8y=48 


10 6x+5y= 31, 

11 5x-M3y=47, 

12 

24x-7y=57, 

» 

15z+2y=25 

12x4-2y = 40 


30x— 5y=7«5 


13 z+2y=24, 

14 5r-3f/=l, 

15 

3x=26— 2y, 


y- 2*=2 

5y-3x=9 


3y=5+4z 


16 5x+4y=0, 

3*+10y=19 

17 4x — «5y = 2, 
x4-10y = 68 

18 

^_y=o, 

3 4’ 





x V 7 

5 ~2 


» S+fr* 

20 |+2y=10, 

21 

2x 3y 

3 ~ 4’ 


3 12 4 

j-v— w 


i+L-1 
18 16 
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Ex 2 Solve 


M-2 

* y 

7_ 4=1 

* y 15 


(i) 

v'2) 


Here it will be convenient to solve these equations by finding the 

reciprocals of the variables, 

•n: , - and - instead 

* y 

of Ending the 

variables themselves 


Multiply (1) by 4 , thus 

— + — =8 
v y 

(3) 

Multiply (2) by 3 , thus 

21 12 

v~ y 0 

(4). 

Add (3) and (4) , thus 

— =8+i=*— 

x 5 r ) 

s 


x<=5 


Substitute x m (1) , thus 

y= 3 


Note The beginner will do well to represent the reciprocals by othe'r 


’ettcrs thus —-Let -=«and -=v , thus the proposed equations are 

x y 

5«+3w=s2 and 7 «- 4 v=f z 


Ex 3 Solve 3x-- = 17 

y 


(1) 

5x+~=22 

y 


(2) 

Put-=« , thus from (1) and (2), we have 

3r-8«=17 


(3) 

5* + 12u=22 


(4) 

Solving (3) and (4), we get x = G and «= — 

required solution is x=5, y*= -4 


- 

JBx 4 Solve * — +71y=440 

*C 


(1) 

^+56y=353j 

•• 

- 

(2) 


JBx 4 Solve 
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Here vre ha\e to find - and y and ive notice that the sum of the 
x 


coefficients of - and that of the coefficients of y are equal 

1017 

Add (1) and <2) ; thus ~ + 127y =7933 -M/A . 


divide h) 127 ; thus 


1 4 *=M=G] 


Again subtract (2) from (1) , thus 
-15 


4-ir)y=S6^» 3 Jt j 


( 3 ) 


divide b) 15 , thus {-v = "A= r >2 

x 

From (3) and (4), addition and subtraction, we get 

2y= 12 and “= i 
J x - 


Examples LVII 

Solve the equations 
1 x-8y=17, 2 2x— 9y~ 11, 

8xJ-y=201 3x- 12y=15 


3. lOx — 9y=l, 
Uy- 12x=l 


4 x=42— 8y, 

y=81-8x 


6 10x + 13y=2I0, 

13x+10y=204 




19/ 


^5x—7 


7 12x+f=98, 

J 

I2y-f*=ii8 


8 


x+1 1 

y “S’ 

X 1 


y+3 3 


9 -~5-2y, 


2x~l 


-y+ 1=0 


10 


x+10 

z ' 

y-2 


=4y— 3, 1L 2x-^=4, 

V 


==x— 5 


3^+^=9. 


^-*=n 
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*9> 


Solve the equations 
x+y 
x-y 
lx - »/_ 6 
3*+S~23 

10 4 + 3 4+ 6 9 

x 

3 4 


14 


* +3 _ y + l 
x- 8 y — 4* 

10*- 13y = 4 


*_?^+£yr 


„ J 15-* 30y 
18 4*— 2 13 > 

15 ,. 8j . 36 .?£±S' 


19 


15 1+1-43, 

w- 

[See Ex 4] 

2+1+! *+{.» 

4 o 5 4 

[See Ex 4] 

*-2 10 — j : y -10 
5 " a 2 9 
2y+4 2 *+y *+13 
3 “ 8 ~ 4 ‘ 


20 

H- 8 - 


21 

3J r 

; + r - 


1-1.5 

x y 



5-i-w 

* y 

22 

1+5-3, 

* w 


23 

- +— =2, 
r y 


iO ico 

CM 

11 

i ^ 

+ 

CO \ ** 

[See Ex 4 ] 

3_2_n 

* y 20 

24 

8 5 

rr 1 ' 

25 

— 8, 
x y 

26 2*+|=4, 

V 


1-5-5 
a? y 


21_3_ j4 „ 
x ~y = " 

3*+?=5 

y 




[See Ex 4 1 

27 

6ar-'=10, 

y 

28 

40 

69*- - = 182*. 

y 

29 — -5y=3S, 

J? 


5* +-=13 

y 


80 

49*- — =-112^ 

y 

+7y+24=0. 


30 


i ,y k 

a + r,’ 

A+2- 14 
3t 2 


31 


[See Ex 4] 
5a 

3 ’ 5i/ 

J. 

6 'ioy 


^ + A=7 

o *> 


S-i-8 


83 “■ 

* y 


20 


(MW 

\ar y/ 
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Solve the equations 


33 


36 


39 


43 


1+1JZ 

x y 6’ 
3x+2y=2xy 


34 


2x+Sy=8xy, 37 

5x-y=*3xy 


~ 2 , 


I 9^11 

y a? = a?y 

-+-=— 
x y xy 

x.y 3 
2 + 3 20*^’ 


y_x_ 

2 3~45 


■xy 


4_,2 -I! 

5a? + 6y °15’ 
5___£ = 11 
5# 20 

*+y . x-y „ 
— +— =6 

g+y , x ~y 

4 ' r 5 20 

[Pnt i?+y=?' and x—y—v] 


35 


38 


x-1 y + l 
3 2 13 

*-l + y+I _ 16 
[Put x — l—v andy+l=i ] 

41. 2y+i*_4=5y+— +2=y-?->-4 

■ 3 ? X X 


40 


57 


x+y x-y 


=5, 


-^ + al. 9 

x+y x-y 

[Put x+y*=v, x-y—r ] 

42 2*+4y=12, 

3 4a?— 02_y— 01 

l+l-i 44 2 4*+ 32y— Sz+ 2 6+ 00S!/ 

x y o 

2 

x 


4’ 

l U 
y = 3 * 


25 


04y + 1 07a?- 1 

3 " G 


103 Simultaneous Equations m three variables If 
there are two equations involving three variables, we can eli min ate 
one of the variables fiom the two equations, thus getting one equa- 
tion tn two variables We have seen [Arc 95] that one equation 
involving tiro variables is indeterminate Hence two equations m 
three variables, cannot be definitely solved We shall see later on that 
to find three variables, th ee independent and consistent equations 
are necessaiy and sufficient In the meantime, the method of solu- 
tion will be seen from the following example 

Ex Solve 3a?+5y— s=26 ( 1 ), 

u?-3y+42=20 , (2), 

4y+32— 12 j?=8 (3) 

Eliminate one of the variables from a pair of the above equations . 
Here we eliminate z from (1) and (2) 

Multiply (1) by 4, and add the product to (2) ; thus 

13*+17y=124 (4) 


9 
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Again eliminate the same variable z fiom a different pair, saj, from 
(1) and (3) 

Multiply (1) by 3, and add the product to (3) , thus 

-3x+19y =86 (5) 

Now (4) and (5) are two equations m two variables, solving which 
we get* =3 andy = r > Substitute these values m anyone of the 
given equations, say (1), and we have ' 1 

3x3+5x5-2=26 , whence s=8 
Thus the required solution is ®=3, y = 6, s=8 


Examples LVIII 


Solve the equations 



1 

x+3y+22=19,' 

2 

2x+3y+42=19, 


2x+4y+3=22, 


8x+5y-3z=l2, 


3r+2y+53=39 


5x~6y+3s=l3 

3 

*+y~3= 15, 

4 

x-y+2= 12, 


y+2-*=16, 


v+y+z=16, 


2+x-y = 17 


x+y—s= 4 

5 

v-y+ 6s=8, 

6 

2x— y+z=9, 


3x+2y— 2=11, 


3v+y— 4z=3, 


2x+3y+63=29 


6x+2y + z=15 

7 

3x— 8y — 7a=58, 

8 

x+^(y+3)=27. 


4x — 6y+33=14, 1 


y+J(s+v)= 29, 


9x+5y— 42=19 


z+$(x+y) =30 

9 

x— y+s=3, 

10 

3x+2s=5y, 


6x + 22=31 + 3y, 


5*+y=33+25, 


5x+3s=2(ll + 2y) 


2x+3y+42=10 

11 

4(y-x) + 22 = r >2, 

12 

x+y = 2, 


% 3s+4v-2=6y, 


y+3 =5, 


3y-2+14=10x 


•s+x=13 

13 

x+2y=21, 

14 

3x+4y=63, 


y+ 23=32, 


8t+53=60, 


z+2x=22 


0 

II 

1 

00 



SUTOLTASEOUS Irl N E 4 P- EQUATIONS 


m 


<ol\ e the equation* 


15 

Hr 1 ”' 

16. 

i-t 
»■— < 

11 

»iS«! 

1 

H 


y+|-i7 


3f-|— M, 


;_9=23 

a 



17 

Or -f-f : y=34 l 

18 



*1(1 -2v)=r»r. 


4y+r =1, 


*ir=9xJ-2 


3c -6x=3 

10 

2x*-y=3r 

3x-:=2y, 

20 

£*f4.£-8, 

2 3 4’ 


4x-’iy-P:=10 


£.*.£-£-5 

2 3 4 ' 

21 

ix— 1/4-^:— 1G2, 
dx+£y=2G, 

3y=4r 


2 3 

22 

x-y-r~=4G, 

23 

5x-3y=4, 


13x-10j/=Gj, 


Sy-9:=2, 


llv— 5r*=o3 


Ife-l&r-lO, 

24 

«+{ ; =5' E + r >> 




10*} The following «'qmtion's are easily soiled b\ findirg tl^ 
reciprocals of the variable's as m Art. 101, Ex. 2 In tome of then, 
1 owever the reciprocals are not apparent and we must transform 
the equations to find their, ah in the following example 


Ex So He — 1, ~~ 

x+y ’ x~ 

In *ert the given equations 



thus 



Add these equ-stions together , 



thus 



O 



11 1 I 1 II 

C or t T y" 7 12 


("J 


(V 
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Prom (Z») subtracting each of the equations (a), we get 

1=1 l-l i= JL 

x 12* y — 12 1 ~z ~~ 12 * 
whence x— lf,y=2|, c= - 12 


Examples LIZ. 


Solve the equations 

1 


14 - 1 = 5 , 1 + 1 — 1 = 7 , 1 — -+ 1=9 

x y z y z x x y z 

_ x 3 4 x 2,5 „ x , 4 1 01 

*■ 6 + rr^i + r e '2 + rr 31 

3 1+2 + 1=20, - + ---=-7, 1--+1=21. 
x y z x y z v y s 

„ 1,1,1 1 3 2 3 1 3 

4 *- + — = = — ~=7 

«y£ry3xy4 

_ 1,1.1 1.1.4 5.3 1 . 

x y c 2x^4 y £ 3x 4 y 2c 


0 M-M-!, >+*-« 

x y x z . ' y z 24 

7 !+ 8 -!^M-*M-i6 

x y z c z y z 

8. xy=x+y,yz-y + 3,zv=z+x 

xz 

f 


9 

10 


•ey ff _ 1 y- =? 
x+y 11 x+c u ’ y+; 


,n.. n ll z _ = X z 

2x-3y + ’ 4y+6c 


2zx 

4c- 3x 2 


11 15(t +y)=8ay, 40(y+c)=I3ys, 24(c+x)=llcx 


PROBLEMS 

104 The problems leading to Simultaneous Equations do not 
essentially difier from those of Chapter IX Here, as m that 
Chapter, we have to express symbolically each of the conditions of 
a problem in the form of an equation We shall thuB obtain as 
many equations as there are unknown quantities we have 
to find , for a problem to be determinate must contain conditions 
equal to the number of the unlnoion quantities to be found out 
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Ex 1 The sum of tico numbers is 11% and the remainder »/**•» 
hnjf the smaller is subtracted from the greater ts 12 Find th>> 
number « 

Let s=the greater number , 
and y=the smaller number 
Then by the first condition of the problem, 

*+y=119 .. . (l) 

Also b\ the second condition, 

*— *y= 32 .. . (n) 

Subtract (n) from (l) ; thus 

87, whence y =58 

Hence from either (i) or (u), we have * = 61 
Thus the required numbers are 61 and 58 

Examples LX. 

1 Find two numbers such that their sum is 183 and their 
difference is 13. 

2 The sum of two numbers is 65, and 3 times the smaller number 
subtracted from the greater leaves a remainder 1 What are the 
numbers t 

3 Five times the sum of two numbers is 235, and twice their 
difference is 34 Find the numbers. 

4 "What two numbers are those whose difference i» 42 and the 
quotient of the greater divided b) the less is 3 l 

5 Find two numbers such that the sum of the first and half 
the second is 18, and the sum of the second and half the first is 21 

6 The sum of a certain number and l of another is> 30, and if 
J of the first be subtracted from of the second the remainder i& 
21 ; what are the numbers / 

7 There are two numbers such that twice the greater added to 
half the less gives 113 , also if j. of the greater be subtracted fiom 
the less the difference is 5 Find the numbers 

8 A number is divided into two parts such that their difference 
is 28 ; also f of the greater part exceeds half the less bj 1 What 
is the number t 


Ex 2 'What fraction is that which becomes £ <-7i ui 1 ts add’d 
to its numerator and \ when 1 is added to its denominator f 
Let *=the numerator of the leqmred fraction, 
and y=the denominator ; 

X 

-= required fraction . ... (i) 

y 
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the first condition of the problem, we have 
* + l 1 , 

y 3 (11) 

Bj the second condition, we get 
x 1 

y+ 1“4 

Solving (n) and (in), we find r= 4 and y=¥> 

Thus the required fraction is 

Verification ~r-= ^-= 1 , thus the Grst condition is satisfied Again 
l 5 I 5 j 


( 111 ) 


~ — - , thus the second condition is satisfied 
15+1 16 4 

i' correct 


Hence the solution 


Examples LX (Continu'd) 

9 Wliat fraction is that which becomes ^ if 3 be add d to its 
numerator, and f if 5 be subtracted from its denominator I 

10 A fraction becomes 1 if 1 be added to the numerator, but if 1 
be subtracted from the numerator and 2 added to the denominator, 
it becomes f What is the fraction ' 

11 A fraction is equal to i , and if 5 be added to its numerator, 
it becomes f Bind the fraction 

12 A certain fraction is equal to 3 If 10 be subtracted from the 
numerator and 6 added to the denominator, the resnltwg fraction is 
4 What is the fraction ? 

13 If the numerator of a friction be increased by 1 and the 
denominator diminished by 1, the result is 1 If the numeratoi 
be increased by the denominator and the denominator diminished 
bv the numerator, the result is 4 Find the fraction. 

14 If the denominator of a fraction be multiplied by 2, it 
reduces to S , but if If be subtiacted from the numerator, it becomes 
f , what is the fraction ? 

15 If 1 be subtracted from the numerator of a fraction, it be- 
comes f , but if the numerator be multiplied by 2 and the denonn 
nator diminished bj 4, it reduces to } Determine the fraction 

10 The sum of the numerator and denominator of a proper 
fraction, divided by their difference is , what is that fraction > 

Ex 3 A farmer bouqht 00 oxen and l't sheep for Its and 
2 1 oxen and 18 sheep for Bs 504 What is the price of each ? 

Let x = price of each ox, m rupees, 

and y— sheep, 

30x+19y=597 ( 1 ), 

and 25je + 18y= r >04 ( 11 ) 
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Solving (1) and (»), we lnvo 
r=18 and y=3 

Thu- tlie price of each ox is 18 rupees ami that of each sheep i- 
3 rupees! 

Ex. 4 Fifteen boxi* mid s' triml* mil exactly fill a room , b u 
i* tit room icert. to be half ut fariji a-iam a* it if, then JO boxi s and 
Hi t “ n't i i ’•avid be nr <v#»«ry to dll <f up If on- many of each mil 
■>ep irni t>f fill the room ? 

Let V = content of the loom 

. , each box, 

y~ trm k. 

Hence by the first condition, 

15jr-*-8y» 1" . (i) , 

ami b\ the second condition 

ato+Myjr (u) 

Dmdo(u)b) (i) , thus 

2ft* + 11* $r n 
Ifcf+ty"" f “ B ’ 

f . hence x « *y (in), V=Jt (tv) 

From (i) and (xv), r«15.c+8x r x -- 2'tx, te 25 boxes will fill 
tin. room 

From (i) and (m), r«-l*iy 4y+8y* 20y, if, 20 trunks will fill 
tlm loom 


Examples LX. (Continued) 

17 If 21 oranges and 15 apples together cost He 1 13a , and 12 
mango and 1G apples togcthei cost Re I 8a , what is the nnci 
of rach ’ 

18 Eighteen sheep and 12 lamb- co^t R-, 378, and 15 sheep 
mrl 1G lambs coat It* ,3S4 So Find the cost of each 

19 If 1G ducks and 5 geese cost as much as 11 duck- and 
7 t,.*ese at the same rate, find how mans geese are worth 20 dueke 

20 >omc smugglers di-eoxcred a cave, which would exact Is 
hold the cargo of their boat, viz., 13 hales of cotton and 33 rasks of 
rum , while unloading, a custom-house cutter came m sight, 
emi-eqnentl} they Bailed away with 6 of the hales and 9 of the casks, 
having the cave two-thirds full Hon mam hales or casks would 
it hold ' 

21 Then, arc 105 coins, each of winch is either a flonn or a 
lulferown and their total value is £11 How mans coins of 
each V md are there ? 
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EX. 6 A grocer bought for £S tiro hinds of tea , the one at ft, 
and the other at St J)d a lb , after mixing them , he told them at J f t 
a lb and thus gained 10 per cent How many lb • of each did 
lie bug * j. 

Let x = required number of lbs of tea at 4s , 

and y = at 3? 4 d 

Then ix+ *£y = £8=160? , 
and (ac+^)4= selling pnce= x 160s =176s 
By solving these we have t=30 and y = 24 
Thus the grocer bought 30 lbs at 4s and 24 lbs at 3s 4d 


EX. 6 A fruiterer bought for Rs 4 oranges at S an anna and 
guavas at r > an anna He told $ of his oranges and £ of his gua%as 
for Rs ,1 fa , thus gaining 1 anna Iloie many of each did he buy r 

Let r= number of oranges he bought, 

and y = guavas 


Then ~ annas is the cost of the oranges and \ annas is the cost 
3 D 

of the guavas , and by the first condition of the problem, these two 
costs are equal to 64 annas 


x a.V rs 

2 + r 64 


0 ) 


A gam the cost of ?-*=V annas =- annas, and the cost of §g— 


_5f # V 

annas =g annas , and by the second condition of thepioblem, these 
two costs are equal to 51 annas 


1 + 2=51 

4 6 


(«) 


Solving (i) and (n), we get a? =84 and y=180 
Thus the man bought 84 oianges and 180 guavas 


EX. 7. A rectangular bowling-green having been measured, it 
teas observed that, if it met e ,7 feet broader and 4 feet longer, it 
icould contain 110 square feet more , but if it were Jf faet broadei 
and Tfeet longer, if mould contain 110 square feet more Required 
its area ^ 

Let t =its length, m feet, 

and y = its breadth, , 

«y=it8 area, in square feet 
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Bv the conditions of tlie problem, therefore, 

(x + 4)(y +5)= ey •{• 116 , 

(x+5)(y+4)=xy+113 , 

solving 'which, we get s—\2 and y*= 9 Therefore the required area 
=(12x9)sq feet =10 3 sq ft 

Examples LX. (Goniinved) 

22 Two purses together contain Rs 1200 and one of them 
■contains JRs 134 more than the other How man) rupees are there 
m each purse ' 

23 Emd 2 numbers such that if 5 times the greater he added to 
4 times the le=s the sum is 351 , and if their difference be multiplied 
b) 4S the product is 432 

24 Divide 300 into 3 parts such that -J- of the first, £ of the 
■second and l of the third shall all he equal to one another 

25 A father being asked by hi:, son how old he was, replied — 
"When we were 7 years younger, I was 4 times as old as ) on , and 
if we both live till we are 7 jeaTS older, I shall be twice as old as 
you. What was the age of each ? 

2B A man has two sons whose ages differ b) 2 years Ten 
years ago the combined ages of the sons were ^ of their father’s age , 
and 8 years hence the father will be twice as old as the elder son. 
Rind the present age of each 

27 A person had two casks, the larger of which he filled with 
ale and the smaller with cider Ale being half a crown, and cider 
11 k per gallon, lie paid £8 6? But if he had filled the lai ger with 
cider ana the smaller with ale, he would have paid £11 5s G d 
How man) gallons did each hold f 

28 A man spends 4 annas m oranges and 7 annas m apples and 
the number be gets of both together is 52 If he spends 6 annas m 
oranges and 8 annas m apples, he will have 4 more oranges than 
apples How many of each does he bn) for an anna ' 

29 A person spent 12 j Id < in. buying apples at 3 foi 2c? and 
oranges at 9 d per dozen Had he bought the same number of 
apples as he bought of oranges and the same number of oranges as 
he bought of apples, he would have spent Id less Find the 
number of apples and oranges he bought 

30 A dealer bought for Rs 105 sheep at 4 a sovereign and 
lambs at 9 a sovereign , and sold £ of the sheep and $ of the lambs 
Jfor Rs 85, thus gaming Rs 5 by the transaction. How many of 

each did he bu) ? 

31 Says A to B — If you give me 10 guineas of ) our money, I 
shall then have twice as much as ) on will have left But s<t) s B to 
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*1 — Give me 10 of your guineas, and then I shall have 3 times as 
many as y ou How many had each f 

32 A bill of £26 6s was paid with half-guineas and crowns, 
and twice the number of half-guineas exceeded three times the 
number of crowns by 17 How many were there of each 2 

33 A bag contains shillings and half clowns of the value of £8 
A thud of the shillings are taken out and replaced by half crowns, 
when it was found that the coins m the bag amount to £9 10s 
How many shillings were there m the bag at first l 

34 The area of a room would be increased by 60 sq ft , if each 
of the sides were 2 ft longer , but if the bieadtli were 1 ft longer 
and the length 4 ft shorter, the area would be diminished by 36 sq 
ft Find the sides of the room 

35 In a mixture of wine and watei, the wine was 7 gals more- 
than l of the mixture and the water was 10 gals less than ft of the 
mixture How many gallons of each were there > 

36 When A was as old as £ is now, he was twice as old as £ 
was then Their united ages, are at present 60 years How old 
ire they 1 

105 Problems relating to Digits The symbols 0, 1,2, 

3, 4, 5, 6, 7, 8 and 9 are called digits Every digit when used, 
alone expresses so many units and the number of units denoted is 
called its absolute value In Arithmetic any number is expressed 
by means of these digits by placing them side by side m a row, 
with this convention that each digit acqires a tenfold value as it 
moves one place to the left, the place of the units’ digit being to 
the extreme right Thus each digit of a number has two values — 
an absolute value and a local value which is due to its place in the 
row Thus 6 denotes 6 units m 456, 6 tens m 465 and 6 hundreds 
m 645 

In Algebra however there is no such convention to express a 
number, and therefore every digit in Algebia has only an abso vte 
value 

Thu6 38 is represented algebraically by 30+8, and therefore by 
10x+y, if x=3 and y= 8 Similarh lE v=5 andy=4, 54 is represent 
ed bv 10 x+y , and bo on 

Hence the symbolical representation of a number of two digits 
is 10re + &, where a represents the tens’ digit and b the units’ digit 

Again 567 is expressed algebraicalh; by 500+60+7, and therefore 
by 100« + 106+c, if « = 5, b=6 and c=7 

Hence the symbolical representation of a number of three digits 
is lOOx+lOy+s, if x denote the hundieds’ digit, y the tens’ digit and > 
z the units’ digit The sum of the digits of this number is of course 
x+y+z And so on 
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We have seen that 38 is represented by lOx+y, -where x =3 and 
y—S If the digits are reversed we get 83 which is symbolically 
expressed bi lOy+x , the sum of the digits of eifchei number being 
x-ry 

If the student bear in mind that in Algebra a dtgit has only an 
absolute lahie he will have no difficulty in solving problems on 
digit* For if x—4 and 5, 41 is represented in Algebra by 
lO-e-Ly and never b} xy (which has quite a different meaning) We 
now proceed to illustrate the above remarks 

Ex 1 A number, connoting of two digit*, is equal to Jf. hm^s the 
wm of the digits, and if IS be added to the number the digits mil be 
inverted Find the number 

Let j?— the tens* digit, 
and y=the units’ digit 

Thus 10x+y=the Teqtured number, 
md 10y+*=the number formed by the inverted digits 

Also x+y= the sum of the digits. 

1-3 the first condition, I0x+y-=4(x+y) ; 

and b} the second condition 10r+y+18 = 10y+j: 

Hence from these two equations, we find the two variables v-Z 
and y =4 Thus the required number is 24 

Ex. 2 Find a number such that if it 1 * dmd’d by the sum of 
it* digit*, the result^ is 6 , but if {. times the reciprocal of (ho unit*’ 
mgit be subtracted from 10 times the reciprocal of the tens’ digit, the 
dmerence is 1 

Let x=the tens’ digit, 


and y=the units’ digit 

Thus 1 Or +y= required number, 
and ''*+y=tke sum of its digits 


By the first condition, - =G 

x+y 

(i)> 

md by the second condition, — — - = 1 

x y 

(n) 

From (i), 10* +y=G*+ Gy, or 

from (a) and (m), - — whence x=5 

— «F X 

And from (m), y=4 

Thus the required numbei is 54 

( 111 ) 
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Examples LXT 

1 A number of two dibits is such that the difference between 
the digits is 3, and the sum of the number and the nnmbei formed 
by inverting the digits is 143 Find the number 

2 A number consists of 2 digits and is such that if 18 be sub- 
tracted from itj the digits will be inverted , if the sura of the digits 
is 16, find the number 

3 A number of two digits is equal to 6 times the sum of the 
digits, and if 9 be subtracted from the number, the digits will be 
Teveioed What is the num ber i 

4 In a number of 2 digits, the difference of the digits is 4 , and 
if 1 be subtracted from the units' digit winch is the greater of the 
two, the new number will be 12 times the diffeience between its 
own digits Required the number 

5 A cei tain number consisting of 2 digits becomes 110 when 
the number obtained by reversing the digits is added to it also the 
•first numbei exceeds unit} by 5 times the excess of the second 
number over unify What is the number ? 

6 A number consists of 2 digits, whereof the units' digit is 
greater than the other if the number be divided by the sum of its 
digits, the quotient is 4 , but if the digits be inverted and the num- 
ber thus formed divided by a number greater by 2 than the differ 
ence of the digits, the quotient is 14 Find the number 

7 A number of 2 digits is multiplied by 4, and the product is 
less by 3 than the number formed by inverting its digits , if it be 
multiplied by 5, the tens' digit in the product is gieater bi 1 and the 
units’ digit less by 2, than the units' digit in the original numbei 
Find the number 

8 A number consists of two digits When the number n> 
divided by the sum of the digits, the quotient is 7 , and the -smn 
of the reciprocals of the digits is 9 times the reciprocal of the product 
of the digits Find the number 

9 A number is such that if you add 5 to the tens’ digit and 
subtraot 5 from the units’ digit, the digits will be leversed, but if 
you subtract 5 from the units' digit onlj , the number will be 3 times 
the sum of the digits What is the number 1 

10 A certain number consisting of 2 digits is multiplied bj 4 
and the tens’ digit of the product is one less and the units’ digit one 
more than the units’ digit in the original number , if it be multiplied 
by 5, the product is one less than the number formed by reversing 
the order of the digits of the formei product Find the number 

11 A number has 3 digits, the sum of which is 10 , the first and 
third together exceed the second by 4, and the first and second to 
.gether exceed the third by 8 Find the numbei 
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CHAPTER XI 
GRAPHS 
Introduction 

106 Axes, Co-ordinates 
straight lines, intersecting at 
right angles in 0 The} are 
usuallj drawn horizontally and 
vertically as shewn m the 
diagram, and are considered as 
lines of reference. 

The position of any point 
in theii plane will he deter- 
mined if its distances from 
these lines are known For 
example, if P be a point such 
that it 3 di-tance from YOY is 
3 units and that from XOX is 4 
units, we find P by measuring 
OX—Z units along OX and OM * l S 1 

=4 units along OF and drawing 

the parallels XP, MP \ whose point of intersection will be the 
point P, for PM (distance of P from OY)—OX= 3 units and PX 
(distance of P from OX)— OX =4 units 

The lines XOX and TOY are called the axes of co-ordinates 
or bnefiy the axes, XOX' being the axis of x and YOY' the axis 
of y f he point 0, where the axes intersect, i» called the origin 

The axes divide the plane of the paper into fouj compartments, 
Called quadrants, XOY being the prtt quadrant, FOX' the second, 
XOY the third and Y OX the fovrth 

The distance of P from 1 OY measured along the axi « of X (as OX 
here), is called the abscissa of P , and that from XOX mean/red 
along a perpendicular to OX (as JfP here), is called the ordinate 
of P, and the abscissa and the ordinate together are called the co- 
ordinates of P 

If symbols are used, the abscissa of a point is always denoted b} x 
and the ordinate by y Thus the abscissa is often called the x, and 
the ordinate the y, of a point , thus here the x of P is 3 and they 
of P is 4 

A point whose co-ordinates are a and b is brief!} called <r the point 
(«, 5)’, f-o also P is the point (3, 4) 


Let XOX and TOY' be two fixed. 


M 

Y 

1 

I 

l 

P 

i 

X' 

0 N X 

Y f 
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Note Observe that the v of a point is always put first and then itsji 
Hence the point P cannot be denoted by (4, 3), but always by (3, 4) 

SOT Signs of co ordinates 
means of its co-ordinates the 
point P has been fonnd But 
' to find P uniquely mere magni- 
tudes of the co ordinates are not 
sufficient For by measuring 
ON =3 and 0M=4. [Fig 2] on 
either side of the origin and 
drawing parallels, we might ob 
tain the four points P, Q, R and 
vS, the co ordinates of each of 
which are 3 and 4 


To be unique, each of the 
points P, Q, /f, and S requires 
to have separate co-ordinates 
Hence the co-ordinates of each 
are distinguished by the use of the 
positive and negative signs 

It la agreed that distances measured from 0 m the dnection of 
ON, 1 a, to the right, are positive and those measriied m the direc- 
tion of OX' le, to the left, are negative Also distances measured 
from 0 towards 0Y } i e , upwards, are positive, while those measiued 
towards 01' ie, downwards are negative 

Hence Pis the point (+3, +4), Q is the point (-3, +4), Pis the 
point (—3, —4), and S is the point ( +3, — 4) "We need not howevei 
put the + sign before a co ordinate , thus S is the point (3, — 4) 

The following table gives the signs of the co-ordinates in the 
several quadrants 


We have seen above how by 



I 

31 

III 

IV 

+, + 

+ 

5 

+> “ 


Aud conversely, the signs of the co ordinates indicate the quadrant 
in which a point is 

Note Observe that all oidmales above the r axis are positive and a 7 / 
ielow are negative , and all abscissae to the right of the y axis are posit 1 >e 
and all to the left are negative, 
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PLOTTING OP POINTS 


10S Points m the four 
quadrants TVe have seen 
'[Art 106] how b> dialing 
parallels -we can determine a 
point 'whose co-ordinates are 
given 

In practice, however, the 
point P is conveniently found 
thus — Measure 3 units along 
OX and then 4 units upwards 
along a perpendicular to OX , 
we thus come to the point P 
(3, 4) P is m the first qua- 
drant r 

Similaih other points are 
found 

To find the point (—4, 2) 

The point is in the second 
quadrant Measure 4 units to 
the left along OX and then 2 units upward*, along a perpendiculai 
to OX Thus Q is the point (-4, 2) 

To find the point (-5, —5) 

The point is m the third quadrant - Take 5 units to the left and 
then 5 units downwards along a peipendicular to the OX Thu? R i~ 
the point (—5, -3) 

To find the point (4, —3) 

The point is va the fourth quadiant. Measure 4 units to the rvjhl 
and then 3 units downicardt, along a perpendicular to OX Thu- 
is the point (4, —3) 

Definition To plot a point is to mark its position by mean- 
of its co-ordinates 

To plot points (and indeed to do all graphical work), squared 
paper* is verv convenient, and the student should always use it 
for this purpose 


n(-,+) 

Q 

. 1 . 


Y 


!(+,+) 

p 


X' 


R 




x 


Y' W(+r> 


Fig 3 


109 Special Points Prom Fig 1, it i«» seen that the point 
X, being on the x-axis, has no ordinate and the point 21 being on 
the y-axis has no a bsussu Thus the co-ordinates of X are 3 and 

* "Squared paper ’ can now be had of all book sellers and stationers 
In using it, slightly thicken two intersecting lines and take them for tne 
axes A beginner is recommended to use a tenth inch squared paper 
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0, and those of J / are 0 and 4 Hence every point whose y 
(ordinate) is 0 lies on the x-axis , and every point whose 
s (abscissa) is 0, lies on the y-axis 
The origin, being the point of intersection of the as-e 1 *, lies on 
both the axes , theiefore its co-ordinates are *=0 and y=0, that is, 
the origin is the point (0, 0) 

Examples LXII 

1 Assuming the side of a square to be the unit, name the point 
from the diagram [Fig 4] whose co ordinates are 


(«) 

(5, 4) 

(b) 

(8, 10) 

(c) 

(4,-6) 


(d) 

(- 

7, 

-3) 

(e) 

(-3, 8) 

if) 

(7, -7) 

(9) 

(6, 11) 


(*> 

(- 

-8. 

i —13) 

0) 

(-5, -7) 

(J) 

(6, -14) 

(L) 

(-6, - 

6) 

(0 

(- 

4, 

4) 

(m) 

(8,8) 

(n) 

(-9, 12) 

(P) 

(-10, - 

-14) 

(9) 

(5, 

- 

9) 

«r) 

(-1,13) 

(») 

(3, 9) 

( t ) 

(9, -3) 


O') 

(" 

8, 

7) 



Fig 4 
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Fx. 1 Plot the pointf 
(i) (2, 5), (u) (-3,1 4), 
fm) (-6, -3) and >(iv) 
(8, -7) 

Take the side of a 
sqnaie as the unit of 
length 


.As m Art 108, -we at 
once see that the pts 
are (i) A, (u) B , (in) C 
and (iv) D [Fig G] 

Ex. 2 Plot the pt * 
(4,0), (-3, 0), (0, -5) 
and (0, 6) 


Take the side of a 
square as the unit of 
length 

Thus the pts are E, F, 
G and H respective!) 


Fig. 5 
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T. TTt l (Continued ) 


Examples 

3 Plot the following points and name the quadrant m which 
rp oh is 

(4, -5) (c) (-4, -5) 

(-3,7) (/) (3,-7) 

(-3,-7) (i) (0,0) 

(5,0) ( l ) (0,-6) 

(0, -4K (p) (-5,0) 

(3,-$) (0 (-1,-1) 

(5*. -2) (v) (~2i,2) 


(4,5) 

(-4, 5) 

(3, 7) 

( 0 , 6 ) 

(5i 6) 

(-4, -8). 


( 0 , 2 ) 


(5) 

(<0 

W 

(O 

( 71 ) 

(r) 

(«) 


(«) 

W) 

07 ) 

(7) 

(»i) 

(?) 

(0 

Ex. 3 Plot the points P (8, 5) and Q (6, 
the figure the co-ordinates of the point 31 
which is on PQ Measure IIP, JfQ , tliey 
are equal What do you notice about the 
co-onlinates of M 1 

M is the mid point of PQ (Fig 7) Its 
coordinates are 7 and 8 

The abscissa 7=^ (8+6) 

The ordinate 8=*(5 + 11) 

Note Observe that the abscissa of the 
i, id pout' of a line joining two points is 
half the sum of tie abscissa: and int ordi - 
note is half the sum of the oidwatcs of the 
guen points 


31), and read off from 


SL 


w- 






Fig 


Examples LXII (Continued ) 


4 Plot the following purs of points and find the co-ordinates 
of the middle points of their joining lines 

(«) (3, 5) and (7, 9) (b) (-4, 10) and (-8, 6) 

(c) (—5, — 12) and (-9, -8) (d) (8, -11) and (10, -7) 

(c) (6, 6) and (-6, -6) (/) (3, -4) and (-3, 4) 

((f) (4, 6) and (-4,2) (h) ( - 5, 8) and ( - 7, - 6) 

(0 (-7, -8) and (5, -4) (j) (8, 7) and (4, -II) 

5 Taku 10 sides of a square (t e , an inch) as the unit and plot 

the points r 

(a) (4 3,-4 2) (b) (5 5,0) 

, (<•) (5 0,-0 7) ■ (c l) (-18,-3 5) 

(e) (0 2, -6-0) (/) (-3 1,-0 4) 
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Ex 4. Plot the point (6, S), and find its distance from the 
origin (i) by measurement and (n) by calculation 

It is easj\to see [Fig 6] that P is the pt (6, 8) 

’ Let the side of a square be taken as the unit 

(i) To find OP by measurement 

With centre 0 and radius OP, draw an aic of a circle cutting OJt 
in R 

Then OP— OR— 10 units 

(n) To find OP by calculation 

Dra/w PQ perp to OX Thus from the right-angled A OPQ , we 
nave OP 3 = PQ (i) 2 + 0<2 a =8 2 +6»= 100 , 

OP— 10 units 


Eote From this example, it is evident that d, the distance of a pt 
P (x, y) from the origin, is given by the equation d 3 =X 2 +y s 


' Ex 6 Plot the points (o, 4), (— 3, 10) and (—10, —4), and 
find the length*, of Ahc sides of the triangle formed by joining them 
(i) by measurement and (u) by calculation 

From Fig 8, 1 we see that A is the point (5, 4), B is (-3, 10) and 
G is (-10, -4) 

To find AB, AC and 
BC , the unit being the 
side of a square 

(i) By measure- 
ment 

"With centre A and 
radius AB, draw an arc 
cutting the horizontal 
through A at D Thus 
AB— AD =*10 units 

With centre A and 
radius AG, draw an arc 
cutting the horizontal 
through A at F Thus 
'AC=AF=17 unit' 

With centre P-ahd 
ladius BO, draw an arc 
cutting the vertical through B at E Thus BG—BE—\§*1 units 
nearly 
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(ii) By calculation 

Through A, diaw A P paiallel to XX, meeting the ordinate of B in P~ 

Thiongh C ,, draw CQH parillel to XX, meeting the ouluiate of B 
m Q and that 'of A in It 

Thus APB, ARC and BQC are right-angled As 

AP=8, BP=G, AR=8 CR=15,CQ='< and BQ = 11 

Hence AB 3 =AP"+BP‘=S :1 + G’=100, AB=10 

AC*=AR*+C R S =S 3 +15"=28<) , AC =17. 

BC 3 =CQ"+BQ* =7=+14 3 = 245, BC= 15 7 neai h 

Examples LXII.. (Continued ) 

8 Plot the following pans of points and find, by measurement oi 
otherwise, the distant. e between eieh pair 

(a) (G, 0) and (0 S) , (b) 0) and (0, - 12) , 

(i a ) ( 8 , 0) and ( 0 , - 15) , (d) ( 8 , 10) and (5, G ) , 

(c) ( 0 , 0 ) and (- 8 , «) , ( f) ( 0 , 0 ) and (- 12 , - 0 ) , 

’ (9) (-5, -3) and (- 10, - 15) , (/.) (2, 5) and (10,-10) , 

(t) (-4, 3) and (-13, -9) , (7, -0) and (-5, - 10) 

7 Plot the point (12, - 1G) and find its distance from the ongui 

8 Plot the point- (17, -20) and (—7,24), and “lien that the) 
are equidistant from the origin Tind the distance 

9 Plot the following pan® of points (a) (5, 0), (0, G) , (b) (G, 0), 
(0, 5) , (c) (0, 0), (5 6 ) , and 'lien that the distance between each pair 
is the same 

10 Plot the point (— G, —5), and find In counting -q iiaio-i, 
the area of the leitanglt fomied by the perpendu ulais driwnfrom 
it to the axes 

11 Plot the point' ("), 8 ), (-7, -1), (5, -4) and (-7, 8 ), ana 
determine, by counting 'quarts, the aiea of the rectangle rorined 
bs the hues that join them 

12 Taking the side of i squaie to be the unit of length, plot the 
points (-5,5), (4 5), (-5 - 1) and (4,-4) Pind the area of the 
lectaugle formed b\ them In counting the units of uica it contain® 

13 Plot (he point® (0, 0), (7, 0) and (7, 10), and find, by counting 
squares, the area of the tuangle formed by joining thorn 

Note In counting squares, count as one a square which appears to he 
- ote than half, and as o a square which appears to be less than half The 
■ square which appears to be half is taken as half 


x i e sauarcs of “squared paper ’ that you will u=e 
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14 Hot the points (G, 2), (-4, -2) and (-4, -12), and deter- 
mine, b\ counting square^, the aTea of the triangle whose i ertioe~> 
the% are, 

15 Draw the triangle whose vertices are 02, 0) (0, 0) and (7, t), 
and find its area <i) b) counting squares and (u) h) calculation 
•shew that the triangle whose vertices aie 0), (0, 0) and (—3, b) 
is of equal area Prove this also geometrical!} 

16 Find the perimeter of the fcnangte formed bv joining the 
points (0, 6), (S, 0) and (0, — 15) 

17 Find the perimeter pf the triangle who-e vertices aie (5, Pi), 
{10 3)and(— 3, —5) 

18 Plot the senes of punts 

(0, 6), (- f, 0), (-7, 6), (3, G) and (8, G] 

and shew evpenmentall} that the) all lie on e line jnrallel to tht, 
jr-avis 

18 Plot the senes of points 

(-4, -1), (-4, 0), (-4. 3), {— 4, —2), (-4, -4) and (-4, *.) 

and shew experiment ill) that the% all he o.' r. line parallel to tin, 
* -axis 

20 Plot the points (7, - 10) and (—3, 6), and shew expenmental- 
]) that the) he on a straight line through the origin Name from 
*onr diagram the co-ordinates of some other point on the line 

21 Plot the points (1, — 3) and (4, 3), and shea that the line 
through them passes through the point (0 - 7) 

22 Taking the same unit and the tame axes, plot the point 

f3 13), 11), and ( — 1, 1), (—3, —5), and shew that the lints 

joining them pass through the point {0, 4 ) 

23 Plot the point-, (1, 2) and (3, G) , join them and produce the 
straight line ^hew that- it passes through the ongm, and read erff 
from the diagram on squared paper, tb> ordinate of the point on tin 
line whose abscissa is 1, and the abscissa of the point whose ordm itv 
> - 10 , 

24 Plot the points (4, 3), (7, 7) and (I, — 3) , and shew expeu- 
mentall) that the) all lie on a straight line Name the abstis- - 
of the points on this line who-,e ordmat 3 * are 7 and —5, and the 
ordinates of the points whose absciss n are 2 and 3 

27 Plot the points (2, 10), ( — S, - 10) and (—3,0), and shew by 
ruling a line through an) tuo that the third point lies on this line 
"Write down the co-ordinates of one or two other points on this line 

26 Find the values of y from the equation y=Zx+~i, when x 
hab the values 0, 4, —2 and —3 Plot the points whose coordinates 
are each pair of a alues of x and y Mark that the) all he on n 
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straight line [It will he shewn hereafter that every equation of 
this form has for its graph a stiaight line See Art 119] , 

27 Plot the points ( - 8, 15), (0, — 17), (8, 15), (- 17, 0), (— 8, — 15), 
(8, - 15) and 10, 17), and shew that they all he on the circumference 
of a circle whose centre is 0 Find the radius of this circle 


LINEAR GRAPHS 

110 Function A quantity which has not alwajs the same 
value is called a variable Thus the population of a town, 
the rainfall in a district, the height of the barometer, &c are 
variables 

A quantity which alwaas letams the same value is called a con- ' 
stant Thus the length of a mile, the number of annas m a rupee, 
the ratio of the circumference of a circle to its diameter, &c are 
constants 

An expression which involves x and whose value depends on that 
of * is called a function of as Thus X s is a function of x, for 
will have different values for different values of x Thusaf *=2, 
^=8, if x=3, x 3 — 27, &c Similarly s fx, mx, 2z+3, v^+px+q, &c 
-re functions of v 

The notatiou f(x) is used to represent a function of a? If necessarv 
other letter^, may be used instead of f, thus F(x), </> (x), &c , denote 
functions of * 

If x is a variable, then f(x) is also a variable quantit} Hence 
if y be the value of a function of x, then in the equation 

tne two variables x and y are so related that am change made m 
the value of x will produce a conespoudiug change m the value of y 
For this reason, x is called the independent variable and y 
the dependent variable 

In the functions mx and x 2 +px+q, the quantities m, p and q aie 
constants if they are supposed to retain the same values while x 
cnanges from one value to another 


111 Graphic Representation of a Function Iaetj\x) be 
such that corresponding to the values 1, 2, 3, 4 and 5 of x, it ha= 
respectively the values 1, 1$, 2^, 4 and G 

Maik off 0^=1, 0/7 2 =2, 0,73=8, 0J7 4 =4, 0/7,= 6 , and ' 

draw the perpendicular* -TiP„ i7,P 2) JA ,7 4 P 4 , and J' 6 P, Join . 
the points P 2i P a ? a free-hand curve This -curve theiefoie 
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represents /(*), because for an} value of x, say OiV^— 4, the corre- 
sponding value of the function fix), repi evented by JH^P * , is 4 



We thus see generally that to eier>/ point W on the axis of x, theie 
correspond* a point P along a perpendicular at If And all the points 
P when plotted will be seen to be on a line, straight or curved This 
line is called the graph, of the function fix) or the graph of 
the equation y —fix) Thus the giaph of any function fix) 
is the same as the graph of the equation y —f (x) 

Hence to plot the gragh of a function, say fix), we give to or a 
senes of values represented by absci-sai and find as many values of 
f(y) represented by corresponding ordinates Each pair of these 
values will give the co-ordinates of a point on the graph Plot these 
points, join them by a line drawn free-hand, and the graph required 
is found Thus to find the graph of 2x Denote its value ty y, so 
that y =2# 

How when *=0, 1, 2, 3, 7, , - 1, -2, -4, -S, 

we have y=0, 2, 4, 6, 14, , -2, —4, —8, —16, . 

Thus we get the series of points (0, 0), (1, 2), (3, 6), (-2,-4), 
which being joined will give the giaph required [See Art 118] 
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T .2 

Mace {i graph shews to the os e the nahiio of the relation between 
two connect*- 1 umtiK, we base the following 

JirpMtiov A graph is a line drawn on a diagram so as to cvhihit 
to the eve the nature of the relation existing between two connected 
vai table- 


113 '1 he graphical method of iepiesen ting .a function, in which 

■we denote tli different values of a satiable x bv nbicissa: and the 
-(iseral *alues of its function bs the corresponding ordinal ) «, is very 
important Its advantage is that it enables us to see at a glance the 
value of a fi action, lepre-entej bv the ordinate, con expanding to a 
jnrticiilar value of the variable , and t ict, viraa 

suppose OJ — 4^ and AB-4] Let f^x)—y Thus when z—OA~A{, 
j(z) or y, represented bv AB, is 1J , that is, the ordinate AB icpre 
sonts the value of /( x) or y, corresponding to the value 4^ of x 


Examples LXIII 

1 md the values of y < orrespondmg to the values -4, -3, -2, -1, 
Ji 2 j 3 4 of x, and plot the points given bv each pair of value- 

li lint do von notice about the points I 

1 V * r »x + 3 2 y+x=4 3 y+2r = "> 

4 v — 3y -1 5 2x-4y + 3=0 6 

^ 4 

Find the integral values, between - IS and +15. of -r and v that 
will s.atibf> the equations 

7 8 2v + Sy = 3 9 3,y = ~ l -3 


113 Tin graph of iht\cqwitxo i c — O 

The equation x=0 indicates that the abscissa of every point on the 

jp'iHoS lh ,° » but °' cr > P™nt whose abscissa is 0 lies on 'he 
7 axi« J.J rt lu9j , thus the required graph is the axis of y 

Ifence tlio graph of the equation t ;=0 is the axis of// 


Otherwise — Since rhere u no y m the equation x= 0 , v nm 

0 1 ) ?0 1 'n a t e '° r n ? ie ordinates Of the pts (0,0), 

Selim f C , a " at !' f >’ fc,,e edition x=0 When plotted, 

Uie-o pts will lie seen to lie on the a\i B of y 1 
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114 The groph of the egmtiov y=0 

The equation y=0 indicates that tlie ordinate of ever} poiufc on the 
graph is 0 , but every point whose ordinate is 0 lies on the axis of x 
{Art 109] , thus the graph required is the jr-axis 

Hence the graph, of the equation »/=0 is the axis of x 


115 Thegiojeh of the rqwtion oa=a 

For the sake of simplicity we first draw the gTapb of ar=4 


Take the side of a square to re- 
present the unit 

The equation x=4 indicates 
that every pt on the required 
graph is at a distance of 4 units 
from the axis of y 

Also as there is no y in the 
given equation y may have [Fig 10} 
any value whate ,er Thus the co- 
ordinates of the pts P (i. 6), 
Q (4, 3}, W (4, 0 ), 11(4,- 3), -S' (4, - 7}, 
all satisfy the equation x=4 
When plotted all these pts will 
be seen to he on the line which 
is parallel to the axis ot y and is 
at a distance of 4 units from it 
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Fig 10 


Similarly the graph of x= — 3 will be the st line through 
parallel to the axis of y and at a distance of —3 units from it. 

Honce generally tbe graph, of the equation x—a is a line 
parallel to the axis of ?/ and at a constant distance of o units 
from it, where u is any number, positu e or negative 


1I<J The qruph of tin, equation y—l). 

For the sake of simplicity we first draw the graph of y—G 

Take the side of a square as the unit 

The equation y—G indicates that every point on the required 
graph is at a distance of 6 units from the x axis 

Also as » does not occur in the equation y— 6, x may have any 
value whatever Thus [Fig 10] the co-ordinates of tbe points 
-P (4, 6}, if (0, 0), all sati-fy the equation y—G When plotted 
these points will be^ teen to lie on the line PM which is parallel 
to the axis of x and is at a distance of 6 units from it 

Similarly the graph of y= — 4 is a stiaight hue parallel to the axis 
of x and is at a distance of —4 units from it. 
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Hence generally the graph of the equation y=b is a 
straight line parallel to the axis of x and at a constant 
distance of b units from it, where b is any number, positive or 
negative 

Note When a= o, the graph coincides with Ihe y axis , hence the 
g>vph of r=o u the axis of y 

When b— o, the graph coincides 'with the r-axis , hence the gtaph of y=o 
is the a xis of x 


Examples LZIV 

1 Plot the graphs of r = 3, x=4, x=%, x= -2, x — -4 and 
•*=-$ 

Shew that two of the graphs are equidistant from the axis of y 

2 Plot the graphs of y — % y= 3, y= f, y—~ 5, y= -0 and 

,/=_J 

Shew that two of the graphs are equidistant fiom the axis of x 

3 Plot the graphs of x=5, y=8, x=—6 and?/ = — 12, and find 
the area of the rectangle foimed by them AUo find the area of the 
rectangle formed by them with the axes in each of the quadrants 
[Take a square as the unit of area ] 

117 To plot the graph of ?/=a? 

Take the side of a square 
to denote the unit. 

Since y—x, the ordinate of 
' ever} point on the graph is 
equal to its abscissa , also 
y— 0, when x=0 Hence 
(0, 0), (1, 1), (4, 4) 

(—2, -2), (-6, -6), are 
points on the graph Plot 
them and join them point to 
point and we get the straight 
line OP 

Further the co-ordinates 
of any point P on the hue, 
which are seen to be 7 and 7, 
satisfy y—x 

Also 4 and 6 do not satisfy 
y—x , the point (4 f 6) 
lies outside the line 



Fig 11 
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Hence the graph of the aquation y=x is the straight line OP of 
vnhmited length passing through the origin and lying m the first and 
third quadrants 

Note Similarly the graph oiy= -x will be seen to be the straight line 
OF through the origin, and lying in the second and fourth quadrants 

Remark. In shewing that- a line is a graph of an equation, shew that 
(i) every point whose co-ordinates satisfy the given equation lies on the line , 
(u) the co-ordinates of every point on the lute satisfy the given equation , and 
(111) a point whose co ordtnales do not satisfy the equation lies outside the 

line 

\ 

118 To plot the graph of y=2jc 
Tabulate the values of x aud y 


Values of x 

K 

\ 

Values of y 


0 

1 

2 

3 

I - 1 


-4 


0 

2 


6 


-2 

-4 

-8 



Take the side of a square for the unit 


Thus (0,0), (1,2), (3, 6), (-2,-4', 

are pts on the required graph 
Plot them and 30m them pomt to 
point, and we have the line (1) as the 
required graph 

Lot P he any point on this 
graph , its co-ordinates 5 and 10 
satisfy the equation y— %x 

Farther 3 and 4 do not satisfy 
y=2» , the pt (3,4) lies outside 
the graph 

Thus the giaph of y=2x is the 
straight line (1) ir/nch pavse* 
through the origin and is of unlimit- 
ed length 

Note 1 Similarly the graph of 
y= ~zx will be seen to be a straight 
line passing thxough the origin 



Note 2 Hence generally the graph of the equation y-moa is. 
a straight line passing through the origin where m is any number, 
positive or negative Also when m is positive, c and y hav e the same sign, 
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and the line is in the first and third quadrants , and when m is negative, \ 
and y have different signs and the line lies in the second and fourth quadrants 

Definition The number in is called the slops or gradient of 
the line whose equation is y = mx 

1 19 To plot the graph of the equation i/ — 2 * + 5 
Tabulate the values of x and y 


Values of x 


Values of y 


Take the side of a square to lepresent the unit , and plot the points 
whose co ordinates are "iven by pairs of values m the same column 
and join them [Fig 12 ] Thus the graph required is the line (n) , foi 
the co-ordinates of my point on this line will satisfy the equation 
and the point whose co-ordinates do not satisfy the equation lies out- 
side the line 

Hence the graph of y n the straight line (u), which pant* 

through the point ( 0 , 5 ), thus cutting off an intercept of 5 ur its from 
the y-axis 

Note 1 Thus generally the graph, of the equation y-nuc+c is 
a Straight line, which cuts off an tnteicept of c units from the axis ofy 

Note 2 The graph of the equation ; =2* +5 is often called “the line 
> —2\ +5 ” 

Note 3 The ordinate of each point m (u) is greater than the ordinate 
of corresponding point in (i) by 5 units , therefore the graph of yst 2X+5 is 
parallel .o the graph of v=2x For the same reason, the graphs of y=2x- 5 
and^ — 2* — 8 are parallel to the graph of y =: zx and to one another This 
is also evident from the diagram [Fig 12] where lines (111) and (iv) are the 
graphs of j =2*-5 and;'=2v-S 

And generally if m and c arc any numbers, the graph of y—vix—c is 
parallel to that o\y-mx b v * 

Hence when equations differ only m the constant term, their 
graphs are parallel to one another 

Thus the graph of y—tux +1 is parallel to that of y = >nx +d, but not to the 
graph of _j>= ~mx or of j'= - mx + c, for the coefficients of x, though equal, 
have different signs 

Note 4 The line y—mx+e is fived m position so long as both/// and 
e are const an’ s Iff is constant and /// has different values, the line will 
make different angles with the avis of x, but will still cut the avis of y at the 
same point (o, . ) If m is constant and c has different values, the line will 
be parallel to y=mx, but will cut the axis of_y at different points, 
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Hence the condition -of parallelism is otherwise stated tnus — Two lines 
are parallel, if their equations have the same gradient 

Note 5 Comparing the graphs of the equations of the forms ) =m~ and 
j we see that 

If there is no constant term, m an equation its graph passes 
through the origin * 

Examples LXV 

Draw the graphs of the following equations, shewing those of 
each group on one diagram 

1 («) y=x, 2 (a)y=3x, 3 (a) 2x+y=0, 

{b)y=x-*-4, (i)y=3jc+4, (b)2x+y=3, 

(c)y=x-4 (c)y=3x—6 (c) 2*+y-*-4=0 

4 (n)y=-4x, 5 (a)y=- ox, 6 («) 2y=Jf+8, 

(J) j, = -4x- 7, (&)y-*-5r=G, (b)x-2y=S, 

(fi)y— —4x+5 (c)y — 5x -*-3=0 (c)6+2y=x, 

(tf) j?T-2y +4=0 

120 TTe have seen that each of the equations r=0, y=0, 
y^^y—mx and y—mx+c has for its graph a straight line ; and it 
is easv to see that all these equations are included in the general 
form y=i(ix J -c- 

TVe know that every simple equation in two variables x and y can 
be reduced to the form y—mx^-c, where e is the constant term 

Hence the graph of every simple equation in two vari- 
ables is a straigat line 

Dor this reason an equation of the form rf=mx+c or ax+by—c— 0, 
is called a linear equation, and an expression of the form mx—c 
is called a linear function of x- 

121 The student should now make himself familiar with the 
following statements 

(x) The origin is the point (0, 0) 

(u) Every point whose £c=0, lies on the y-axis , and 
every point whose y—0, lies on the x-axis 

(nt) The graph of the equation a;=0 is the axis of y 

(iv) The graph of the equation y= O is the axis of s: 

(v) The graph of the equation cc=a, where a is a con- 
stant, is a straight line parallel to the axis of y 

+■ 


This is true of equations of anj degree 
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(m) The graph, of tlie equation y=*b, where & is a con- 
stant, is a straight line parallel to the axis of x 

(vn) If d is the distance of a point (sc, y) from the 
origin, then d*=x 3 +y 3 

(vm) The graph of an equation, which has no constant 
term, passes through the origin 


128 Since we can draw a straight line when any two point:, on 
it are given, iu drawing a linear graph we might plot only two points 
and then rule a line through them 

But we must he careful to see that the points plotted he taken 
fairly far apart, otherwise a slight error m plotting will give the 
graph a considerable error m direction It is thus advisable to plot 
a third point to test the accuracy of drawing Hence to draw a 
linear graph plot at lead three points 

Ex 1 Draw the graph oj the expression — - — 


3x-2 

Let#= — - — , thus the graph of this 

equation will be the same as the graph 
of the given expression 


When x—0, y~ — f and when i»l, 
y=i Take as unit 5 divisions of squared 
paper and plot these two points Rule a 
line through them and the graph required 
is drawn 



w , JJ'ig 13 

We have not plotted here the test point The student should 
howevei plot this point to see whether his graph is coSj dmn 

Ex 2 Draw the graph of the equation 3a,+ 2i/ = 4 

i SSS.— ■SJSsvar! 

a--ws aste-i 

, Note The § ra P h of the guen equation is also the graph of the 
function ~ — i 
2 

Ex 3 Plot the graph of 

intercepts being fracas' fhesft^poi^te are^ nol^nvSS 
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choose We therefore proceed as before to find by trial those co 
ordinates only "which are integral It will be seen that when 3 ?= 3j 
y=l , also when x= -4, y = ~ 5 Thns the graph is found b) ruling 
a line through these two points 

Examples LXVI 


Draw the graphs of the functions 


1 

3? + 5 

2 

x— 1 - 

3 

2*-3 1 

4 

3j+4 

6. 

3— 4a; 

6. 

5 — 2ar 

7 

Jx+2 

8 

£.r+2. 

9 

ia?+^ 

*'* 

5— 3a; 


5^—3 


4-Zx 

10 

4 

11 

8 

12 

6 


Trace the giaphs of the equations 



13 

x=2y 

14 

4y=3r 

15 

i/=X — 4 

36 

y+H=s 

4A 

17 

C4 

II 

+ 

H 

18 

2y—x—4 

19 

' Zx— y=5 

20 

£ 

I 

•** 

II 

CO 

21 

*Jt-l 

3 5, 

22 

f~y_I 

4 5 

23 

4a;+3y=12 

24 

3a;— 5y=15 

25 

3j :—oy—16 

26 

x^ + 5 

27 

v— 3y , _ 

5 =y+ 2 


GRAPHICAL SOLUTION OF LINEAR EQUATIONS 

123 Graphical solution of the equation 2x— 8=0 

The graphical solution of such equations is more laborious than 
the algebiaical one But we prefer to illustrate by this simple 
example the principle explained in Art. 112 

Let y~ 2x~ 8 Now we have to find the value of x for which 
its function 2x— 8 or y is 0 Evidently y = 0, when the graph of 
y— 2x—8 cuts the axis of x 

When plotted, the graph of y=2x-S is the line (iv) in Fig 12, and 
we see that it cuts the ar-axis at the point whose abscissa is 4 Hence 
4 is the value of x for which y= 0 Thus the solution is v—4 

124 Graphical solution of Simultaneous Equations We know 
thatHhe graphs of all simple equations in x and y are straight lines 
and that two straight lines can intersect at hut one point Thus at 
the point of intersection only (and nowhere else ) are the x and they of 
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(.nr of tin equation-, tho same as the x and the y of the other eqim- 
io’i, ami therfore thi. equations ne then said to holcl siuivltaneourlq 
Tie 'c* the co ordinates of the point of intersection satisfy 
both the equations and therefore represent their roots 

'1 hn- aiiunltaucons equation* of the fiist degree m two variables 
on In? soHed by drain nq thtir graph* <tn 1 reading ojff the co-ordi- 
> de* of th point of wleriation from the diagram 

Ex 1 t'ohi ifriiphiCitlh/ th equation* 

4'b+ 5»/ = 7 and 2as-3»/+13*=0 


From the first equation, 
we hat e, when f=3, y= 
— ] t aud when x~S,i/= - r ) 
Plotting tht*e points, ind 
driving a line, through 
them, we get (i) 

From tlie second equation, 
we get i/ = 7, w hen x=4, and 
/ — 1, when x— — 5 Plot tlie 
nnmt- and we has e the line 
Hi) 

1 he) intersect it P, w hose 
co->.rduinUs are —2 and 3 
TlvU' th< mots of the given 
qi itions ue - 2 md 3 


Ex 2 Vicf thK the liA« Gy— 7x=32 px*<ics through the intei tet- 
ttu)’ or the (»n 4r+")^=7 oncf 2*-3)i-‘-li=0 

1’ h the point of intersection of the graphs of the last two equa- 
tiois[-eeEv 1] , 

Tiom the fir-l equation, we Ime y~ -4 when jr«-8, and y=10 
when ?-*4 Plotting these points, we get (m), which is -een to pass 
h-otgh /'[set Fig 14] 

Otherwise — =hnce <5y-7r = 32 is to pas- through 2>(-2, 3) 

- 2 and 3 will sati-f\ the equation 6 i/-7j= 32, and by substituting 

- y~\ w e see that the equation it satisfied 

Ex. 3 Weir that Wo other hnc< pirallel to th’ axa aho pis* 

> to > fh 1‘ [Pig 14] and find their equations 

"nice the co-ordinates of i’ are s = -2 andy=3, the parallel- 
required me ewdenth the lines whose equations aie x= —2 and ?/~3 
rispectivth [Ait- 115 and 116] 
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Ex 4 Solve graphically 

5 _ 3 


7 — 4^ 2#+ 13 

Draw the graphs of the functions — - — and — ■= — 


7—4* 


Let y = 5 


and y'= 


2*' +13 


3 


thus we have 


4* +5^=7 . («), 

and 2*'— 3,y' + 13==0 ' (&), 

vlnch are identical with the equations in Ex 1 

Plotting their graphs, we have the lines (i) aud (u) [Fig 14], which 
intersect at P Hence at P, the equations («) aud ( 6 ) are simvl- 

7 “* «|* X3 

(aneovsy and therefore y=y', x=x' and — — = — 5 

t) U 

Tims the abscissa of P satisfies the given equation 
Hence the required solution is r== —2 


Examples LXVII 
Solve graphically the following equations 


1 

y=r+5, 

y=2r+7 

2 

v+y-5, 

y=3*+l 

3 

^+y=7, 

2x— y~8 

4 

3x+2y=3, 

x~4y=15 

5 

i/ + 5x=16 

6 

iy=Zx, 

5y— 6 * +9 

7 

4x+3y=12, 

5x+8y=13 

8 

y-i+5 

4x+Zy=*l5 

9 

2*+7,y+S=0, 
5*— 4y+20=*0 

10 

y=f(ll-x), 

y=®(l-3») 

11 

v=2 y + 4, 
5 /+^(«+ 6)=0 

12 

3* =9 — 2y, 
3y=4x-J-5 


13 Shew graphically that the line y=x+l passes through the 
ntersectaon of the lines y=5x — 15 and 7y=3x+23, and find the 
o-orcUnates of the point where they intersect 

14 Shew hy drawing them that the lines 5x+3y=24 and 
4x-6#=28 cut at right angles , and find the equations of two 
othei lines, parallel to the axes, which pass thiongh then inter- 
section 

15 Find graphically the co-ordinates of the point of intersection 
of the lines 3*— 8y=52 and 8*+3y=17 , and shew that the} are 
perpendicular to each other 


11 
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10 Shew by drawing them that the lines 2 j?+ 3?/ + 1S=0, 
3a?— 4# =7 and lly-4a?+32=0 meet at a point and find its -co 
ordinates 

17 Shew that the three points ( 6 , 2\ (— 6 , - 6 ) and (-3, -4) 
lie on a line "Wheie doe-, this line cut the axis ? 

18 Find the equation of the line joining the origin to the point 
of intersection of the lines 3 x - 4y = 13 and 8 a? - lly — 33 

125 We have hitherto shewn liow to plot linear graphs fiom 
then equations The conveise problem is, however, very useful, us, 
tojind the cqvation of a linear giaph hating guen two points on it 

Ex 1 Find the equation of the line passing through the points 
( 6 , -2) and (-3, 4), and shew that the point (2, 3 ) lies on the line 

Let y—mx+o be the equation of the required line Since the 
graph passes through the point ( 6 , — 2 ), its co ordinates will satisfy 
the equation , thus — 2—Gm+e > (i). 

Again the graph passes through the point (—3, 4;, —3 and 4 
■will satisfy the equation , thus 

4= -3m+e . (n) 

Solving (l) and (n), we get »i =- 1 and c=2 , and thus the required 
equation is 

y=-f#+ 2 , 

or 2a?+3y=6 

Since x =2 andy-j satisfy 2a?+3y=6, the point (2, 5) lies on 
the line 

Ex 2 Find the equation of the graph that cuts off intercepts of 
3 and 4 units on the axes of a? and y 

Let A and B be the points where 
the graph AB cuts the axes, so that 
(Li =3 units and OB— 4 units 

Let y=mx+c be the equation of 
the graph requued 

Since the giaph passes through A 
(3, 0 ), the co-ordinates of A must 
satisfy the equation , thus 

0=3m+o (i) 

Similarly, the co oidmates of B 
<0, 4) also satisfy the equation , thus 

4=0m,+ c (n) 

From (i) and (u), we get wi = _ * and c= 4 



Fig 15 
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Substitute the valued of m and e in y—inx+a, thus y— — §#+4 , 
•whence by dividing by 4 nnd transposing, the equation required is 

' 3 4 / 

Note 1. Hence generally if a and b be the intercepts cut off by a giaoh 

■j* y 

on the a\es of x and. t, its equation is -+j = I [See Fig 15] 


Note 2 The signs of a and b will determine the quadrant in which *he 
1 ne lies [see Art 107] 


„ MISCELLANEOUS EXAMPLES LXVIII 

1 Plot the points (0, 0), (-8, 0), (-8, 8), and find by counting 
squares, the area of the triangle formed by joining them 

2 Plot the senes of points given below 

< 1 ) <-?, 0), (-7, 5), (-7, -1), (-7, 12), (-7, -6) ; 

(a) (-8, 9 ), (0, 9), (5 9 ), (-3, 9), (6, 9 ) , 

<m) (0, “»>. (-9. -5), (4, -5), (8, —5), (-1, -5) , 

and shew that they lie 011 straight hues parallel to the axes Find 
the area of the rectangle formed by them and one of the axes 

3. Shew that the area of the triangle whose vertices are (5, •,), 
(7, 0), and (0, 0), is 14 units of area Also shew that the triangle 
whose vertices are (0, 0), (7, 0), and (10, 4) is of equal area 

4. Prom the equation y— 3#— 1, find the values of y, correspond* 
mg to the values 0, 1, 2, — 1, — 2, and - *, of x 

5 .Shew by a diagram that the points corresponding to the 
values of x and y, foitua m the last example, nil he on a straight 
line 

r 

0 Draw the graphs of the equation 3y = 2r and 4y = 5 v, pud 
find the point of thou intersection 

7 Plot the points (—5, -3), (—*5, -1), (-2, 0), (0, 2), (2, O, 
and (4, G), and shew from the diagram that they he on a stiaigLt 
line 

8 Draw the graphs of 3j+3y=15, 4x— 5y=20, 2x+y+4=Q, 
and find the co-ordinates of the vertices of the triangle formed t>y 
them 

9 Shew that the lines 3x—2y=19, 4x-y=22, and 2ar+ 3y— 4, 
meet m a point, and find the co-ordinates of the point of inter- 
section 
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10 Shew that two of the lines m the last Example aie at right 
angles to each other 

11 "What integral values, between +20 and -20, of x and y 
will satisfy the equation 4 y — — =3 ? Draw its graph 


12 Shew that the points (-3, 5), (2, -3) and (7, -11), he on 
i straight line, and find the point where it cuts the avis of y 

13 Trace the graphs of the equations y=3« and y+3»=5 
Are the> paiallel 9 

14 State by inspection what are the mteicepts cut off h> the 
following lines 


(i) 




(m) -f +|-1 , (-) -H-l 

Name also the quadrant in. which each is 

15 Trace the graphs of -+^=1 and ^ = 1, and shew fiom 

your figure that the lines include a right angle ( 

18 Solve graphically the equations 3*+4y=36 and 5x-y=l4, 
and find the intercepts that their giaphs cut off on the axes 

17 Solve graphically the equation 2 — 

O o 


18 Find the equation of the straight line which passes through 
the points (0, 0) and Q, l) 

19 Find the equation of the straight line which passes through 
the points ($, - 4) and (8, - g) 

20 Find the equation of the line joining the point j(l, 1), to the 
mterotction of the lines 3s+4y=2 and x-2y+5—0 

21 Find the coordinates of the point at which the line 
nr-3y+27=0 cuts the line joining the points (3, -5) and (-5, 7) 


126 Measurement on different scales To draw a «raph 
we have hitherto used the same scale foi both x and y But some- 
times it will happen that for small values of a variable x, the corre 
sponding values of its function (represented by y) will rapidl) mciease 
In such cases, if we were to use the same scale for both x and y, the 
giaph will assume an mcomement size It is advisable therefoie to 
use tn such cases one scale for x and a far smaller scale for y, i e , foi 
the variable that is rapidly increasing It will then be found that 
the lequued graph will Be of good size 
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Example Draw the (jraph of y=5t+4. 

We sliall illustrate the above remark by thawing two graphs of 
^f«5v+4, (i) using the i'sbmv' unit for both x and y t and (n) iwng 
different units 


Tabulate the values of r 
and y 


Values of 2 1 0 i 1 

2 

3 

4 

t— t — 

Values of y j 4 j9 

f 1 

14 

10 

24 


( 1 ) Take a small unit, sav 
0 1", for both x and y 


Plotting the points given In 
the table we have the graph 
AB, which is very ->teep 

If a laiger unit were used, 
the diagram would be verj 
large This the student can 
see for himself 



Fig 16 


(n) To remove the difficult) shewn above, we take half an inch 
as unit for x and one tenth of an inch as unit foi y Now plotting 
the points from the table, we have the giaph AO, which is of con- 
venient size 


1ST We have remarked [A rt 112] that the graphic representation 
of a function of x enables u& from the diagram to rend oit the tiihu 
of the function for a particular value of x, and conver»ely, the ? (due of 
x corresponding to a particular lalue of the function We shall now 
illustrate the remark by an example 

Ex Draw the graph of the function — ^ — uid from the dia- 
gram read off its values (1) when x is 1 0 and (2) when e is B 

Also read off the values of x, (1 ) when the value of the function is 
4 r > and (2) when it is 1 75 

Take 10 divisions of paper or 1 0" to represent a-unit and 4 divi- 
sions or 04" to represent y-umt. 

When 2 = 0 , t/ =3 , we have thus the point (0, 3) 

When 2=1, y=4 25 , we have thus the point (1, 4*25) 
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IN ile a line tlirougli these points' and we have the graph GDEB. 
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I*’ the diagiam 

0-4 = 1 6 and corresponding value of function is AB — 5 , 

00— S and corresponding value of function is (719=4 
Value of function is 4 5 = EF and corresponding v alue of x is 

0F = 12 „ 

Value of function is 1 76=0/7, and corresponding value of x i» 

0/r=-i 

V v 

I/ivvition Interpolation is the process of finding at a glauce 
from the diagram the values of the variables at points other than 
tho=e plotted Thus we have plotted here the points (0, 3) and 
0,4 25) and found by interpolation the values of x and y at otliei 
points, such as B, J D, ^ 

A^ain suppose we have to find by interpolation the values of 
- and g at the point Q The value of x is OP— 5 and the corre- 
sponding values of y is JPQ=3 5+& of \ nearly =3 62 nearly 

In finding A of J, we judge by the ey e what pioportion of the unit 
the graph cuts Here the graph nearly bisects the side of the 
•-quire which is £ of the unit 

Examples LXIX 

^ -Fioni the graph of the function 15s — 9, find its value when 

w * = -22 

[Take 1 0" as unit for x and 0 T* as unit foi y ] 

2 Fiom the giaph in Q 1, find the value of x for which (1) the 
function =12, and (2) the function =0 
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1 Yj 

3 Draw the graph of the function and read oft its value 
(1) v, hon x = 1 5 and (2) when x =0 [Scale 1 0 ' for both x and y ] 

r> 

4 In Q 3, find the value of c when the value of the function 

is f> "i 1 


50— r ix 

5, Draw the graph of the function — - — , and find fiom the 

graph 0) the value of the function when x = l 6, and (2) the value of 
r foi which the function =0 [x-umt— l O'* and ^-milt-0 J" ] 

6 In Q 5, find for what valne of r the value of the function 
Is 0 

7 Draw the graph of the function 4.r+13, and from )our dia- 
gram lead off the value of x, when the value of the function is IS 

[Take the same units as m Ex 1 ] 

8 Taking the same units foi x and y as m Ex. ], draw the 
graph* of 10.r—8y = l and r+ 15y — 2 Hence solve the equations 
graphicall) 


CHAPTER XII 

APPLICATIONS OP GRAPHS 

1 

138 Graphical Probloms. ‘When two quantities arc m 
propoition, the relation between them can alw.ns be represented 
1 a means of an equation Thus if a man walks t miles an hour, 
hi vull walk S mites m 2 bourn, 12 miles m 3 houis, and genenlh 4x 
nifen in x bourn Hence if y miles is the distance he walks m x 
houn, then the relation between r and y is expressed bv the cqu itmn 
V— lx 

Smilarlv, the relation between a man’s -work and his u lgea, be- 
tween \ clout \ and time, m ficfc between two quantities L tt- r < 
thr* th proportional to cue mother can bo expressed In a Minpli 
iqi.ntion Jlenco mch relation* os tb< aboic can ahmvf be 'xfahitnl 
h, ’cn * of a linear graph Thus all problems in which qmn*it*e~ 
.ue directh proportional to oue nnotliei can be &ohed cnphicallv 
is the following example* will «lieu 
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Ex 1 A man walks at the rate of 4 miles an hour , constuict 
a graph of lus motion 


The man walks 4 miles 
an hour , therefore he walks 
4x miles in c hours Hence 
if y represents the distance 
he walks m v hours, then 
y—4x is the equation of the 
giaph of his motion 

"We know that the giaph 
of y~4x is a straight line 
passing thiougb the origin 
thus 0 is a point on the re- 
quired graph Also when 
v=5, y— 20 , thus the point 
(5, 20) is also on the graph 
Thus the required graph is 
the line through the points 0 
and (6, 20) 



Fig IS 


Measure time along OA, taking 5 divisions ofthepapei oi half an 
inch to represent 1 hour, so that each division represents 12 minutes 
Pleasure distance along OY, taking 1 division or 01" to repiesent 
1 mile 


Thus P is the point (5, 20) 

Join OP , then OP is the graph of the man’s motion By this is 
meant that any abscissa represents the time and the corraspondiM 
ordinate th< distance , performed during that time , and vice vei sa 

Otherwise — Since the man walks 4 miles an hour, he walks 
20 miles m 5 hours 


Take OA along OAT equal to 5 hours and draw AP at right angles 
to OA equal to 20 miles, the scales being the same as before Thu-, 
1 represents the position of the man at the end of 5 hours 

Tom OP , then OP is the giaph required 


[The student will satisfv himself by taking several points on the 
graph and seeing that the given condition is satisfied ] 

Remark Prom the graph we can readily find (i) the distance 
the man walks in a given time and (u) the time m which he is at a 
given distance from the starting point 


Quest 10 n. If the man starts at noon, read of ft om the diagram 
(i)tAe distance he nails m iJ hrs 36 mm and (u) the time when he 
i>, JS 'miles from the starting point 


d.iSm^u'isefAS'Tfe)' 1 “° f “" » measure, and, on 

l 
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(j) OC represents 3 bonis 3G minuk ; 

Dnw the ordinate Cl) winch lepiesents the required distance 
Thus distance required =CD or f>ZT=bJ| nnlea Here the distant 
oetween E and the 1 ith mile mark is to he estimated b\ the eye ns 
accurab 1\ as possible 

(ii) 03f represents IS miles 

Let ML lw to OX Draw the ordmato LX Then OX repie 
sent' the required timc*=4i hour* 


Ex 2 Micmr is selling at the rate of anna- a seer , draw a 
0 rnph to shew the relation tatween ,i weight and its corresponding 
price, ann rice * erf a. 


A seer of sugar co-ts r« 
annas, therefore g seen 
C 0 't r *r amm*> Hone» if y 
ann is denote the co-* of s 
^eer-i, then w = ~>x is the 
equation of the graph rt 
o mred 

The graph of 1 bis equation 
p*"Os through the on«m , 
thus 0 is a pond on the 
graph 

■Abo wh« n j — 10, 1 /*’”/) , 
tints the point ( 10 , 50) is on 
’he „rapb Thus the re* 
qturel graph i*- the line 
f hrongh the point* 0 aid 
(10,50) 



Fig 10 

Now measure t< .rr along oX t tat mg 5 dm-ion* or half an inch, 
to renre-rent 2 veers , and arum along 0 ] , taking 1 division, or 0 1" to 
represent 2 ann i* 

Thuc -with the above unite, P \ the point (10, r.O) 

Tom OP Then OP is the required giaph , that is, am ab*ci «n 
repr cuts the number of s«.er> wliO't pi ier is reprt rented b\ the cor- 

r^por>dxn^ ord'mtc , and > ice 7 CT V * * 

[The units chosen are verj convenient If the side of a 'quare is taken as 
unn for both x and ), the graph would be tnronveniemi) large as the student 
v ill see 1j> drawing a figure See \n 126 3 


Benaark The graph enables iu> to see at a glailcc (i) the price 
of a given number of Eeers, and (n) the number of seois coricspondmg 
*■0 a given pnee 
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Question Front the diagram read off ( 1 ) the price of $% < vc**« t\nd 
lit} the number of *iert that can be had for 2 rupees 
( 1 ) OA represents hi seers 

Draw the ordinate AB Xhns AG or OC lepresonts the reauned 
]* r iee which is been to be 44 annas = R2 12c* 

(u) OJ r icprcsenU *52 annas or 2 mpees 

Draw JfJ, to OA Draw the ordinate LA" Then OA repr*.- 
•'ents the quantity required which is seen to be 6^ seeis 

Ex 3 If 54 English aards '=‘50 metres, draw a graph to shew the 
cation between aards and metris 

Let x jards=i/ me- 

’e 1 - , then ~=~ 

> t )0 


Thus is the 

i quation to t) e graph 
required ' 1 

The graph passes 
through the origin , thus 
O is a pt, on the required 
_raph A ho 10 when 
^= r >4, thus the point 
f >4, 50) is on the graph. 
Hence the graph required 
the line passing 
through the pts 0 and 
(54, 50) 



Fig 20 

Mensnie yard* along OA and metres along OY Let OA (i ,27 

J nr ° e rr. ure ^ re P resen t j t ) ds and 0B (i e , 25 sides of a square) 
represent 50 metres , thus P m (he pt (54, 50) 

Tom OP Thus OP is the graph required 

Tins means that any abscissa represents the number of yards imM 
<c the number of metie s repi vented by the corresponding ordinate , 
ilia vice verba ^ 


w r ° m th ° ve can readila find (i) the number 

° anJ pven number of me ties, and (n) the number 
or metres, equal to ana given number of aards 

F r0m read or (i) the number or yard 

q 1 10 -* G0 m ctrti, and (u) the numb >, of metres equal to Joo ya-ds 

In the diagram, take half an inch (? • , 5 sides of a square) to re- 
mefre&a! on^CtY &1 ° !1S ° '* n7ld the ' ame len S th to represent 10O 
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(i, OC represents 460 metre" 

Draw C’Q parallel to OX Draw the ordinate QI> Thus OD re« 
t resent*! the required mimbei 

That is, 460 metres =407 \ard-> ncarlv 

( i) 0E represents 300 \ ards 

Draw the ordinate ER Thus EU or 01' Tepre>ents the munbei 
required. 

1 'at is, 300 sards =2P0 metre 1 ! licarlj 

Note The student mill notice lhat in draw mg the graph we Ime used 
tv*** ^ct of units, and m tolung the abD\e question, a difierent set os best 
oi r purpose. 

Ex % A starts from 0 at the rale of 6 nulcs an lioni, and aftei 
trailing for 2 hour-- rest" for lnlf nn hour and then rcsiimea his 
ptun'es Two hour a Inter B starts from 0 and follows A at the late 
0 " ^ miles an hour “When and whero uill B overtake A ) 



Fig 21 

ileaMirc time along OX taking two dmsions to repiesenfc half an 
hoar 

"Mea"nre distance alorc 0Y, taking each dniMon to represent 
one mile 
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Thus for the fiist two hours OP is the graph of A’s motion As he 
rests at P for half an hour, time advance*, hut Ins distance from 0 
(represented on jiaper by the ordinate of P) remain* the same, theie 
fore PQ is the graph for the half hour he stops 

His i ate remaining the same, the graph of his motion has alway s the 
same direction Hence (JR drawn parallel to OP represents the 
graph of hi» motion for the remaining part of his journey 

B starts 2 hr a latei at 8 miles an hour , KL is the graph of hi* 
motion 

The two graphs intellect at H Hence B overtakes A at II 

Prom the diagram we see that 

Inquired time= 0 V, i e , 4^ hra after A starts, oi =Lif, i e , 2J, hit 
after B starts 

Required distance = 1131= 20 miles 

Ex 5 Two men -tut at the same time, the one fiom A to B 
and the other from B to .1 AB being 21 miles If they walk at the 
rates of 3 and 4 milea an hour leapectively, find (i) when they are 
10 miles apart for the first time and (u) when and where they meet 

Since the two men move m opponh directions, we take A and B 
m a vertical line 

Let 1 O' represent 1 hi along A IT and 0 1" one mile along A 1' 



Pig 22 

Since the lirat man goes 12 mile3 in 4 lira , APis the graph of his 
» te J, ordinate of any pt in AP denotes the distance the 
man. has walked in the time denoted by the corresponding abscissa 

In drawing the graph of the second man’s motion, we measure 
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houra on the same scale along the horizontal line BM Thus BR~ 
2 hours Hence the graph of this, man’s motion is BQ , 20 , the 
distance from BM of an> point in BQ denotes the nnmbei of miles 
he lias walked 111 the time denoted b} the abscissa of the point 

How draw CD pari to AP meeting BQ in D Thus BE is 10 miles 
Hence the distance between the men is 10 nnles m the time AF^l 6 
lioms 

A gam the two gi aphs cut at A", which indicates that the distance 
between the men vanishes at IC, ? e , thej meet at K Fiom the 
diagram we see that they meet in the tune Al=3 his from stait , 
ind at the point whose distance from A — KL — 9 miles and fiom 
/?=tho distance of K fiom BM — 12 milts 

Ex 6 A alone can do a piece of woik m 6 hours and B alone 111 
4 hours In w hat time could A and B do the work together ? 

Let 0 5" represent 1 houi along OA , so that 0 1" =12 minutes. 
Also let any distance OT along OY represent the work to be done 

Through T, draw TP parallel to OX 



J ( Fig 23 

Since A can do the piece of work in 6 hour®, OP is the graph of „t’-, 
work, for OT— the oidmate of Fat the 6th hour mark Similail) , 
since B can do the work m 4 houis, OQ is the giaph of B } a work. ^ — . 

We shall now plot the graph of their combined works 

lake any point K on OP) and draw the oidmate KL Produce- 
LK to cut OQ m M and make MN=KL Thus ON is the graph 
of the Combined ■wm'Vc of and B ' 


174 


HIE IvFW MATRICULATION 1 ALGEBRA 


For, by construction KL = KL + ML , and KL and ML are the 
•a orbs done by A and B respectively m the time OL 

But the woi k done b\ two peuona together in a given time i-> 
equal to the sum of the woiks done b> each m that time 

yL represents the work done b\ A and B together m the 
time OL 

Hence Oy is the giaph of the combined works of A and B 

Let OX produced cut TP m H Thus ItS ( = OT) represents the wotk 
done bj A and B together m the time OS— 2 hours 24 minutes 

1 and B can do the piece of work m 2 hours 24 mmntes 

Ex 7 A cistern is filled by a tap J. m 30 mm and emptied by 
a tap B in 45 min If the cistern is empt\ and both taps are opened 
at the same time, when will the cistern be filled ? „ 



Fig 24 

Let each division along OX represent 15 mm , and let am conve* 
nient length 01 along OY represent the capacity of the cistern 

^ra G drawn parallel to OX cutting the ordinates at the 
30th and 45th mm marks at P and Q, then OP and OQ aie i ef- 
fectively the graphs of AU capacity for filling the cistern and & s 
capacity for emptying it, for then Coordinate of P= ordinate of Q 

Draw anj ordinate KLM Then KM represents the proportion 
of the cistern filled by A and L If represents the proportion emptied 
nt !\ e same 1 tnn ® Hence KL lepresents the portion actually 
filled b} the joint action of A and JJ m that time We thus see 
hat M any mutant of time, the difference between the ordinv*e% 
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iii<T».Ve< tl e portion a> tmlly till'd lienee the cistern mil be fall an 
the t me 'when that difference** 0T (the capacity of the cistern) 

Let a pari to OQ through T cut QV at Jl Draw the ordinate of /(, 
which cuts OQ at 7> and is <-een to pass through the 00th nun mark 

Now i- ItS*=OT, the cistern is filled in 00 mm. 

Examples LXX. 

L Gi'on that 01 miles are equal to 70 kilometres, construct a 
graph shewing the relation between a mile and a kilometre Trom 
the 'graph read off the number of miles m 240 kilometres and the 
ntimner of kilometres in 125 miles 

2 Div^n that LI *=27 franc-, construct a, graph from which you 
can rend off to the integer the value of 24* in francs, and the value 
n r 24 franca in shilling- 

3 If 10 cenlimetiei=^3 0 inches, draw a graph to convert centi- 
me!’ c- to inches and inches to centimetres Read off from it the 
value of 2"6 inches m centimetre-, and of 8 centimetres m inches 

4 If 5 gallons=i22 7 litres, construct a graph to convert gallons 
to litres Bnd litres to gallons Read off from the graph the value of 
18 galiors m lilies and the valne of 100 lilies in gallons 

6 Tf milk ■'ell at 5 seers a rupee, find graphically to the nearer 
annp the price of 18* tcf iv Rind rl-o the number of soeis that can 
be bought Cor 115 So.” 

6 A clerk 15 employ cd on /?B5 n month Draw a graph fiorn 
•which you can readily calculate his daily pa\ taking a month =30 
dayt. Read off (1) his pay (to the nearest anna) for 22 days, and 
(2) the number of days far which lie can be paid 7(15 

7 In an examination, the highest marks awarded weie 84 If 
tke-e are raised to 100, find by means of a graph to the nearest 
integer the final maiks of candidates who obtained 33 and 13 mark* 
respectively. 

9 A shopkeeper makes 27 per cent profit by retailing his arti- 
cles Draw a graph shewing the relation between the cost ami 
retail prices Prom the diagram, find the cost price of articles 
which were retailed at 25 annas, 7(3 12a and 7717 8o , and the 
retail price of articles winch coat 18a , 7(0 and 7(20 12a 

[Take 4. illusions along OK to denote the cost price and 5 divisions 
along (?Pto denote the retail price ] 

9 It one mannd of nee cost 7(0 4a , construct a graph to shew 
the price of any number of heel's, and from the graph lead off 
the pnee of 4 tr , 18 *r and 2$ sr 

10, The first 500 copies of a book coat 370 rupees to pnnfc , 
and every subsequent hundred costs only 20 rupee- Draw a graph 
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from winch \ o u can rc^d off the cost of 1 120 copies snd flic ituiub6r 
of copie- j oil oonld get foi 480 rupees 

11 Two tram- 180 nules apart approach each other at 35 and 
40 mile= per houi respect i veil Draw the graphs of their motion 
nnd from the diagram, read oft the time when the}’ meet and the 
distance of the place of meeting "When are they 45 miles apart 1 

12 A man start- to walk 20 miles at a uniform rate of 3 miles 
in hour It he rests for 15 minutes after walking for 2 hours 
consecutn eh , find bj means of a graph how long he takes to perform 
the distance 

13 A and 2? start at noon from two places 23 miles apart to 

meet each other A walks 3 miles and B 2 miles an hour After 
walking If hours B reposes for half an hour and then goes on his 
jouraef again Find graphically (1) when and where they meet, 
and (2) when the\ aie 14 miles apart , 

14 A starts at noon at 5 miles an hour Two hours later B 
starts from the c ame place at 15 miles m 2 hours Draw a graph 
from m Inch a on can find (1) when B overtakes A, (2) when A is 
6 mile* ahead of B, and (3) when B is 5 miles ahead of A 

15 A starts at noon from 0 at 6 miles an hour One hour later 
B starts from O at S miles an hour, and 1 hour after B, C starts from 
the same place at 1 0 miles an hour Draw graphs of their motioD, 
and fiom the diagram, find (1) when B overtakes A, (2) when 0 
overtake:. A, (2) when C overtakes B, and (4) the distances between 
A B *>ud C at 2. 30 p m 

16 A can do a piece of work m 6 dav s and B m 8 daj s In 
what time conld they do it working together 1 

17 A and B can do togethei a piece of work m 4 days, and A 
alone can do it in 6 daa s "When can B a’one do it ? 

18 A train 132 ft long is going at the rate of 30 miles an hour 
How long will it he m passing completely ovei a bridge 220 jds long. 

19 A cistern has 2 pipes which can fill it separately m 24 and 
30 minutes respective]-! If the cistern is empty, m what tune will 
it be filled by the two pipes running together i 

20 The supply pipe can fill a cistern in 20 minutes, while the 
waste pipe can empty it m 15 minutes In what time will the 
cistern be empty if when full, the two pipes be opened together ? 

129 The Method of plotting graphs is general TTe have 
seen that the graph of a linear function f (x), ic, of a linear equation 
y—J (x), is drawn b> plotting the points that correspond to pairs of 
values of r and y obtained from the equation y=/(x), and then 
drawing a line thxough these poirts. The method however is per 
fectly general, and graphs of functions of higher degrees than the 
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first,' can be drawn exactly in the same way Thus to draw the 
graph of y—x^+l, we first tabulate the values of x and y 


Values of x 


Values of y 


TTe thus get the points (0, 1), (J, 2), (2,5), (— 1, 2), (— 2, 5), 

(—3, 10), Plot these points and jom them by a free-hand 
curve, and the graph required is obtained 

[The drawing of the curve is left as an exeicise to the student ] 

Prom exercises below he will see that graphs of other functions of 
degiees higher than the first can be similarly drawn 


0 1 +1 

1 

±2 

±3 

±4 

• • 

1 1 2 

1 

5 

10 

17 

. 


Examples LXXI 

Draw the graphs of 

1 y—x 3 2 x—2 y- 3 y=x{x- 3) 

4 y-l—(x-l) s 5 y=*x s -2x-3 

Plot the points given by the tables, and draw a graph passing 
through them 


x~ — 

11, 

- q ; 

-5, 

o, 

7, 

lli 

16, 

y= 

h 

1 , 

-2, 

-4, 

“4, 

-3, 

1 

r= — 

8 , 

-3, 

o, 

5, 

10, 

15, 


V- 

2, 

3, 

5 , 

7, 

6, 

5 



, GRAPHS OF STATISTICS 

130 Graphs are often used to exhibit statistic^ such as the daily 
height of the barometer, the nse and fall of the thermometer, the 
population of a country at regular intervals of time, and many other 
results of observation or experiment In these graphs units of time 
are generally marked along the axis of x while units of ocher magni 
tudes are shewn along the axis of y Thus from the data we plot 
a senes of points which are usually joined by straight lines The 
bioken line thus formed is the graph required 

The graphs of' statistics are not regular in form like algebraical 
graphs , and therefore no legitimate conclusions can be drawn as to 
the values of the vanables at points other than those actually plotted 
If however the data are such as enable us to plot a number of points 
Mifficientlj near to one another, then the graph assumes the form of 
" ' " - 12 
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i curve and then by interpolation we can estimate the values of the 
\ ambles at a point intermediate between a pair of plotted points 

131 Ex In Calcutta, the temperatures recorded every two 
hours on a certain day fiom 8 a ni to 0 p m were r 

At — 8 10 12 2 4 6 

Temp— 73" 75 V 77* 82 S’ 82' 70 5' 

Draw a graph to shew the variations of temperature 

Take 0 5 ' along the a as of x to represent 2 hours and 0 1" along 
the axis of y to represent 1® of temperature 

The data give us the points A, B, C, I), B and F , and the required 
graph is the broken line ABGDEF 



rig 25 

“ {This graph hpwever does not enable ns to find with any accuracy 
the temperature at any other times If the temperatuies bad been 
taken every half-hour or eveiy -quarter of an hour, the plotted points 
-would have been much nearer to one another and the graph would 
have been obtained by joining tbem^by a curve Thus the graph 
would give a good idea of what the temperature was between any two - 
reading-. , but even m this case our estimate would give at best an 
approximate value 


Examples LX2II ~ " 

1 A boy’s position in class is given by the following table 
Bate — J ul 1, Jul 10, Jul 15, Jul 16, ,Jul 20, Tul. 23 Jul 30 

jpJooe — 4 6 1 1 5 3 7 

Draw a graph to illustrate the above 
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2 The table below records the daily temperatuie 6E a patient 
suffering from remittent fever from the 8th to the 14th day 

Day— '8 9" 10 11 12 13 14 

Temp — 104 103 5 103 8 104 2 102 6 103*4 99 2 

Draw a chart to exhibit these venations 

r 

3 The average height, m feet and. inches, of a boy is furnished 
by the table below 

Age in years — 5 9 11 15 18 - 20 

Height — 3 4 41 4 5 5,2 5 7 5 J 

Plot a graph to shew the changes Can you guess the probable 
height m the 7tli and 14th years ? 

4 The population (m millions) of a country at the end of the 
year noted is, given by the following table 

Year — 1895 1896 1898 1899 1901 1902 

Pop— 304 307 314 317 32 5 328 

Draw- a chart from which yon can read off (approximately) the 
population m 1897 and 1900 respectively • 

5 The following table gives the average weight of a healthy 
child m infancy during the months noted 

Month — first third sixth tenth twelfth 

Weight— 8 lb 1161b 15 81b 211b 221b. 

Draw a graph to illustiate the variations and from it estimate the 
weight of a child in the 3bh month When will a child be 20 lb, 
m weight ? 

6 In a Life Insurance Company, the premium to insure R1000 

at various ages is given m rupees by the following table 

Age — 20 25 30 35 40 45 50 

Premium— 22 22 4 27 8 31 3 35 8 414 50 6 

Draw a graph and estimate, to nearest rupees, the premium for 

persons whose ages are 23 and 29 years Also find the age of the 
person whose premium is R 33 

7 The times (in hours and minutes) of forenoon high water m 
the Hughli at Calcutta on successive days are — 2 56, 3 44, 4 32, 

5 20, 6 8,—, 7 44, 8 32, 9 20,—, 10 56, 1 1 44 

Exhibit these on a graph and deduce the times for the days omitted 

8 The average weight m pounds of a boy and of a girl at various 
ages are shewn in the following table 


Aye- 

0 

2 

4 

6 

8 

10 

12 

14 

16 

Boy— 

W 

i 

29 

36 

424r 

52i 

64 

75 

87 

110 

6'irl — 

64 

27 

34 

4l” 

50“ 

60 

73 

92* 

108 
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E xhi bit this graphically on the same diagram Estimate the 
average woights of a boy and of a girl at the.agea of 9, 13 and 
15J years 

9 A caterer is asked at short notice to contract for a school 
picnic He ■works out the following 

Number— 100 150 200 250 

Charge per head — 2s 1* 9rf Is 7 d la 6d 

Draw a chart which would enable him to quote tei ms per head 
for 140, 170, 210 and 240 

10 A manufacturer has made boxes of 6 sizes and has fixed the 
following prices 

Length vn wche * — 8 12 15 18 20 24 

Price m It and a — 1 12 28 34 40 50 68 

He publishes a pnce list of all sizes fiom 8 to 24 .inches Draw n 
graph and from it find the approximate prices of 10 inch, and 22 
inch boxes 

1L The following table gives the population (in millions) of two 
countries A and B at the beginning of the various years given m 
the table _ 


Tears — 1821 

1831 

1841 

1851 

_1861 

1871 

1881 

A 21 

24 

26 

29 

31 

34 

37 

B 68 

78 

82 

66 

58 

54 

52 


On the same diagram, draw the two graphs (using the same scales) 
In what year was tho population of B nearly double that of A ? 
When was the population of B about 7J millions 1 

12 The aiea of a circle corresponding to a given diameter is 
given by the following table 

Diameter — 5 6 7 9 10 12 

Area 20 28 38 64 79 113 

Construct a graph from which the aieas corresponding to the 
diameters 8 and 11, and the diametei corresponding to the aiea 133, 
can be read ofl 


Examples for Revision (C) 

L Simplify td—[b+c—{a+b—(c+2b+a—d)}J 

2 If jt=1, V— —2, z=3, find the value of 

3 Add together 

(rt J -6)*+(a+e)y, (b—c)v+(b—a)y and (c—a)x+(c—b) 
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4 Prove that x°(x — 2y) -y-(j/ - 2a) = (r — »/)(x 3 - sy+y 2 ) 

5 Solve 

(l) K3*-})-H2- ■«)=<) 

(u) -g~+Sy=31 } -^p+2x=40 

0 Plot the points (17, —3) and (- 13, 11), and find (l) by mea^vne* 
ment and"(u) bv calculation the distance between them 

7 By selling an article for a sovereign and one-fonrtb of what I 
gave for it, I gam K2 4« Tfhat was the cost pnce of the article? 


8 ' Simplify a — [3<*+c - (4o - (36 - e)} + 36]. 

0 Find the valne of o s +6 5 +c* + 3o6c, when a— 02, 6=08 and 

C = 10 

10 Add together ax-by, x+y and («-l)x-(6+ l)y, and from 
the sum subtract (o+l)r— (26— l)y 

11 Prove that o(« — 26) 3 -6(6 — 2i) s =(o — 6)(a 9 — 7s6-i-6 3 ), 

12 Solve 

, . 4x-5 x— 30 2x+7 
w — i — 

(li) |+3y=7, — jp- =3y— 4 

13 "What is that number, which being diminished by 10 and the 
remainder multiplied by 10, produces the same result, as if it were 
diminished by 8 and the remainder multiplied by 8 ? 

14 If I buy n things for 6 shillings, how many do I bny foi o 
fionns ? 


15 Simplify 2{4x-[2y+(2x-y)-(x+y)]} 

10 Express X* - 2 a (a - b)z° + (a 3 + 6 3 j(a - b)x - a-b- with numerical 
coefficients, when a— 4, 6=8 

17. From (x+2)(x+3) take (x-f-lXr+4), and to the result add 
2(x-I)(*+l)-x 2 

18 Prove that o(u - 26 f - 6(6 - 2 n) 3 =(o - 6)(« + bf 
18 Solve 

,. N 3x— 11 97— 7x 5(x— 1) 111— 3x 
W 16 2 " 8 4 


(u) ^+%=28, 5x+-~ , =27-J : 
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20 A circular pond having a diameter of 110 vd has a uniform 
depth of 10 ft How mam cubic feet of earth will be required to 
fill it up 1 

21 How mam liens and pigs are there m a farm\ard if the 
tctal number of head-* is 25 and of feet is 70 ? 


22 Arrango j 2 (x+y — z) — ab(z+ r — y) + & 8 (a+y— *)» bracketing 
the coefficients of x, y and s 

23 Simplify 5x— [«— {r+2'i-(3ar-7fl)}] 

24= Add together 4r s +3a:“y-^ s i 4x 9 y-3x s and 7xy 2 +9y~-2x 3 y, 
and find wliat must be subtracted from the sum to leave the remain- 
der 2x s —9x 9 y+y’ 1 

25 Resolve into factors a-- 6 s — 2« + l 

26 Solve 


(i) (*-l)(r-2)=(*-3X*-4) 


, 3 4 „ 6 2 , 

(n) — h-^3, =1 

x y x y 


27 A ship leaves A for a port B 1200 miles due west After 
going 300 mile3 on her course she is driven 450 miles to the south- 
west and becomes disabled Find graphically to the nearest mile 
liow far she is from A and from B 


28 If ducks’ eggs cost 4 d a dozen more than hens’ eggs, find the 
prim of each per dozen when 7 ducks’ eggs and 19 hens’ eggs cost 2* 


29 Simplify 

2a- {c-(a-6+2c)} -[46- {3c+a-(4o+c-56)}] 

30 Subtract 2(«— £)(»/- 1) from (x-l^+iy-l) 9 , and shew that 
whatever value be given to l, this difference is constant 

31 Factorize l+2x(l+2z) + 8r 3 , and find its value, when x= 

32 Solve (i) (x + l)(a? - 2} + (* + 3)( r + 4) = 2(a? - 4)(x + 2) 

(») i(«+y)-i(a-y)=8 
i(*+y)+2(jr-ir)=18 

33 A body falls from a height of 48 i ds How long does it take - 
to reach the ground ? 

34= A courier who travels GO miles a day, had been despatched 5 
days, when a second, who tiavels 75 miles a day, was sent to over- 
take him When will he overtake the first ? 

Solve this problem also graphically 



axAMPLZS FOB PEVISIO** (b) 


1S3 


an/i ( - s -12), and find the equation 
35 Plot the points (4, -3) ana t », '* 

of the graph passing throngh them 

86 smrt.f) “4 «■><* iu ™ tae 

’a” ‘TslI" tlai W '*'* 


identical, when -*=y=0 , 

38 From the sum of »(*-y)+Kv-=)+*(*-*) 
subtract (a-l)xHb-ty +<*-«)“ m {he temM,lder * bracUt * 
coefficients of x , y and t - 

30 Prove that (a + 2> s - 4(<* -r 1 ; s 6a* - #<' ~ + (« “ 2 ) 5 


40, Solve (i) 


4(*-t-5) 10{jf — 10) — 5 Sjf— I 


25 


(ii) ?(2*-i)=Ky+n 


r» 


2 

4 


'* a+l ~v-l 


-41 A person bought Sx hooks at 2a annas each and hj booh* 
at 46 annas each How mam rupees did ho spend ? 

If Tie sold 8 x boohs at 3 a annas each and 4y boohs at lib anna 1 * each, 
how manj rupees did he gam V 

42 Draw the graph of 5x-2v— 11 b\ finding its intercepts on 
the axes * 


43 Find the value of 


when «=1, 6=3, c=5 


(«-(&-<)}=+ { 6 -(cwfl))!+{<s-(rt'*i)*}» 


44 

45 

46 


Factonze o ! +6 s +2(6e+ca •*-«&) 

Divide the product of (x 3 j-y 3 ) and (r 2 +xy) b\ (v+y)" 
Solve (i) f(*-l)(af-2)+f(«-8Xx-3) 

= f (v - 3)(x - 4) + f (x - 4X» - 5) 


(a) i+-*= „-+-=! 

x y 3x y 



48 Two bo)s have 210 marbles betweon thtin 
arranges his marbles n heaps of 6 each and the other 
If these heaps he 32 m number, how many marbles 


One, of the ho)s 
in heaps of 9 each 
has each hoi ? 


- 49 Draw the graphs of the functions and l + *1 Z* 

2 3 

“>ol\e the equation 

2 a ’ 


Hence 
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50 Simplify 5a-3{«— l>-2(«— 6}}, and find its value, when 
<i=1,and&=§ 

51 Add togethei 16a s -7fl&-8& 8 +3e, 6b-~ fsa+ab and 
12«5-8t» 2 +5c, and divide the sum by «+J 

62 If A-=(*+l) 2 , 2?=(1-*) 2 and C=* 2 — 1. find the value of" 
C 3 -AB 

53 Compare the areas of two circles whose diameters are 10 ft 
and 15 ft. respectively 

64 A man at a party at cards, betted 3’ to two upon every 
deni , after 20 deals he won 5i How many deals did he win ? 

55 Divide 45 into 3 parts winch will be equal to one another if 
the fiiat be diminished oy 2, the second increased by 5 and the third 
divided by 2 

50 A railway company’o rates pel ton for hauling coal are 
based on the following 

Distances in miles 10 25 26 45 50 

Batch 24 d 2ld 30 d 34 d 37 d 

Draw a graph shewing rates for any distance between 10 and 50 
mile*, and hence state to the nearest penm the rates for 15, 27, 33 
and 40 miles 


CHAPTER XIII 

LONG MULTIPLICATION AND LONG DIVISION 

MULTIl’M CATION BY A PoLYN OHI AL 
132 The method will be seen from tbe following examples 
Ex l Multiply 4** - 8 x * + 9 by x 3 + 2a; + 4 

Multiply each teim of multiplicand by x*, then by 2x and finallv " 
bv 4 Add the paitml pioducts together 

4* s -8* 4 +9 

* 2 +2*+4 

4* 7 -8*°+9x 2 

+ 8* u -16* 6 +l8.r 

+16s 5 — 32* 4 + 36 

Product 4 * ' + 9*2+ 18i“-32^+36, 

oBai ranged according to the descending powers of x, 

Product=4* 7 - 32* 4 +9* 2 + 18*+ 36 
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"Verification Assume a= 1 , then 

multiplicand =-1-8+0 = 5 , multipliei =l+2+4=7 

Thus their prodncfc=5 x 7=35 

.Also when t= 1, product= 1+9+18—32+30=35 

Ex 2 Multiply a 9 - 2 Ay -y 5 b) r/ 5 +2cy— a 9 

Here the multiplicand is arranged according to the descend* -’r/ 
powers of a, hut not the multiplier Arrange the multiplier therefore 
according to the d'n. ndnui powero of a 

A s -2jy-y 3 

— a 3 +2ai/+«/ 9 

— t r*+2.r s y+ a 2 ^ 8 

+ 2r s y — 4x s y 2 — 2xi/ s 

+ A c y 8 -2A// S — y 4 

Product — a 4 + 4 ifly — 2j 8 y 2 — 4xtp—y* 

The arrangement of terms according to powers of some letter is 
convenient though not necessary For the same result will fellow 
if we multiply out the expressions as they are given, without mvwq- 
tP’i than 

A 9 -2ry-y 9 

y 3 +2xy—x 3 

x 3 y“—2xi/''~i/ 4 

+ 2x 3 i y — 4 A s y 9 — 2xy 3 

- A 4 + 2A"y+A 2 i y 2 

Product — 2A•y+4x s l y■-4A l Jr' , — y*— a 4 

Ex 3 Multiply 2i< 9 —6 9 -3'ib + Z»J + 4ac by 2o+l»-3'' 

2'« 9 —3 ab+4(tc+be—b 2 

2rt +fc-3c 

4u 3 — 6ft 8 6+8u 3 c+2a6c— 2«6 2 
+ 2o s 6 —2ab-+4abc + b"o — b z 

— Ga 8 e+9ahe— 12ac s — 3&c*+3Z» 2 c 
-iffib+iific - 5h 6=+ 1 •>«&<?- 12nc 8 - 36 P + 

Rlmark From Examples 2 md 3, it is obvious that the product of 
two homogeneous expressions is homogeneous , and that the degree 
of the product is the sum of the degrees of the factors 

- This principle is very important to remember is it enables the student to 
test the accuracy of his work Thus in Ex 3 , the multiplicand -md mul- 
tiplier being homogeneous and of the second and fast degree respectively, the 

* The latter part of the remark is true of all expressions [See E\ 1 ] 
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product is homogeneous and of the thud degree. Hence if an) term of the 
product, say the third term, were 3 «r instead of yf (■, we at once see that it 
- is w rong 


3 

4 
6 

7 

8 
10 
11 
12 

13 

14 

15 

17 

18 


19 

20 

21 

22 

23 

24 


Examples LXXIII 

a-+2nb + b- b} a 3 — 2 ab + bK 
v-+ab- 6 ? by x 3 +n&+i 2 


t' 1 — 2x+l bv X s — 3x+2 


Multiph 

1 t 3 — «x+« 3 by x 2 +ox4 fl 2 2 

5« 3 — 7a&— 3Z> 3 by 2a 3 +3a6 + c )6 3 
x*+xy— Zy 9 by v 9 —xy— Zy 9 5 
a 3 -^+y s +j;+y+l by x+y- 1 
« 2 +Z» 3 +c 3 — ab-hc- ea by n+Zi+c 
«x 3 -2&r+e b> pv+Zg 9 

3r 3 4-xy-^ 3 by x s -2v < y43t/ 3 
2 X s - 5 x 9 y +y* by y * + G xy-+ 2 x 3 
3a 3 6— 2a 3 fi s +a6 s by r Sa'—ab—Sb 9 
a 3 -2ali+6 3 +c 3 by fl 3 +2al + Z> 2 — c* 

7fl-£n 3 +8a s — la« by 5fl+3« a -7o s 
ox 9 ~px+g by bx*+cx-r 18 5c+c ( «+fi6 bv a+b+c 

* 4 — (p— I)x 3 4-(gr-p4-l)x''-(p-l)x4-l b\ x-1 
l + 2c+3v 3 +4x 3 by 4-3x4-2r 3 - r 3 


i T . * 1 , , x X s 

'-s+3 b ' !+rr 

, x 2x~ , 2x t s 

1 “ 2 + T b ' 1+ r~ 2 

x 3 — 2x a +4x— 8 b\ 

2 4 S 

ax 9 +2hxy+by 9 by yc+fy 
av i +bx 3 +cx s +dx+fby av l -bx r +ce 3 -Jx+f 
^+y 9 +2gx+2fy+l b% Jx+my— 1 


133 Definitions An expression 111 x is said to be complete 
or natural w hen it contains v in all its powers from the highest to 
0 Thus x*+ax s +6x 3 +cx+d is a coinplote expression 

In a complete expression the last term which does not contain x 
(t e , in which the power of x is 0) is called the absolute term , as 
a in the above expression 

An expression in x is said to be incomplete when some of the- 
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powers of n me absent fiom it Tims j 4 — 3* a +l is an incomplete 
expression 

It is evident that the number of terms of a complete expieosion 
i' 07)' more than the vtd’x of the poirer that denotes its d<yiee Thus 
jr a +pj+g being an cxpiession of th* second degree contains t! r»c 
terms 

The remark applies likewise to incomplete expressions if we 
suppose the places of absent powers supplied bv these powers with 
zero coefficients Tims 3 ?+ 1 contains four terms, for it is equal to 
v ? +0j;5+0j)+1 

Note 1 It is well to remark here that the number of terms of an expres 
sum depends on the symbol of reference Hence the sane expesston nay 
, o' "am a fferen* numb a of terms according as it is considered with refercrce 
to ore or other of the involved symbols Time the expression 

(a 5 + !)*■' +(o+2)X a + 3T-i-I 

consists of fo tr terms, ~>tz , +(<i- + I)*', + (a + 2)r*, +31 and J -I 1 when 
the symbol of reference is t, and of thite terms when it is a, in which case it 
■vsmmes the form 

rfl 5 + t'tf+(i*+2» I-3V + 1), 

and its terms are + t-a 2 , +* a and f -(* 5 -*- 2 a - 4 3 X+ 1 ) 

Note 2. If an expression of the > ;lh degree be multiplied by anothei 
of the t th degree, the Humber of terms of the product will be m J -> + 1 , 
for it will be of (/«+* )th degree [Sec Ex X, Art 134 , where the number 
o f terms of the product is { 3 + 2 } + 1 or 6 ] 

IJ14 The Method of Detached Coefficients If multipli- 
cand and multipliei contain powers of o?ic letter only, multiplication 
inav be conveniently performed by arranging both of them in 
amending or descending powei-> of that letter and then writing dowi 
the coefficients only, ns illustrated below 

Ex 1 Multiply 3*=+2x 2 -4x+l bv * 8 +3.r+2 

Here the givep expressions are complete, tlierefne put down th* 
cop’hcients ns thev are given , 

3+2 — 4 +1 
1+3 + 2 
3+2-4+ 1 
+9+6-12+3 
+G+ 4-8+2 
3+11+8 — 7 — r i + 2 

required prod u ct =' 3x 6 + 1 lx 4 + 8 r" - 7 r n — 3 x + 2 
Tor th* highest power of v m the product I s - x 6 which her* occurs 
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in the first teim, and the other powers follow m ordei, the last 
term evidently not containing any of these powers 

When however the two polynomials are incomplete expressions, 
supplv with zeros the place of the absent powers 

Ex 2 Multiply S* 3 -? x-3 b\ 5 j 3 +2 

Here the expressions are incomplete , therefore the coefficients are 
as given below 

2 + 0 + 1— 3 
5+0 + 2 
10+0 + 5-15 
+ 0 + 0 + 0-0 
+4+ 0 + 2-6 
10+0 + 9-15 + 2-6 

l eqnired product= 10-« 8 +0* 4 + 9.c 3 - 15* s + 2* — 6 
= 10.r 8 +9.t 3 — 15ar s +2sr — 6 

Remai l The second line of multiplication might have been omitted, a 
all the terms are zero 

Thih method may be used to multiply two' polynomials which an 
homogeneous in lino letters 

Ex 3 Multiply * s -4* 3 y+2y 3 by 3 r 3 +2y 3 

P.oth the polynomials are written in descending .powers of and 
ascending powers of y , and the terms containing xy 1 m the multiph 
cand and xy m the multiplier are absent 

1- 4+0+2 
3+ 0 + 2 
3-12+0 + 6 

2— 8+0+4 

3-12 + 2-2+0 + 4 

required product=3ar°- 12r‘y+2z a y 3 -2* 3 ^ 3 +4y 8 


Examples LXXIV 

Employ the method of detached coefficients to find the product of 

1 1 - r+ r 5 - r s and l + r+-c a +j~ 

2 5v+4r s + V s — 24 and T a + ll — 4a: 

3 « 3 -4'e+3 and 3— 4jf a +a; 3 

4 rS-^-^v + uy* and r 3 +y 3 +x 3 y + ry 2 
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5 r 5 ~3r s +v 3 — 7 and 1 — 3x+r' 

6 a 1 — 2a"&+i* and a s +3«£> s — 26 s 

Also work ccamplei 0, 11, 12, 14, 18 and 10 of lvciii 

135 Multiplication of So veral Quantities First multiph 
am two, then multiply the product b\ the third, and fo on 

_ t * 

Ex Multiply x+b and x+r together y 
x+a 
x+b 
x*+ax 
+bx+ab 
x 3 +{a+b)x+nb 
x +c 

x s + (« + b)x J +abx 
+cx 3 +{ac+bc)v+abc 

Ucqmred product «x3+(o+ b +e)x 3 +[ab+ac+lc)x- 1 -abc 

Here we first multip 1 ' x + a bv x+b, and then the pmluct 
x~+{'(+b)x+ab bv x+r 

Examples |LXXV 

jMultiph together 

1 x+1, x+2, x+3 2 x-n, x-6, x-c 

3 u+x, b+y, and c+; 4 1 -cm?, 1 — bv and 1 ~cc 

5 a + b } 6+cand c+o 8 a-b, b-c and r-» 

7 x+2o, x s +4a 3 , x-2a 8 1— x, 1+x, 1 + x 3 , 1+x 4 

9 x+1, x+2, 3-x and 4-x 10 x+«, x + b, x+o and v+d 

11. x-«, x— b, x— e and x~tf 12 1 — «x, 1 — by and l-« 

13 ox— by, ax+cy and ax— dy 14 «+Z» — e, b+c—a and e+r'-k 

16 3x— 4y, x— 2y, x+2# and 3x+4y 

18 «+x, «— x, a 3 — gx+x 3 and o s +gx+x 3 

17 -x+u, x— a, x 2 +« 2 , x 4 +a 4 and x s +» 3 . 

18 a 3 -av+x\ cP+ax+x 3 and a 4 -fl s x 2 +x 4 

19 a+b+c t J+’c-b, c+a— b and a+b— c 
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Division ay a Pultnomial ' 

13<* Exact Division The Rule established in Art 63 may be 
applied to cases where one I'ol) nomial is dmded by another exactly, 
? e, without remainder » ^ 

Ex 1 Divide x l — 10a 3 +24a — 27 b\ a 3 — 2a+3 

x s -2v+3 ) x l - 10a" + 24a -27 (v 2 +2a-9 

x i ~ 2a 3 +3a 3 

2a s --13a J + 24* 

2a 3 — 4a 3 + 6a 

- 9a a + 18a - 27 

- 9a*+18a — 27 

Ex 2. Divide a 3 +y 8 +3ay-l b) a +y-l 

Arrange both dividend and divisor according to the descending 
powers of a 

t-l+y ) a 3 +3ay-l +y 3 £ a 3 +a-ay + l+y+y 3 

a 3 — v*+x* g 

x*-x s y+ixt/ 
x *~x •»• xy 
-a J y y x +2ay 
- x^y+xy — xy* 
x+x y+xy*~l 
a-1 -f y 
xy+xy*~y 
™J- V +.V a 
*^ s -y 2 +^ s 

Ex 3 Divide 4« 6j -5a ; 5y 3 —lla , < y s -16^ 6 by 2a 2 +3*,y+4y 3 

Here both the expressions are homogeneous and are arranged 
according to the descending powers of a 

2r 3 +3ay +4y 2 ^ 4a 5 + 5a s y 2 — IIa 2 y 3 — 16y 6 ^ 2a s — 3a 2 jf+3ay 2 — 4y 3 

4a E + 6^4- 8a 3 y 2 

— 0**y-3*V"ll*y 

-6a*y-9a 3 y 3 -12aV> 

~ 6a*Jy 3 4- r 3 y 3 —36y 6 

6a V+ 9aV-f 12 ay* 

- 8a J y 3 - 12ay 4 - 16y B 
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Kim\riv trom L'limpk 3 , n is -.t.n that if dividend and divisor 
are both homogeneous, the quotient is also homogeneous , and 
that the degree of the quotient Is the difference of the degree of 
dividend and divisor * 

This pnoeii' , c enable* Uj to test the icctmcj of the wort Thus in Ex. 3 , 
c'ch term of t!<c quotient is of 5- 2 or 3 dimensions, so that if the third 
term *.?*<£ 3 ^ instead of 3 a; a , it xxould lie « rontj 

Herce if dividend is of the *> th decree nnd diu'-or of the 1 th degree, 
quotient is of the (*'-r)jh degree, ml the number of terms of the 
ouotieni «/**-«+ 1 f^tc Dc 3 , x-hert. the number of tarns of the quotient 

,t (5-2JJ-J -4 ] 

Examples LXXVT 

litvide 

1. X* + \f 5 d lljr-fibx X^Sx-l 

2 1 ~~ - Sx* ~ P T,x - J hs x* — 3x — i 

3 3* s d 11r 9 -fi*»-4jf»-2 Ift 1 -Sx+jp* 

4 3<Vi V+ "X* - - £0 ix 5 - 7«'x b> 3nx~x s -2r » 3 

6 J-n*-A*+f,iHi> l-fa -6 

6 x*- v < +o < r 2 i t Jf* b' 

7 jr , +x’f *+»/* bv x 1 +xr/+»/* 8 o*+ li»* l>x <i s - 2 a 6 + 2 i ! 

9 irb/ 4 + l b. 2xV r — 2ay+l 

10 S5G»**10xV+i«Ia IGx'+lx/J-*/ 1 . 

11. 2 -x 4 -lCx*-«'xUn 2-*-3x-2x*. 

12 . ri» - q 1 bx n ! 4 ■ 31/ - 3 T h 

13 ix s — x a -r ix b\ ^jr+S + Or 5 

14 fix*-10x'+17x»-'ixb> 1 -3x+ 3x* 

15 « s - In'IS - ft tV' m - 17«6« - 12& 5 o J -2«&~3& a 

20 14rt 4 + 15'« , &+33'» , /. , +3Gji> , -»-2W b\ 7« s -3n&+M5 s 

17 Ojrt-12.t*.y+nxy- Jxy s 4-y< bv o r 5 -3xyJ f 

18 ?J*~ *»jry J -2x 9 — «y— «x-«* 1») -V— x+n 

16 x c -f 2xjy* — »/ c b\ x 5 4- 2x»/ - 1 - f/~ 

20. 5 x’ 4 Gx 5 *! by x J 4*2x+l 

21 >,i 5 — 0»m 5 -f-f>? ,c bx in* — SnifH t (I 

22 X s — 3ix ! d a^x-i^+ft 5 In x— «4 l 

23 fi 5 -*-?"— 3«6+l bx t« + ?>+l 24 1 +x r — Py^J Gxv bx 1 +x—2y 

25 c x*— »/'+:’ -f Oxy. by */-e— 2x 

23 <T— "J , —27'' ? *-4’d , e bx 3<"— 'i+h 

* Th« 1-Utr part of , he renr>rlv is true of fl7e\prcasion« [See Pss, X nnd 2] 
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Divide 

37 2l£ B -2.r 4 -70.r s -23;s 2 +33:>: + 27 by 3f s -2» 2 -5«-3 

28 15a 6 -17a 4 *+20oV+39aV ! -7aa:4- lOj^by 5a 2 +«*-2v 2 

29 8a B +21a s £ s — x°— 24a B v by 30'S— v 2 — a 2 

30 50 v 3 # 2 - 6y 5 + 25*y 4 — 45* 2 y s — 4l£ 4 y + 20 e s 

by r ixy % —ty % — 4x 2 y+5;e 2 

31 « 4 +y 4 -- 1 +2* 2 y a -2z 2 — 1 b> « 2 +y 2 -2 2 — 1 

32 a* + b*+ 2a 2 Z> 2 - 2c s d 3 -c 4 -d 4 by o 2 + 6 2 - c 2 - d 2 

33 o 4 +6 4 +c 4 — 2a 2 6 3 — 2& ? c 2 — 2 c 2 g 2 by a 2 +Z> 2 — c 2 +2«6 

34 ^-^y 2 -^ 4 ^-*/ 7 b> 3 4 -* s i y-«y s + i y 4 

35 -r 8 + x u y 2 + x*y* + x%/° +y e by a 4 + x s y + * 2 y 2 + xy s + y* 

[ In the following examples, remove the brackets, arrange each example 
according to powers of some letter, and then proceed as usual ]' 

30 (a + i) 2 — c 2 b> a + 6+o 37 Sj^+y® by 2v+y 2 

38 x~-(y-zf by x-y+z 30 27a c -8a® byr3a 2 -2*” 

40 i 3 +mi J -mi-l by *-l 41 a B + 6 B by a + 6 

42 « B — 3a 4 J? — a% 2 + 4a" x 3 — x 6 by a 3 — x 3 

43 y*-my* + ny a -ny 3 +my~l by y-1 

44 e^-apx^+a^px-a 3 by x-a 45 £-6a 2 +27a 4 by l-Go+9« 2 

40 J-^*+S* 2 +£* s -* 4 +J* 6 by 

47 n 2 (l> — c)+l"(c— a) + c 2 (a — 5) by c 2 — (a + &)c+a& 

48 a 2 (b — c) + Z» s (c — a) + c s (« — b ) by c 2 — (a + b)o + ab 

49 vy i +2xyz t +y 9 z+y i , a —2xy , z—xz*— y 2 z 9 ,b\ xy—xz+yz 

137 Inexact Division 
Ex 1 Divide 2x s + 9a 2 +12* +2 by a 2 +3#+ 1 
a 2 +3a+l \ 2v s +9x 2 + 12a + 2 / 2x+3 
' 2j 8 +6j 2 + 2x \ 

3* 4 +10x + 2 
3j 2 + 9j+3 
x— 1 

If we continue the process, -we get a fractional term, viz , - in the 

* X 

quotient and by further continuing the operation, a series of frac 
tional terms will be obtained Hence as soon as a fractional term 
enters a quotient, the division ceases to be exact, and the quotient 
becomes infinite In such a case the quotient may be Tepresented 
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a-s in Arithmetic, bv putting, after the integral part, the last i emcnn 
dor over the divisor, m the foiin. of a fraction 

•C "" l 

Thus m the above example, the quotient = 2* + 3 + -g — j — ^ 

Ex 2 Divide * 3 — £*4-7 bj *~2, and find the remamdei 
x-2 \ x-—5 *4-7 / *-3 

/ A 3 -2* V 

-3*4-7 
— 3y4-6 

1 remainder =1 

Definition From the above it is easy to see that when dividend 
and divisor are both arranged according to the descending powers 
of the si mbol of reference, that residue which is of a lower degree 
than the dt i is or is called the remainder 

Hence if the divisor be of the nth degree, the remainder must 
be of v — 1 or of even loirer dimensions As a particular case, if the 
diii'or he of the first degree (sa\ *4-o), the remainder cannot 
contain x £See Ex 2] 

CoroUary Since 27 =4 x G4-3 identicallj , where 4 is the dmsoi, 
G the quotient and 3 the remainder, we get from Ev. 1, 

3x 3 + 9* 3 4- 12:e 4- 2 = (* 3 4- 3* 4- 1)(2* 4-3)4-(x— 1) identicallj 

Hence generally if D represents the dividend, d the divisor, 
<3 the quotient and R the remainder, wo have the identitv 

D=dQ+l( 

Since D^dQ+R is an identity, it is satisfied bj any value 
whatever of 2), d, Q and R 


Examples LXXVII 

Arrange dividend and divisor m descending powers of x and then 
hnd the remainder m the division of 

1 10x 2 4-17*4-S b> 2a: +3, 2. Sr 3 -26x:/4-I4y 3 b> 4x-3y 

3 S3* 2 — 45s 3 4- IS* 4 4- 37 — (52* by 6* 2 4-8-7* 

4 1 J-* 5 -Gy"4-6*y bj l4-*-2y 

6 v-— m 2 4-(wi— m)*4-]l by x— m— n 

6 Gc 5 -x 4 4-7x 3 4-13r-17 by 3* s 4-4* 8 — 5, 

7 What number must be added to * 3 4-* 2 -4(*4-3) that it ma\ 
be dm-ible by s- 6 ? 


13 
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8 If the dividend be x'+5x 3 + 6 z- 4, the divisor ar 2 +2x-l and 
the remainder *— 1 , what is the quotient ? 

9 The quotient and remainder are respectively 2ar 3 - c -4 and 
2x-l , if the dividend is 2* 4 -s 3 -9, what is the divisor ? 


138 The Method of Detached Coefficients As m Art 
134, we may use this method to divide one polynomial by another, if 
they both contain powers of one letter only, or if they both b“ 
homogeneous m two letters omy 


Ex 1 Divide a: 4 -4a: 3 +5.r 3 -7;r+6 by ar-2. 

1-2 \ 1—4+5— 7+6 / 1—2+1— 5 

/ 1-2 V 

-2 + 5 
-2 + 4 
1-7 


1-2 
-5 + 6 
-5 + lb 
- 4 


quotientj=# 3 -2* s +v— 5 and rem = —4 , 

[since the quotient must be of the third degree and its first term 
must contain x 5 as the expressions ue arranged m descending powers 
of v ] 

When the divisor is a binomial, as x — 2 here, the above woik may 
be more concisely arranged thus — 


1 


1 


-4 

2 

-2 



6 

-10 

-4 


quotient = * 3 — 2 *° + x — 5 and rem = — 4 


Explanation Arrange the coefficients of dividend in the fust 
line, draw a line and below it put the/; it term 1 of the first line 
Multiply 1 by 2, the second term of divisor, put the product 2 aboi e 
the line and -under -4 , the difference is —2 Multiply the 
difference ' —2 by 2 , the second term of divisor, and put the product 
- 4 above the line and under 5 , the difference is 1 Multiply this 1 
by 2 , the second term of divisor, and go on as befoie The quotient 
is given by the numbers to the left of the vertical line and the re 
mainder is the number to the right of it 

Note The divisor is * — 2 , and we have multiplied by 2 and not by - 2 . 
If the divisor were .r+ 3 , we would multiply by -3 The reason is obvious 
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Ex 2 Divide t 1 '— 7« + S by x 3 — 2*+l 

Since the dividend is incomplete, the coefficients are to be pi t 
down as follows 

1-2+1 ) 1+0+0 +0+0— 7+8 ( 1+2+3+4+5 
1 1 - 2+1 * V 

2 - 1+0 
2-4+2 
5 — 2+0 

3-6+3 

4-3-7 

« 4-8+4 

5 — 11 + 8 
5 — 10 + 5 
- 1 + 3 

. quotient =*' + 2* 3 +3* 5 + 4* + 5, and remainder — — a + 3 

Examples Ii XXVIII 
Divide by the method of detached coefficients 
X. * 3 +5* 2 -10*+4 by r-1 2 3* 3 -13*+21 by r-3 

-3 8x 3 +47* 2 — 12*— 16 by *+4 4 * 4 +10* 2 -56 by *+2. 

5 X*— e* 3 ^- 4 )*’— 4 bv x s — 3 x+ 2 6 32r 4 +54*y 3 — 80y 4 by 2*+3y. 

7 3* 5 +2* 4 +13a— 10 by *®+2x 3 +*— 2 

S 2* 5 +2*' , y— 6*y*+8y 6 by 2*®— Bxy^+Sy* 

9 2x°— 3* 6 +7x 3 ~ 16x+16 by x 4 -2x 3 +4 

10 *°+ll*— 34 by **+2e 3 + * s -4*-ll. 


139 Arrangement m Inexact Division We bavc se.m 
that m Exact Divisions, the answer is the same whether dividend 
and divisor are arranged in descending or ascending order But m 
an Inexact Division an example appears to ha,ve two dijjerent answers 
according as we arrange it in. descending or ascending ordei 


Ex 1 Divide 2x 3 +7x+8 by 2*+l 


Arranged m descending order 
2*+l) 2x 3 +7x+8 (*+3 
2x 3 + * 

Gv+8 
6* +3 
5 

„ quot =*+3, rem =5 


Arranged m ascending ordei 
I +2* ) 8+ 7*+2* s ( 8 — 0* 
8+16* 

— 9*+ 2x 3 

— 9*— 18* 3 
' 20 **- 

quot =8-9*, rem =20r 2 



the >ew matriculatiok algebpa 


106 

lira anomab is explained when we remark that these quotients' 
ar only different portions of the real quotient which we cannot find 
in Inexact Divisions Hence m these divisions, only a limited 
n_mbe i ' of teims can be found 

Ex. 2 Divide a by 1 - x, keeping 4 terms of the quotient 
1-x^o ^ a+aa:+«3; 2 +a* s +&c 

a— ax 
ax 

ax— ax 2 
ax 2 

ax 2 — ax 2 
ax 3 

a X s - ax* 
ax 4 

required quotient = « + nr + ax 2 4- or 5 

Examples LXXIX 

In the following divisions, keep only 4 terms of the quotient 

1 (1+a:) — (1 — a?) 2 l-~(l-ar) 

3 («-#)— (a + 2s) 4 (a-bx)—(a+cx) 

5 (l+x 2 )—(l+s) 6 (l-s+s s )~(l-s) 

140 Functional Notation In Art 110, we have used the 
b_v mbols fix), F(x), $(#), &c, to donote functions of x It is to be 
borne m mind that each of these symbols is onh a short way of 
writing the words “function of j* Moreover it is used as an 
abbreviation to denote an algebraical function such as' **— 2a:+3, 
jaat as we might use A for the expression 

Any function of % such as 2a; 2 , 3^/ar, a; 2 +3v-4, &c may be re- 
pre-ented by T(x) , but when we once use fix) to represent a particular 
ivmction, sa\ x”+3x—4, we must throughout ths same piece of work 
denote by t\x) this function, and if necessary, other functions in that 
vork must be represented by othei simbols, such as F(x), <j>{x), &c 

Now m the question “find f(a), when f[x)=x--hx-> r Q i \ what does 
A<»' mean ? Here fix) being gi\en,/(«) denotes the value which f\x ) 
shetl have when x is changed into a For example if/(x)=v 2 — 5v+6, 
th«n f\ 0 ) = a 2 — 5a + 6 

Hence if f(x) =x 3 —5x+6 ) ■ 

then (i)/{l)=l 2 -5x 1+6=2, (u) /(0)=0°-5x 0+6=6 , 

(m) /{-!)=(— l)‘ > —5(—l)+6= 12 , and so on „ 
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Examples LXXX. 1 

1 If f(x)=Sv- r j, find the value of (i) /(l), (n) /(-!)> (ui)/(3), 
and (iv)/(0) 

2 If JYr)=* 2 +L find the value of (i) F( 2), (n) F(-I), 
(Ul) F(0) and (iv) F(5) 

3 If flx)*=2x' 3 +3x- 1, find the value of (l) fi 1), (n) f[— 1)> 
(in) f(2) and (iv) f(0) 

4 If <£(*)=(#- l)(x-2), find the value of (l) (0), (u) </>(— 2), 

in) f/>(2) and (iv) <f>(8) 

5 Given that f\x)— z'—x, determine the value of (l) /(l), 
<n) /(0), (m) /( - 4) and (iv) /(5) 

6 Given that F(x)*= r(a:+l)(f+2), find the value of (i) F(l), 
(n) F\0), (m) F(—Z) and (tv) F(-G) 

7 Find the valne of <p(x+l)— $(r), when <^(jf)=3« a — 4^+5 

8 Find the value of f(x+a) ±f(t—a), if fl'c)*=x*+2x-3 * 

9 Iif{'c)*=x' i +px+q ) find the value of f{x + 4) +/(x - 4) - 2f{x). 

10 If (fi(x)~ax 3 +bx+c and 4v)s=n+5T+M 2 , shew that 
(J> (a + 1) — f(x + 1) = x{a - e)(jr + 2) 


141 The Remainder Theorem When an integral function 

oj a, n divided by x—a, the remainder is obtained by substituting 
a for as in that func'ion 

Let Q represent the quotient and R the remainder, when any 
function f(x) is divided In x—a Tims by .Art 137, Cor , we have 
the identity 

t f(x)=Q{x-a)+ R„. (l), 

where the remainder R 1 emg of a lover degree than x—a, cannot 
contain x [Art 137, He/] Now (l) being an identity, is satisfied by 
ony value of x , and therefore by the value x—a , thus 

A«)=<3(a-«)+H=(3xO+H=/? , 

thatjis, R =/(«) , (n), 

Thusuf f(x)—x*+ 2x 3 +3x+l, then R or /(a) = o 3 + 2« 2 + 3" + 1 , 
iif(x)=x~-px+ / q, then R‘ l orf(a)=a 2 -pa+q , 
ilf(x) 3 - qx- +rx-i, then R or fly) = m 3 - qcfl +ra — s, 

and so on 



TIIE SEW MATRICULATION ALGEBRA 


19fc 

.Again if v- a divides /fa) exactly, there cannot be any remainder* 
Thus when /fa) =0, then x-a is a factor of /fa) 

Hence if an integral function f(a5) vanish when X =a, then ou—a 
it o rnctor oft(ao) 

Ex 1 Find the remainder when 2r <1 — 7a: 3 + 8a:— 9 is divided b\ 
a. —4 

V\ the Theorem 

R or /fa)=2x4 s -7x 4 2 +8x4- 9=39 

Otherwise [see Art 138, Ex 1] — 

2-7 8 -9 

8 4 48 

2 1 12 | 39 rem =39 

Ex 2 Find the remamdei when 27* s — lS^+Sr-ll i> divided 
b\ 3-, — 2 Here 3a:— 2 vanishes when a;=3 

R or /0=27(f) s - 18(§) 3 +3 x 5- 11= - 9 

Ex 3 Find the remainder when 'e 1 +5v s +8a; 3 +7a:+6 is divided 
bv i+2 Since x+ 2=x— (—2) we have 

11 or/t-2)=(— 2) 4 +5(— 2) 3 +8(-2) 3 +7(-2)+G=0 
Hence the given expression is divmble by a; +2 

Ex 4 Investigate whether 2a; 3 — 3a; 3 — 2 »+ 3 is divisible b\ 

-j!_l 

The factors of a: 3 — 1 aie x— 1 and a:+l "When the divisor is a: — 1 
/(1)=2— 3 — 2+3=0 , 

the given expie3Sion is divisible by r-1 When the divisor 

lb - +1, 

/(— 1)=— 2 — 3+2+3=0, 

the expression is also divisible by e+1 Hence it is divisible 
bv the product of a;-l and x+1, i e ,by a*-l 

Ex 6 If one of the factors of r 3 +5i;+g be a:+S, deteimine q 
Divide r s +5 v+q by a;+8 , thus 

/(— 8)=(-8) s -5x8+g=0 b) supposition , 
q= -24 


whence 
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Ex 6 Eoi what values of a and 6 is the expression 3 x^+ax^+bz 
+30 di\ mble by * 2 +2ar — 15 i 

Let ^r)=3:e s +«:r 3 +62:+30 * 

Dm-,or ® 3 +2 a — 15=(jp— 3)C*+5) 

If is divisible by a: 3 +2* — 35, it must be divisible by a?— 3 
and r-*-5 separately , and then wc must have /(3)*=0 and/(— 5)=0 

Now /5[3)t=3x3 8 +9a+36 + 30=9rt+3& + lll, 
7T-5)=3(-5) 8 +25a-56+30=>25«-56-345 

Hence 9« + 36+lll*=0, or 3a + 6= —37 (i), 

25re - 56 — 345 =0, or 5a — 6 = 69 (u) 

Thus from (i) and (n), a =4, b— -49 

Examples LXXXI 

Bv the Eemamder Theorem flud the remamdei when 

1 a 3 J-5:r 3 — 1G is divided bv *— 2 

2 jr 1 +2i 3 +5je— 3 is divided by x-\ 3 

3 2x G +5a: , -9* 3 +6r+2 is divided by 2r + l 

4 £io + r s _ 1f +4 jb divided by ar+l 

6 a^+l 0.r 2 + 100* + 1000 is divided by x + 10 
0 x* — 3a: 3 + 1 is divided bv j-c 

7 a^+2* 2 — 6r+10 is divided by x+q 

8 2* r '— Sar^y+Gry 4 — 4y 6 is divided by x—y 

9 Shew that x— 3, a? +2 and r— 7 are the factors of 

tf 3 -8a: a + 3: + 42. 

10 Shew that 2**+3a: 2 - 8a? +3 is divisible by (# — l)(.r+3) 

11 Shew that Go: 3 — 5ar 3 — 8 jc + 3 is divisible by (2x — 3 )(j + l)(3ar — D 

12 Shew that r 4 -2a;t a +(l — a)ar 3 +(2t — l)a" is divisible by x*—a 

13 If when x z — 5x +« and «* 3 +13:r 3 +2a:~ 11 are divided b 

x+3 the remainders are equal, find p , 

14 Determine l so that Zx i +8e' 1 — 4/a + l may, be divisible b 1 
x-2 

r 

15 If z*+x 2 +px+q is divisible by (x- l)(a -2), find p and q 

16 Determine the values of a and 6 for which the cxpressioi 
3 * s +« 3: 2 — 74# +6 is divisible by v 3 +2:r— 24 
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142 Divisibility of oc"± a * by oo± a where n is a positive 
integer We have four cases to consider, which we shall do m the 
following order — 

(i) When x n -a 11 is divisible by x—a , 

( 11 ) When x" + a' 1 is divisible by x—a , 

(in) When x"-a n is divisible by x+a 
(iv) When j; n +a n is divisible by x+a 

By the Remainder Theorem, we have, when 

( l ) Dividend =>« n — « M and Divisor = a; Rem —a” — a"— 0 always , 

x u - a n is always divisible by x—a , 

(n) Dividend = T u +a u and Divisor =v—a, Rem =n’ l +a n =2o n 
always , / » 

x n +a" is never divisible by x—a , 

(m) Dividend =x n - a" and Divisor =v+ a Rem =(—«)"— a"=0 
or — 2a n according as n is even or odd , 

x”—a n is divisible by x+a only when n is even , 

(ivj Dividend =x" + o'* and Divisor = x + a, Rem — (— a) n +a"=0 
or 2a“ according as n is odd or even , 

v n +a n is divisible by #+« only when n is odd 


Examples LXXXII 
II rite down the following quotients m 

1 ( a*-W)-(a±b ) 2 (a 6 +& G )-(a+6) 3 (a tt -b°)—(a±b) 

4 (* v +y 7 )-(*+y) 5 (s 8 -y 8 )— (*±y) 

6 (# 0 +y 9 )— (v+y) 7 (a±x) 

8 (« u +a; u )— («+*) 9 (jr 10 -o M )— (x±a) 


CHAPTER XIV 


HARDER FORMULAE AND FACTORS 
43 From Formulae I and II [Art 64], we have 

i tv f(«+&) a =(a-&) s +4 ab 
U«— &) 2 =(a+&) 2 -4a& , 
formula X a 2 +b 2 =(a+b) 2 -2ab 

=(a- b) 3 +2ab 
=i(o+&) ! f^(a-b ) 2 


(i), 

• (n) 
(0. 
(h). 

(m) 
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f4.tfft=(«4-J>) 2 — («-D) s ... . (i), 

Formula XI j . . , (11) 

[The student can easily prove these formula! ] 

The form (n) enables us to express the product of an) two factor-- 
t*s the rtije-enc of fro /ouai c* 

\ \ 

Ex. 1 Tind the ”alues of (x 4-y)- and x-*-y, when x-y*=2, 
ry=15 , and of (v-y) 2 and r— y, ■when x+y—S, xy =12 

(x J -y)2e*(x~y) s x-4xy=2 t -*-4 v 15=frl , ;e4-y= N /64 = S 

(x— y) s =r(v J-y) 3 — 4xy 4 X 12=16 , x—y — ^/16=4 

Ex. 2 Find the value of x 8 -*-2»“v4*y 2 , when r— 62"> and y— G24 
^4-*/} 2 ={a-y} 5 +4 xy =(621 - G2 i}*4-4 x G27 xC24 

= t s 4- 2500 X 4 x 150=14*1000^ >*150=1100001 


Ex 3 Find the vain*, of 2 s +y s , (1) when x 4-y =10 and xt/ — 24 
C2) when y=3 and ay=28 

(1) .r 3 -*-y 2 =(.r4-y) 2 — 2ry={10} 2 — 2x24=52 [from X] 

(2) x 2 +y 5 =(jr— y)* J -2Ty=3 2 +2x2 l '=l>5 [from X] 

Ex 4 Find the value of x^+y-, when x+y = 17 md x—y =9, 

x 2 +y*= J<x+y)*+^-y) s “^y 07) s +iy 0*=S?0 + » ; l=i8'', 

Ex. 6 Express (« j- h — 2<*)- 4- 2(1) - u)(c - a) as the sum ot two 
■square!- 

>mcen — o-2e«=(&— c)-(c— a), wc have 
Given expu — [{5-c)-(c-o)} 2 + 2(6— 

=(&-e) 5 +(r -«) 3 [bv X] 


Ex 6 Exprc^i (x — «){ c— 3<i) as the difference of two squares 

l - J l ^ J 

[here a~x-«, b—x— 3o] 
f Sx-4a\* /2*\ 3 „ 


Ex 7 ^hew that 8i;yf^ s +y 2 )=(j:+ , y) , -(x-y) < 
a xy(x-+y-)—(ixy)y 2(js--i-y 2 ) 

= { (a: V) s - (J -y) 2 f { (x + y)" + (x - y ) 2 } 
=(*+y) 4 -(*-y)’' 
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Ex 8 Shew that 

(a + by(% -y) 2 +A xy(a-b) 2 =(a- b)-(x+y)-+4ab{x-y)- 

Lef t side = { (a - i) 3 + Aab }(* - y) 2 + { (* +y) 2 - (* ■ -y) 3 K« - W 

=(« - h)'{x -yf+4ab{x-y)-+ (a - b) 2 {x+y? - (a - b)\x -yf 
^(a-b)\x+y) q +4ab{x-y) 2 

Examples LXXXIII 

Find the value of 

1 * 2 +2 xy+y 2 , when v-y=4, *y = 117 

2 x-y, when x+y—5, xy—G 

3 2r+a, when 2*— a»13, ax= 7 

4 r 2 +y, (1) when *+#= 13, *y=42 , (2) when x-y— 'l, ay- 24 ; 

(3) when *+y=18, x-y — A. 

6 jn 2 +2mn+7i 2 , when m=126 and ti= 125 , 

6 r 2 +y, and of xy, when *=621 and y — 379 

7 r 2 +y, when v=« 2 +a6 + 6 2 , y=a 2 — ab+b 2 

8 * 2 +*y+y 2 , when *+y= 5 and xy = 6 > 

9 x 2 -xy+y\ when x-y— 4 and xy — 21 

10 If x=ab+cd, y*~ab—cd, find x 2 +xy+y 2 and x 2 —xy+y 2 , m 
teims of a, b, c and d. 

11 Express as the difference of two squares 

(1) * 2 - 10* , (2) *(* + 18), (3) (* + o)(* + 5«) , 

(4) (*— a)(v+3a) , (5) (*+1)(*+2)(*+3 )(j+4) 

12 Shew that (« 2 — l» 3 ) 2 ={(a+6) 2 -4a6}{(a-6) 2 +4aJ} 

13 Shew that (a + b) 2 (x - yf + 4*y(a - bf = (a + b) 2 (x+y) 2 - 16«6*y 


144 

formula XII 


Prom FoimuH IV [Art 66], we have b) transposition 

ra s +h 3 =(a+&) 2 -3a&(a+6) (i), 

\(<t+&) 3 -a s -6 2 =3a&(a+&) .. (n) 

Also from Formula V [Ait 66], we get 


formula XIII 


f a 3 - i > s = (a - &) 3 + 3ab(a - b) 

\( <t _&)i_(o 3 -63j = -3 ab(a-b) 


>(i), 

(»)- 


Ex 1 If *+if=2 and xy= 3, find the value of * 3 +t/ 3 

* 3 +y s =(r +»/) s — 3*y(*+y)=2 5 - 3 x 3 x 2= - 10 
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Ex 2 If 3. -y =2 and * s -y s =20, find the value of xy 
We Inve Bxy{x-y)^x*—y z —(x- y) z 

3ty>. 2=20—2'', or Gxy=l2, t t , a»;=2 

Examples LXXXIV 

1 If x-y=3 and xy=l, find the value of x" 1 — y 8 

2 If « -t-6— 2 and n 8 +l» 5 =3, find the value of ab 

3 Find the value of x*+>/*, (1) when r + V => 2 and xy — 1 , 

(2) when x+y—4 and xy=2 

4 Find the value of x z —y\ when x-»/=2 and xy = 3 

5 If 2jo+3{?=4 and jaq r=fi, find the value of Bp* + 27 q* 

0 Find the value of 7n s -27ft s when wi — 3»=t and mn~l 

7 Given x—y~ — C and v*— f/'^-lO, find the value of xy 

8 Gnen 2r -J-y=2 and Sx’d-y^ -28, find the value of xy 

145. Formula XIV (ax+b)(cjs+f7)^acv i +(hc+ad)v+bd. 

[The proof will he supplied In the student ] 

Ex Multiply 2x4-3 hv fix— 4 
■Required products fix’d- (3 5—2 4)x-3 x 4, putting &*= —4 

= 10x 2 +7v— 12 

Examples LXXXV 

Find the value of 

1 (3x4-2X.fi c+ 4) 2 (2x+3)(3r+2) 3 (4x4-5)(8x-3) 

4 (fix — 61(3x4-4) 5 (3x— 8){2x— 3) 6 (9x-l)(2x4*5) 

7 (4«-3)(1o-4) 8 (fix 4- 0X7 jt— 6) 9 (2x-15X8x-7) 

I4<» Cyclic order Let three letters a, l, c be placed 111 oidci 
round the circumference of a circle as shewn m the annexed diagram 
If we -fu t from an) letter a and go round 
tht circle m the direction of the arrows 
we see tint « is followed b\ b, b In c and 
r In n, that is, the lettcis follow one an- 
nthu m the order ubc , similarly if we 
«tart from b, the order of the letters is ben 
and if from c, the ordei r> cub When 
<, l, e follow one another in this wn', 
the\ are s ud to be in cyclic order 

Tfenre the products of over) two of the letters rt, b, c, when written 
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m cvclic order aie ab, br, ca, if we start from a , but the products ab, 
,rc, be are not m cyclic ordei Similarly if we start from b, the same 
products, written m cj clic order, are be, ca, ab 

A gun the differences of every two of the letters «, b, c, stalling 
from 6, are 5-c, c-o, a-b, when written in cyclic order , but not so 
pre b— c, a — b, a — c And so on 

It is liighl} desirable to observe cyclic order m arranging the 
lettera of an expression, foi then the work will gam in simplicity 
and elegance We shall observe cyclic older m the following 
formulre 

147 Formula XV (x+a)(x+b){x+c) 

—x'+ (a+b +c)x' 2 +(bc+ ca,+ ab)x+ abc 

If <j, b, c are all negative, this formula assumes the form 
(v- a)(x - b)[x -o)=x 3 -(a+b+c)x a + ( bc+ca+ab)x —ale 

Ex 1 Find the product of x+3, x+4 and r+5 
Required product == * 3 + (3 + 4 + 6)x * +(4 5+53+3 4)v+3 4 5 
= X s + 12a! 8 + 47* + 60 

Ex 2 Find the product of (*~2)(* + 5)(x- 8) 

Required product=r s +{(-2)+5+(-8)}:c a 

+ (5(~8)+(-8X-2)+(-2)5}x+(-2)5(-S) 
= — 5* 2 — 34 r + 80 


Examples LXXXVT 


Find the product of 



1 

(m+l)(m+2)(wi+3) s 

2 

(*-l)(#-2)(*-3) 

3 

(,r-l)(s:+2)(;c+3) 

4 

(*+2)(* + 5)(*+8) 

6 

(I + 1)(I- 3)(^+4) 

6 

(p —i)(p— 3)(p +ii) 

7 

{z-l){s+3)(z-4) 

S 

(h -3)(/i— 4)(A+6) 

9 

(ar+a/r+2a)(x+3a' 

10 

(x+a)(x+2a)(x—3a) 

11 

(* - fl)(£ — 3a)( v - 5b) 

12 

(y - 3 m)(y - 2 m){y + m) 

13 

{in — 7 )(m + 1 ){m — 10) 

14 

(/i+ 2 n)[li - 3 n){h — An) 

L5 

(3.r— 1)(3 j-4)(3*— 10) 

18 

(5x-4)(5x-3)(5x+2) 


148 Formula XVI 

(a s d-6 2 +c 2 +2&o+2ca+2a&=(a+& + c) s (i), 

+ ca + ab)- = & 2 c*+ c’« 2 +« 3 6 3 + 2abc(a +b+c ) (u) 
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Lie* prove identity {0 Amngc according So potters of a, tint-, left «nle 
-s , + 2 i(S+*)+(£'’ + 2 N + f 4 ) 
r-flM 2 ! {6 !-<■) + (M rl 4 
~{a }-A J -f) J =s{a+A-1 i) s 
1 > prove ulcnlit) (jj) Esp-tad left side ; thus it 

~{UY -i [*'•)' Ha 5)’ sla4KM-i 2t4cJ(<a) 

~b*t* +4 } ^ 4 *i 2a* be + 2 ai 4 t +2ri 2 

-=^ 4 f ! +rV* J-c , a 2 +2a4,( < t+i-j r) ] 

Ex 1. ^hovr that 4j»*+g ,J -10i 4^ + lGpr- %r ii a perfect 
qir.re and find its value, when p** 1, y«12 aud r~l 

Ai ranged according to tho powers of j>, given evpn 
*“ ip*- 5 p{q- lr)-t-(5 5 J-l0r5-B?r) 

r-(£^)‘-£(Djp)(^- ir}+( ? -4r) 3 
«(2p— 5+4r) 4 

finite required valno«(2 J — 12-r4 l) a — 0 

Es 2 If s<=ha~c } r/rae-fl, rrafj— f*, prove tjiil 
x , +y*+£— Zxy— 2.x+2yi«« i?» 5 
-Xiringe according to powers of *omt* on* letter, sa\ v , thus 
L* f’ *vle > 1J-- 2x^j/-K) + ( > 7-'+s s + £r/.) »x 3 - 2x(y + ;) (t/ + .)“ 
-{x-fv+i)J , "*{x— »/— 2) S «=(S+C— (5+tl— u + &)"-a(2&) ! 

Ex 2 I'rovo tint {(y-;X2-x)+(-~x){r-j/)+(j-yX.V-'-)P 

“ (y - r) 3 +\-* - *) 3 (x - »/) 5 -* (x -y)> - -*}» 

1'nt r h c^x— i/ , thmo + h+c^y— ~+c — x+x— 

Now left Kfdc-*(af»+6f+cn) ! *=«(«"/,"+ft*(**+<!*i s 4 2 \b (<« + fr-pc) 
o=« J f* 3 + /»"c 3 +c 5 « 5 , «+&-* c~ 0, 

“(Jf ~ -}’{J - ^+(2 - jHx-v)‘+ (x -?)”('/ - , 

Examples LXXXVII 

'-htw that 

1. lx I J-0y s +C c v*~12x i y->-*. ! - Lx is a perfect pqime 

2 Owj*- 12<aM lGfJ**— In- j“ a perfect square, ind 
find its value, when *rt«2, n*-Z, p-* - 4 
Find the value of 

d bc+cn+vb, when «-p6+«;--2, fi 5 +&"+c ? =» 1 
4 + when «+i+e«3, i»'+c'i+fl&=2 
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Find the value of 

5 <j+6+c, when a 9 +& 9 +c 9 =9, 6c+ca+a6=8 

0 x i +y 3 +-s 3 +2yz+2zx+2xy, when x=b+c-3a, y*=c+(>-Zl>, 

and z=a+b — 3c 

7 x 3 +y 3 +4s a -4yz-4zx+2xy, when x—b+e-2u ) y=c+a-2b, 

and —z=a+b—c 

S If x—b—2c, y—c—2a, z—a — 2b, shew that 

x 2 — 12yz+4xy+9z-— 6zx+4y 2 =49(a - b) 2 
9 Shew that (a - b) 2 + (b - e) 9 + (c - rs) 2 + 2(6 - c)(e - a) + 2(o - <«)(« - b ) 
+2{u-h)(b- c)=0 


( (6-c)+Cc-a) + (a-b) = 0, 
a(& - c) +b(c- a) +c(a- &) = 0, 

(& 9 - c 2 j + (c 2 - a 2 ) + (a 9 - & 2 ) = 0 

[These results are very important The student can easily veiifj 
,hem ] 


Examples LXXXVIII 


Simplify 

1 (a+l)(&-o)+(&+l)(e-a)+(o+l)(a- b) 

2 (x+a)(b-c)+(x+b\c—a)+(x+c\a-b) 

3 a 2 (b + c)(b~c)+ b*(o + a)(c -a)+ c 2 (a + b){a - b) 

4 ( v +y - =)(* -y)+(y+=-x)(y - *)+(*+#-y)(*-x) 

5 (x 3 - a 2 )(b 2 - e 2 ) + (x 3 - b 2 )(c 9 - a s ) + (x 3 - c 2 \a 2 - b 3 ) 

0 (v~b-c)(b-c) + (x- c-a)(c-a)+(x-a — b){a — b) 

7 (2a - 1»- e)(6- c)+(2t- c-a)(c- a) +(2c-o -&)(«_&) 

8 ( la + b + cXb-c)+(lb+c+d)(c-a)+(lc+a+b)(a-b ) 

9 {ma— tc(6+c)}(J-c)+ {mb-n(o+a)}(c-a) 

+ {mc—n(a+b)}(a - bj 

10 {Ia + i(5+c)+m}(&— e)+{l&+[(c+a)+jn}(c— a) 

+ {Jc+l(a + b)+ ni}(a—b) 


130 Formula XVTII 


(a 2 + «6 + b 3 )(a 3 -ab+ b 2 ) = a 1 + a 2 b°- + b* 
Conversely a*+a 3 b 3 +b i =(a 3 +ctb + b 2 )(a 2 - ab+b 3 ) 

[For +a 3 6 3 +b*={a* +z a e 6" +6*) — a 3 b 3 

+4®} s -[ai) 3 =s{a 3 +ab+6 3 ){a 3 -ab+b *)] 
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551 Factors of Expressions of the form 

abcc--{- (a 3 +b 3 )x + aft 

Trie have (ax + b)(bx + «) = abx 3 (« 2 + b 3 }x+ab , that is, abx- 
-*-(a-+b-)x-i-ab has two factors ax^-b and 6*+u> Thus if the coeffi- 
cient of x 3 lb the «e at the la<t term (irrespective of signs), and the 
factors of the last term are snch that the abjcbraic turn of their tgmre ■» 
is the coefficient of x } then the factors of the expression are of the 
form (ax 6), (6* a), and can bo written down at once, the proper 
*ign$ being supplied as m Art 74 

Ex Factorize 15* 2 — 16* -15 

The factors of 15 are 1, 15 or 3, 5 , we take the latter pair as 
the algebraic sum of their squares is 16 Hence the required factors 
are of the form (5* 3) and (3# 5) also 3 and 5 must have different 
signs and the sign of 5 most be— , 

given expression = (5* +3)(3*- 5) 


Examples L XXXIX. 


Eesolve into component factors 
1. G* 5 +13*+6 2 15* 2 +34*+15 3 

4 24* 2 -73*+24. 6. 12* s -145*+12 0 

7. S* 2 +G3*-S 8 12m 3 — 7m— 12 9 

10 12* s -45*-12 11 1 G*s+2t5v-1G 12 

13 9*2+80*- 9 14. 6*2-35*+G 15 

16 Sm 3 -6jmn+6r 3 17 36* 3 +21*-36 18 
19 14* 2 -35*y+14y 2 20 7x 3 -48xy-7ff 3 21 


12**+25*+12 
40*2-89* +40 
15*2-224*- 15 
ll* s +120*— 11 
454 s — 561— 45. 
6* 2 — 5*y — Gy 2 

10* s — 39*y— 40jr 2 . 


152 In factorizing expressions by suitable rearrangement and 
grouping of the terms [Art 73], the following two cases should be 
noticed. 

Case I If an expression contains one of the letter g onlj in the 
frtt power, its factors are generally obvious when it is rearranged 
according to the powers of that letter 

Ex 1 Eesolve l+(6— a 3 )x 3 — abx 3 into [actors 

Here b occurs only in the v tfrrf power Arrange therefore in powers 
of b , thus we have 

(1 — a 3 x 3 ) + 6(* 2 — cix 3 ) 

=(1 + o*)(l - ax) + bx 3 ( 1 - ax) 

= (1 -«*](! +a* + 6*2) 
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Ex 2 llesohe (cP—b 3 )* 3 -^ 3 - 6 3 )6*+« s 6 3 into factors 

Putting a 3 , -we see that m occurs only m the first power 
Arran<ang according to powers of m,ie, d 1 , we have 
a 3 (cr 3 — 2&r + 6 s ) — (6 s * 2 — b 3 x) 

= <i 3 (is — 6) 2 — 6 3 s(* — 6) 

=(»- i){a 3 (af - 6) - 6 3 r } 

—(x— b)[a-x — 6% - « 2 &) 


Ex 3 Factorize a 3 — 2a6— 4/ic 4- 26c + 3c 3 

-Arrange m powers of b , thus the given expression 
— (« 3 - 4<ie + 3c 3 ) -2 b(a~ c) 

= (o - c){a - 3c) - 26(n - c) 
=(«-c)(n-26-3c) 


Examples XC 


Eesolve into factors 
1 a6 2 +6 3 c 2 

3 s t +(a-b)x 2 +(l-ab)v+a 4 

6 -c ! — («+6+c);r+«6+ac 6 

7 \-Zax-{c-a 2 )x-+acx* 8 

9 x"—axy — 2ax+a' i y+a' 1 10 

11 « 2 +«6— 3«e-26 s +36c 12 

13 a- 3 — (2a+b)x t +(2ab-i-a i )x-a s b 


acx % + hex- + adx + hd 
X s - 2(a + c)V+(3fl +4 c)ax - 6 n“c 
x^+Zax— Zab— 6 3 
l5xy+llx+3x*-5y-4: 

* 3 + 2 xz— Gxy— Zyz-b 5 y s 
r< 3 - 13a6 - 206c + 3G6 3 + r >oc 


14 « 5 - a 2 (56 3 + c 3 ) + a6 3 (46 3 + 5c 3 ) - 46V 

15 x i Ar(p- a)x 3 - (ap+q+1 )x-- (p - aq)x + q 


Case IX If an expression is of the second degree in any one of 
i/*e i otter*) it may he rearranged when written according to the 
powt s of that letter 

Ex 4 Factorize a 2 -2a6-4cic+26c+3c 2 [Ex 3] 

Consider this as a quadratic m «, and arrange accordingly , thus 
the given expression " 

= a 2 — 2(6 + 2c)a + c(2& + 3c) 

=o 3 - {c+(26+3c)}k+c(26+3c) 

— (o -c)(«r-26-3c) [Art 74] 
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Ex 6 Factorize » 2 — 2(o + b)x - ab(a - 2 )(6 + 2) 

Given expression =x 3 - (2 a +26)* - (ab - 2 b)(ab + 2«) 

=x 3 —{(ab+2a)'-(ab - 26)}*- (ab +2a)(ab - 26) 
= {*-(a6+2fl)}{*+(fl6-2&)} [Art. 68] 

= (* - 2 a— ab)(r — 26 + «6) 


Examples XC. ( Continued ) 


Eesolve into factors 


16. 

x 2 +xy-Gg 2 -x+2y 

17 

x 2 -y 2 -x+3y-2 

18 

X s — 2(a + 1)* — 3a(« — 2). 

19 

a 9 +3a(2&— 1)+2(6&-5) 

20 

h 3 + 2rt(6 + c) — 36(6 — 2c) 

21 

x~ + 2(a + 1)* — 3a(5a + 2) 

22 

* 3 +(«-6)*-fl6(n+l)(6+l). 28 

x 3 - 5b* + 6(a + 26)(« — 36) 

24. 

* 3 — (a 3 +6 3 )*— a6(a 3 — 6 s ) 

25 

x 2 — 4xy +3y 2 +4x— 10y+3 

26 

a" + 36 3 — 4c 3 — 4ab + 46c 

27 

3* 2 + (66 — 1 1h)* + 3a(2a - 56) 


[Also -work Examples 6—12 inclusive by this method, and 
Examples 19, 20 and 27 by the method shewn in Case L] 


153 General method of reBOlvmg Quadratics The 
tentative processes of resolving quadratic expressions given m Arts. 
74 and 75 are practically very useful We shall however give a general 
method applicable to all cases, by which we express a quadratic 
as the difference of two squares, and thus resolve it as in 
Art 71 

A quadratic of the form * ? +p*+? oi <j* 3 +6*+c can be expressed 
as the difference of two squares by completing the square, to do 
which there are two methods — (i) the common method, and (n) Sri- 
d/iara’s method. 


COMMON METHOD 

We know that * 3 +2fl*+fl 3 is a perfect square, viz , (*+o) 3 , where 
the last term is the square of a which is half the coefficient of x 
Hence if the first two terms * 9 +p* of a quadratic are given, x 2 +pr 

may be made a complete square by adding the square of 

haif\the coefficient of x 

Thus * 3 + 8* is made a complete square (a + 4) 3 when we add to it 
(f) 3 or 16 , x 2 -6x is made a perfect square, if (-§) 2 or be added to 
it , and so on 


14 
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SRIDH ABA’S METHOD" 

The expression 4* 2 +4px+p" is a perfect square, viz , (2r+p) 2 , where 
the coefficient of x 1 is 4 and the last term is the square of p * Thus 
if x-+px is multiplied bj 4, i a , by 4 tames the coefficient of x- winch 
is 1, and then the square’ of p, the coefficient of x, is added, then the 
square is completed Hence when the first two terms of a quadratic 
are given, the square may be completed by multiplying by -f iinu-< 
the coefficient of x- and then adding the square of the coefficient of x 

Thus x 2 +2x is made a complete square, by multiplying it by 
4x1, and then adding 3 s or 9 , thus it becomes 4x 3 +12x+0oi 
(2r+3) 3 Similarly x 2 ~5x is made a perfect square if we multiply 
it by 4 and then add (-5) 2 or 25 , we shall then have 4r s — 20 c +25 
ot(2x-5y And so on 

This method is often convenient as it enables ns to avoid fraction 
in completing the square 

Ex 1 Express x 3 +8r as the difference of two squares 

(i) s 2 J- 8* - x- + 8* 4- <S) 2 - (|) a = ( * 2 + 8x + 16) - (4) 2 « (x + 4) 2 - (4) 2 

Here we add (?)-, and to preserve the equality, we subtract (£; 2 

(u 1 j 2 + Sr = (x 1 + 8 x) x 4 t- 4 = J(4j? 2 + 32x) «=» %(4x- + 32r +64-64) 

-H(2*+8) 2 -C8) 2 }. 

Ex 2 Express 3r s - 16r as the difference of two squares 

(i) 3x'- I6*=3{* a -JA*} 

=3{r 2 -l a «-r+(5) 2 -(5) 2 }, 4 of V -i, 

=3{(*-^- ( f) 2 } 

(n) 3x 2 - 16r = (3r 2 - 16x) x 12- 12 = -£{ 36r 2 - 192x} 

= j\{36* 2 - 192*+(16) 2 - (16) 2 } 

=^{6r-16) 2 -(16) 2 > 

Ex 3 Eactonze X s — 13r+40 by expressing it as the difference 
of two squares. 

(l) X s - 13* + 4Q = j 2 - 13 * + (}£)*- - (- l 2 3 -) 2 + 40 ' 

= ^ 2 -13r+( 1 A) 2 f-{(i,3} 2 -40} 

= {r 2 - 13v+(^)3} - J=(x_^.) 2 _ (§)2 
= (x - A3.+ §)(* - -V- - 1) = (r - 5) (x - 8) 

* This ingenious method is due to Sridhakachakaa, a celebrated 
Hindu algebraist, and is commonly known as the “Hii.do Method.’ 
Some wnier erroneously ascribes it to Bh^SKAR, who, however, himself 
lays no claim to it [see Ptjagatula, § 131) 
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(n) x 2 -13x+40={x4(r*-13x+40) 

[Since we multiply by 4 we divide b> 4 to keep the value unaltered] 
=2(4:53- 52* +160) 

=i{4* s -52x+(I3)3— (13) s +160) 

[adding and subtracting the square of coefficient of *]' 

“i {(2® “13)3 -9] 

=£(2*-10)(2*-lG) 

=£2(*-5)2(*-S)=(*-5)(*-S) 

Ex 4 Factonze 24r ! —70*— 75 bj expressing it as the difference 
of two squares. 

24*3-70jr-75 = 24{* 2 — 52 j?-£*) ' 

=24{*2-i?*+(4f)3-G2)3-H} 

=24{(* — §|)2— (4|)3) 

<=24(* - §-f + 5 jX* - S| - r S ) 

<=6(*+|)y4(*-V-) 

=(G* + 5)(4* — 15) 

Ex, 5 Resolve 2*2— ry-6y3+9*+17y-5 into factors 
Given expression =2*3— (y-9)*— (6y 3 - l7y+5) 

» H16* 3 - 8 (y-9)* - (48y*-136y+40)} 

«=£{1G*3- 8(y- 9)*+(y- 9)2- (y- 9) ! 

— (48y 2 — 136y + 40) J 

=H(4*-,y+9)2-(7y-ll)3} 

=3(4*-y+9+7y-ll)(4*-y+9-7y+ll) 

— J-x2(2x+3y-l)x4(*-2y+5) 
=(2x+3y-l)(*-2y+5) 

Examples of this type are, however, best icorlcd bj the method of 
Art 152 Thus arranged according to powers of *, 

Given expres3ion=2* 8 -(y-9)x-(6y 5 — 17y+5) - 
= 2* 8 — (y — 9)x — (3y — l)(2y-5) 

= (2* +3y - 1)(* - 2y - 5) 

Examples XCI 

Express as the difference of two squaies 
1 *2+5* 2 * 8 — 20* 

4 *(*+13) 5 2**—5* 


3 *(*-18) 

0 .5*2^-i2.r 
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Express as the difference of two squares 
7 (x-2m)(x+Zm) 8 (x+?) 2 -(x+ g) 


9 

x(x+l)(x + 2)(x+3) 

10 

x(x— «)(x+ 2 a)(s+a) _ 

Eesolve into factors 



11 

x 2 +28x+ 192 12 l 2 - 

211+90 13 a 9 + 9a— 162 

14 

x 2 — 18x+S0 15 cfl- 

a- 380 

16 3x s -20x-32 

17 

12a 9 — 23a + 10 18 30- 

■31x+5x 2 19 12+17 t-7x 9 

20 

10x 2 — 19x^-15 y 3 

2L 

6x 9 +23ax— 18a 9 

22 

4x 2 -51ax+36a 2 

23 

12— 7lx— 60x 2 

24 

15x 2 +32x-775 

25 

24 s 9 - 4060 + 1715 

26 

— 8930 

27 

8x 2 +513x- 10935 

[A 7 B The following examples ate more eastly worked by the methods of 

Ar* 

IS 2 ] 



28 

x 9 +2'#-y 2 -4^ — 3 

29 

x 2 — 6 x— ?/ 2 + 2 y +8 

30 

a- — Gab + 5b 2 +4bc — c 2 

3L 

t 2 + 10x,y +9^ 2 + 8 ^ 0 - z- 

32 

a-—2ah— Aac + 2&c + 3e 2 

33 

a 2 + 2 a& — 2 ac — 3 & s + 2 be 

34 

3x 2 — 2 ax — a 2 + 4ac — 3c 2 

35 

x,y+2y 2 +x+5y+3 

36 

2 xy - Gx + Zy 3 - 5y - 12 

37 

x 2 _ tyi _ 2 2 _ xy-tys 

38 

15xy +llx+3x 9 - Gy -4 

39 

2y--Gxy+1x-—ay-ux—tt- 


40 x 2 +4x,y+3y 2 +4ax+6ffy+3a 2 

* 154 Formula XIX. 

a\b -c)+b 2 (c~a)+c~(a-b)~—{b- c){c - a){a - b) 

To establish this Formula we have to resolrc the left-hand: 
pression 

Arranged according to the descending powers of a, 

{ Leftside = a ? (6 — c) — a(6 2 — c 1 ) + 6c(6 — c) 

~(b— c){a 2 — a(&+c)+&c)} 

= (6 — c)(a — c)(a — 6) 

= -(b- c){c - a)(a - b), (a-c)= -(c-c») 

Otherwise —Since (b-c)+(c-a)=b-a= -{a-b), 

Leftside =a*(&-c)+& 2 (c-a)-c 2 {(&-c)+(c-a)} 

= a 2 (6 - c) — c 2 (6 - c) + b\c - a) — c-(c — a) 

= (a 2 - c 2 )(b -c)+ (6 2 - c 2 )(c - a) 

= (b 2 - c*)(c - a) — (6 — c)(c- — a”) 
=(f>-c)(c-a){(6+c)-(c+a)} 

= (6 — c)(a — a)(6 -«)=—(&- c)(c — a)(a - 1). 
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It is easy to see that 

«2 (b-c)+b n (c-a)+Wit-b) . . (1) 

hc(b — c)-i~cct(c—a)+(ib(a—b) . ... (2) 

are, ■when the brackets are removed, only 'different forms of the 
expression 

a-b-ab i +V 3 c-bc-+d l a—ca? . . , (3) 

Thus (1), (2) and (3) are equal to one another Also by removing 
the biackets it will be seen that 

«(6 2 -cS) + 6(c2-fl2)+c(a2-&«) . (4) 

= — (o s 6 — ob 2 4- 62c — 6c 5 + c 2 a — ca s ) 

Thus (4; is equal to the first three m absolute value, but ditiers 
from them only tn sign 

, Hence Formula XIX may be written in the following forms 
\nKh-c)+b\c-a)+c\a,-b) -j 

! or bc(b-c)+ca{c-a)+ab(a-b) L = -(b-c)(c-a)(a-b) (i) 

-,br a s 6 — ab 5 +6 s c— 6c 2 + c 9 a— ca 2 J 

AI»o a(b- - c*)+b(c 1 —a 2 )+c{ar—b 2 )=(b - c){c— a)(a—b) (n> 

The student wjII notice that we ha\e observed cyclic oidcr throughout 
ne will see later on the advantage of this arrangement. 

Ex 1 Shew that (« - -o){v—b)+(b- c){x — b)[x — c) 

+ (c - a)(x -c)(x-a)~(a-b)(b- o)(a - 1 ) 
Left side =(«-b){x*~(a + b)x+a6} +(b-c){T*-(b+c)x+be} 

+(c-a){* , -(c+a)x+ca} [Art 60] 

= * 2 K a ~ &)+(&— c)4-(c—ti)} —*{(a 5 — &*)+(&*— e 2 )+(c 5 — a 3 )} 

+ {n6(o — b) + bc(b — e)+ca(c~a ) } 
=*j? 2 xO-a:xO+{a5(a-6)+6c(6-c)+fla(c-{i)} [Art 154] 
--(b-cfc- «)(« - 6 ) = &.c 

Ex 2 Resolve a s (b-c)+b s (c-a)+c :: ia-b') 

Arrange the given expression according to powers of a, which 
is thus 

=«*(& -e)- a(& 3 - c 3 ) + bc(b 3 - c*) 
»(6-c){a 3 -«(h 3 +bc+c 3 )+Jc(&+c)} 

Arrange the second factor according to powers of b , thus 
the given expression =(b~c){ 6 ? (e - «) + bc{c -a)- o(c 3 - a 3 ) } 

= (Z» “ o)(fi - a){ & 4- bo — «(e + a) } 
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Anange the third factor according to poweio of «. , thus the given 
expression = (6 - o)(o — a) ( c(b - a) + (6 a — a 8 ) } 

=(b — c)(o - a)(b - cs)(e + 6 + a) 

= - (6 - c)(c - n)(a - b)(a + 6 + c) 

Otherwise . — Given expression 

= a 3 (6 - c) + 6®(c - a) - c 3 { (6 - c ) + (e - a ) } 

Then proceed as m Formula XIX [Ait 154] 

Note It is easy to see that 

aPb—ab 3 +b 3 t-bc- +c i a-ca 3 
—a 3 {b - c) +b 3 [c - a)+c 3 [a — b) 

=bc{b n -c )+ca{c*-a-)+ab[a , ‘ -b-) 

= -{a(3 -c i )+b(c 3 -a s )+r{a® -6“)} , 
hence each = - (6 - c)[c - a)(a - b)[a + b + c) 

Ex 3 Resolve into factors 

(6 — c)(6 + c — 2a) s + (c - a)(e + a — 26) 8 + (a — b)(a + 6— 2 c)\ 
Asmime x*=b+c-2a, y=c+a— 26, 2=a+&-2e , thus 

x-y—b+c— 2a-(c+a-26)>=3(6-a)=-3(«-6) , " 

similai ly y-z—-3(b—e) and z- x = ~ 3(c - a) 

Hence 3 (6-c)(5+c-2a) 2 = -(y - z)x 2 = - x*(y - z), 

3(c— a)(c+o— 2c) 2 = — (2— #)y 8 = —y , (z—x), 
3(a-6)(a+6-2c) 3 =-(*-y)r 3 =-2 a (a:-y) , _ 

3 times proposed expn = -x i {y — z)-y' 1 (z—x)—z' : {x-y) 

■ =(?- 2 ){z-x){x-y) 

* = -3(6-c)x -3(e-a)x -3(a-6) 

= -27(6-c)(c-a)(a-6) , 

whence proposed expression = -9(6- c)[o— ns)(a - 6) 

Examples XCII 

1 Simplify 

(a 8 — &c + a)(6 — c) + (6 a — co + 6)(c — a) + (c s — a6 + c)(a - 6) 

2 (a 2 — bo){b — c) + (6 8 — c«)(c — o) + (c 8 — «6)(« — 6) 

Resolve into factors 

3 r(b + c)(6 -c)+6(c+a)(c-«)+ c(o + 6)(o - 6) 

4 a(« + 1)(6 - c) + 6(6 + l)(c - «) + c(c + 1)(« - b) 

5 (s 2 +?+ l)^ 9 -s s ) +(y 2 +y + lX* 8 - * 3 ) + (c 8 + 2+ l)(* 8 -y 8 ) 
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2 r> 


Resolve into factors 

6 (x- a)(x - b)(y - z) + (y - a)(y - b)(z- v)+(z- a)(z - b){x -y) 

7 be(b — c)(x + a) 2 + ca(c — a)(x + b) 2 +ab(a — b)(x + c) 3 

8 ' bc(b—c)+ca(e—a)+ab(n—b) 

9 (b - c)(b + <?) 2 + (c - a)(c + «) 3 + (a - b)(a + b) 2 

10 a{b 3 — t^)+b(c s — a s } + c(a s — 6 s ) 

11 bc(b 9 — c 2 )+<ws(c 3 — rt 3 )+«b(a 3 — b 3 ) 

12 (1 +ca)(l +ab)(b - c) +(1 +<ib)(l + be)(c- <i)+(l + be)( 1 + c»)(« - b) 

13 «(6— c){x— b)(x- c)+b(c-a)(x— e)(x -n)+ c(a — b)(x —a)(x— b). 

14 (b-c)(b+c-fl) 3 +(c— a)(o+c- 6) 2 +(o- b)(a + b— c) 3 

15 If x—b—c,y—c-a, z-a-b, shew that 

xyz =a(b-i-o)x+b[c+ a)y + c(a +b)z 

135 Formula XX 

(a+b+c)Ca 3 +b 3 +c 2 -bc-ca-ab)=a 3 +b 3 +c a ~3al/c 
This formula may "be established by ordinary multiplication 

Ex 1 Multiply x 3 +4y 3 +9a 2 — 2xy+6yc+3zx by x+2y—3z 
Pat x=a, 2y=b and -3 z~p, thus required product, 

~{s a +(2y) 3 +(-3s)*-x(2y)-2y(-3z)-(-3s)*)(x+2y-3z) 

' =(a 2 +b 2 +c 3 — ub — bo—ca)(a+b+c)=a 3 +b 3 +c 3 — 3abc 

+{2 yf + ( - 3r) s - 3*(2y)( - 3;) = * s + 8? 3 - 27z 3 + 18*yz 


Examples XCIII 
I1 1 ita down the value of 

1 («+b — c)(a 3 +b 3 +c 2 +bc+c« — ab). 

2 (2*-y+s)(4x 2 +23:y+y 3 +s a +yz-2rx) i 

3 (Zx -2 \y- 4s)(9i 3 + Qxy + 4 y ' 8 - 8y i + 1 6s 3 + 1 2zx) 

4 (l-a?+2yXl+ a? “2y+* 3 +2*y+4y 3 ) 

5 (-s-2y+3)(* 2 -2*y+4y 3 +3*+6y+9) 

8 (3« - 4b - 2)(9« 3 + 16b 3 + 12ab + 6a - 8b + 4) 

7 (x+y-l)(x--xy+y 2 +x+y+l) 

From this Formula, we have conversely 

es 3 + b 3 +c s — 3abo—(a + b + c)(a 2 + 6 2 + c 2 — be— ca — ab) 
Thus we have the factors of a , +6 s +c s — Sabc 
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The factors can, however, be found thus — 
a s + & s + c 3 - 3a bo = (a + 6) 3 — 3aJ(a+&)+fl 3 — 3cf5c [Art 144] 

= { (a + bp + e 3 } - { 3ab(a + 6) + 3aio} 

«= (a + b + o) { (a + 6) 2 — (a + b)c + d 2 } - 3a b(a + b + <?) 
=(£H-J+c){(« + 6) 3 — (a+6)c+tf 2 -3o&} 
<=(a+b+o)(a' 3 +b i +o s —be—ea~ab) 

The factors can be put m a different form. 

We have <s a +5 a +c a — be— ca—ab 

=Jx2(a a +6 a +c a — be-ca—ab) 

=i(2a 3 + 2& a + 2e a - 26c - 2ea - 2«6) 
«*{(&-<0 9 +(e-«)*+(a-6)*}, 

« 3 +6 s +c s — 3a6c 

=^(a + b + e){(6 - c) 3 + (c— a) 3 + (a— 6) 3 } 

Hence a 3 +& 8 +c s — Sabc 

-(a+b+c)(a*+b*+c?-bc-ca-ab) (i), 

=i(a+6+c){(&-c) 3 +(c-a) a +(a-6) 3 } , (n) 

Corollary If «+&+c=0, then (i) and (u) aie each equal to 0, 
thus a s +6 3 +c 3 -3flSc==0 Hence we have the following important 
theorem 

rffa+b+c—O , then «. 3 +& 3 +c 3 -3«t&c=0 

This corollary may be proved independently, thus — 

We have «+0+f=o, 

ranspose e, thus a + i= -c, . , («) 

'ube both sides, thus a 3 +6 a + 3 ab[a+b)= -c 3 , 

from (a), a° +i s + 3 oi( -c)= -c 3 , 

jr a 3 +b 3 -7flbc= — e 3 , 

vhence ' a° + 6 S +r s - 3 aif=o 

Ex 2 Factorize l+8* 5 +18ay-27y 3 
( en expn =l s +(2a?) 3 +(-3y) 3 -3 1 2x(~3y) 

=fl 3 +6 3 -f c 3 -3a&o [where a=l, &=2af, c= — 3y] 
^a+b+oXcP+W+c^-bc-ca-ab) 

= (l + 2* - 3y)(l + 4* B + Sty 2 + 6xy + 3y - 2x) 
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Or ice nitty proceed directly thui — Given expression 
=(l+2r)S-3 1 2*(1 +2*)— 27y*+18xy 
== { (1 +23?) 3 — (3y) 8 } - (Gr(l +2*)-18*y} 

= (1 + 2s - 3y)}(l + 2*) a + 3y(l + 2*)+ 9y 2 } - 6*(1 + 2s - 3 y) 

=(1 4-2jt - 3y)(l + 4ar 5 +9 i y 2 + 6 xy +3y~ 2x) 

Ex 3 If x= 43 and y= 57, find the value of ar s +y 3 +3ary+l 
Given expression = (* s +y ' 8 + 3ary - 1) + 2 

=(a;+y-l)(# ? -*^+y ? +*4-^+l)+2 , 
but ;r+y— 1=*43 + 57—1=1 — 1=0 , 

given expression =0 x (i^—xy+y^+x +y +l)+2=2 

Ex 4 Shew that (y+z^+fz+^+te+y^-Bfy+sXs+sXtf+y) , 
*=> 2(a^ +y 3 + z 8 - 3 xyz) 

Given expression —\f$ + s + s + x + * +y){ (z -y )* + (v - s ) s + (y - x ) 2 } 
[ (s+x)~(x+y)^z~y, &,c] 

=(x+y+z) x 2(s*+y s +z a -y:;- ex- xy) 

' =2(s 3 +y' l +* 3 — 3jyz) 

Ex 6 If xs=«+&+c, hhew that (r+rt) E +(a;+&) 3 +(x+c)' , 

— 3 (x 4- a )(x + b)(x + c) = 4(o 8 + 6 s + c 8 — 3« 6c) 
Given expresbion = *(3x + «+ 5 + c){ (6 — c) 3 + (c - o) 3 +(a — 6) 3 } 

[ (x+6)-(#+c)=&-c, &o] 

, = 2(a + 6 + c) x 2(«* + 6 s + c 8 — 6c - ca — ab) 

[ a;=«+6+c] 

=4(a 3 + 6 s + c 3 — 3 o6c) 

Ex. 6 Prove that (6 - o) s + (c - «) 3 + (rt- 6) 3 — 3(6 - c)(c - <*)(« — 6) 
Here (6-c)+(o— «)+(a-6)«=0 , 

(6 - c) 3 + (c - a) 3 +(a - 6)" - 3(6 - c)(c - «)(a - 6) =0 \Oor ] , 
•whence (6 - c) 3 + (c - uf + (a - 6) 3 = 3(6 — c)(c - «)(<* - 6) 

Examples XCIII ( Continued ) 

8 Factorize a 8 - 3o6 +■ 6 8 + 1 9 Factorize o 3 + 86 s + Gab - 1 

10. Factorize a; 8 +3ajy+y®— a 8 

11 Factorize (y-z)*+(z—xf+(x-y) e 

12 Factorize a s (6 — c) s +6 3 (c— B^+cXa — 6) s 

13 Factonze (2* — y) 3 - (x +y) 3 + (2 y - x)\ 
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14 If x*=b+e f y=*c+a, s=a+Z), shew that 

- x i +y z +z i — 3ay/s=2(o 3 +6 8 +c 3 — 3she) 

15 If fl=«/+3-3-, b^z+x-y, o^x+y-z, then 

a 9 + h 9 + c s — 3abc = 4(;e 9 +^ 3 + 2 s — 3 xyz) 

18 Prove that (*-2y) 9 +(2^- 1) 3 +(1- v)*=3(x-2y)(2y- 1)(1 - r) 

17 Pxove that 

(« v — byf +(by— czf +(az—a vfi =3(ax- by)(by— cs){oz - ax) 

18 Prove that (&+<J-2a) 3 + (c+a-2&j s +(a + &-2fl) 3 

= 3(6 + a - 2a)(c + a - 2&)(a 4- b - 2c) 

19 Piud the value of a' l +b & +3abc — & t , when a ~ 02, 'b— 03 and 
c— 10 

20 If x—jl, y— f|, find the value of Sa^+^+Sxry — 1 

21 If #=(6-cXa-d),y=(c-a)(6-d), z—{a-b){c-d), 
find the value of x 3 +y 3 +x s —3xyz [See App ] 

22 If t==a+&+e, shew that (3a — s) s + (36— s) 3 +(3c- sf 

=3(3a — s)(36— <t)(3c— s) 

23 If 2s=a+6+Cj shew that 

(a - a) 3 + (« - by + (a — c) 3 - 3(a - a)(a - b)(s - c)=*(« s + & s + c 3 - 3 abc) 

24 Shew that 

dHJbz— cy) 3 + Z) s (« — aa) 3 + e 3 (ay — bxf=*3abc(J)z— cy){cx — ’as)(ay - bx) 

25 Shew that (3a— 6— e) s +(3& — e— a) s +(3c— a— by 

- 3(3a — b — c)(3b - c - a)(3c - a - 5) = 16(a s + 6 s + <? — 3dbc) 

26 Shew that the value of * 3 +y 3 +z 3 —yz-zx-xy will not change 
if x, y, z be increased or decreased by a constant quantity , e g , 
if x— e+d, y~y+d, z—z+d, or if x=-x -d, y=y—d, z—z-d 

1,16 In "the following examples the tentative method is to he 
■used We may observe here that* if' one factor of the first degree of 
a cubic, two of a biquadratic, &c , be found by trial, the remaining 
factor in each case must be a quadratic which can be resolved b\ 
the method of Art 153 

Ex L' Resolve # 3 7 3* 2 -6je+ 8 mto factors. 

The given expression, when real ranged, mai be put m the 
following forms — 

(i) (* 3 +8)-(3» 2 +6r), 

(u) x(,x 2 - 3x + 2) - 8(a? - 1) , 

(m) (» 3 -42r s )+(* 2 -4ar)-(2v-8) 
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Hence 

( 1 ) Given expu =(3+2)(3 2 -23+4)— 3 s(a+2) 

= (x + 2)(* 8 - 53 + 4) = (3 + 2)(i - 1)(3 - 4) 

(h) Given expn = 3 ( 3 — l)(3-2)--8(3— 1) 

- ( 3 - 1 )( « 8 - 2 x - 8 )= (3 - l)(r + 2)(3 - 4) 

(in) Gi\ en expn = x\x — 4) + x(x —4)— 2(3-4) 

= (3 - 4)(3* + 3 - 2) = (3 - 4)(j - 1)(3 + 2) 

[Obsei ve that the throe factors of S mu it be 1, 2 and 4, and since it 
has a + sign, tico of these factors must have the same sign and conse- 
quently the third, the sign + Hence if the proposed expression has 
3 linear factors, thoj must be of the form 3+1, 3+2 and 3+4 
Now if we put 3 = 1 , or x— — 2, or 3=4 in the given expression, 
it %ani*hes , therefore b) the Remainder Theorem [Art 141], 
3 — 1, 3+2 and 3—4 are factors of the expression ] 

Ex 2 Resolve 23 s - 133 s +273 - IS into factors 

We mav rearrange tlio expression m three to) ^ thus — 

(i) 3 5 ( 23 — 3)— (lOx 3 — 273+18) , 

(n) 3(23* - 133 + 15) + 6(23 - 3) , 

(ill) (23 3 - C3 3 ) - (73 s - 213 ) + (Gx - 18) 

Taking (i), the given expression 

•=&(2x-3)-(2x- 3X53-6) 

=(23 - 3X3 8 - 53 + G) = (23 - 3)(3- 2)(r— 3) 

[Find the factors taking (u) and (iu)] 

t 

Ex 3 Resolve a 3 - 19a& 3 +306" into factors 

Rearranging and grouping the terms, ve have 
(i) (rt 3 -8&V(i9 3 & 2 -3S&') , 

(li) a (a 2 - 9& 3 ) - 106 7 (o - 3b) , 

(iu) (a«+5fl 3 i) - (C,a-b + 25«i 2 ) + (Gab^ +30^) 

[Here ve introduce a ‘false* teim ] 

Take (l) , thus the given expression 

= {(( — 21>)(b 3 + 2ab + 4h 3 ) — Wb^a — 2 b) 

' —(a— 2&Xfl 3 +2o?>— 15l» 3 ) 

= (« — 2l>)(o —3b)(a+5b) 

[Taking (n) and (m), find the factors ] 
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Ex 4 Resolve v 4 - 4* +3 into factors 

The terms may be grouped m the following ways— 

I (i) (* 4 -l)-4(*-l) , 

(li) *(* 3 -l)-3(*-l) 

Taking (i), we have (*— l)(* a +* 2 +*+l)-4(*— 1) 

— (x - 1)( 5®+ * 2 + x - 3) 

=(*-l)(*- l)(* 2 +*+ l+*+ 1+1) 

=(* — 1) 2 (* 2 + 2* + 3) ' 

[Take (li) and find the factors of the given expression ] 

Ex 6 Resolve * 4 +l]* 8 +41* 2 +Gl*+30 into factors 
Given e\pn. = * 3 (* 2 + 1 1* + 30) + (11 v a +■ 61 v + 30) 

■=* 2 (* + 5)(* + 6) +(* + 5)(11* + 6) 

=* (* + 5)(* 3 + 6* s + liar +6) 

The second factor = (* 3 + 8) + (6x 2 + 11* - 2) 

= (* + 2)(* 2 — 2 * + 4 ) + (* + 2 )( 6 x — 1 ) 

= (* + 2)(** + 4# + 3) «= (x + 2)(x + 1 )(x + 3) 
Given expn = (x + r »)(x + 2)(x + IX* + 3) 


Examples XCIV 


Resolve into factors 



1 


2 

x 3 + 10* 2 + 29* + 20 

3 

t: 3 +9» s +6j!— 16 

4 

x 3 + * 2 — 17*+15 

5 

* 3 +4* 2 +ll*+8 

6 

x 2 — 3* 8 — 10* +24 

7 

Gx 3 +17* 2 -5*-6 

8 

2* 3 -4* 9 -8*+16 

9 

a 3 —3a+2 

10 

x 3 — 3x 2 + 4 

11 

x 3 -31* -30 

12 

4a 2 +ab 2 -b 2 

13. 

4* 3 +13* 2 -9 

14 

8* 3 -16x 2 +9 

15 

« 3 — « s h— 18b 3 

10 

o ,, +9« 2 &-8& 3 

17 

X s — 28xy 3 +48jr 

18. 

rt 3 — 2a 2 &— 96 3 

19 

6 « 3 -7o 2 5+6 3 

20 

25*3 -19* +6 

21 

x 4 — 13x — 42 

22 

x* +40* -96 

v23 

12* 4 +* 2 -l 

24 

* 4 -5* 3 +54 

25 

3* 4 - 5*3-8 

28 

3a 4 +6a s 6— 86 4 

27 

x i + 2* 3 - 13* a — 14* +'24 

28 

12*1- 49* 3 - 62* 2 + 29X+30 
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157 Substitution "We shall in the present article draw the 
attention of the student to the fact, which he has perhaps alre id \ 
noticed, that each letter in a formula may stand for a tingle letter n 
i r eU at for an expression Hence from a result already established, w e 
can deduce pas result*, h) substituting for its letters, other letters oi 
expressions Thus the principle or substitution is a ven important 
element in the Science of Algebra and gives to algebraical result ar 
immense scope for development. The truth of this remark will be 
seen from the following illustrations 

In Formula I, put Zx—y—n and y—b , thus we get 

{(2x-y)+y} s =(2x-y) s +2(2x-y)y+y 2 5 
therefore <2x-y)5-»-2(2x-y)y +y 2 = {(2x-y)+yp=-(2x) 2 =4x" 

Again in the same foimuln, putx+y=rtandx— y—b , thus vehave 
{(*+*)+(*-,J01 s ~(*+y) 2 -2(x+yXx-y)+(x-y)' , 

(x +y) s +2(x +y)fx -y) -f(x-y) s ={ (x +y) -*-(x-y)} s 

=(2x) 3 — 4x 5 

Hi the same substitutions, we have from Formula II 

i (x +y) — (x-y)} 2 = (x 4-y) 2 - 2(x +y)(x -y)+(x-y? , 
thu- (x+y) s - 2(x +y)(x— y)+(x-y) 9 = { (x + y) -(x-y)}- 

~(2y?=4y- 

Again put ax+by-cz—A, ax-by+cz=B , thus from Formula HT* 
tic get {(«x+5y-o:)+(ax- by-*-cz)\{(ax+by~c:)-(ax-byx-cz)} 
=(ax+-by—cz?—(ux~by-rcz? , 

(>r ( ax+by - cz? — (ax — by + cz? =2ax y 2(by — cz)= 4ax(by — c .) 

R\ the same substitutions again, we have from Formula IV 

{ (ax + by - cz) + (ax - by + cz) } 3 = (ox + by - c--) 3 + («x - by + c z? 

+ 3(ax + by - cz)(ax - by+cz) { (ax -tby-cz)-*- (ax - by + cz ) } 
thus (ux+by - cz? + (ax -by+cz?+Gax { « 3 x” - (by - cz?} 

=(2ax?=SctV 

And so on. 


158 The principle explained in the last article maj be employed 
in factonzuig expressions whose factors are not apparent 

Ex 1 Ecsolve x ! - 2xy+y 3 +x-y mto factors 
Given expression =(x 3 -2xy+y 2 )+(x-y) 

=(x-y?+(x-y) 
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Ex 2 Resolve 4& 2 <j 2 -(J 2 +<: 2 — a 3 ) 2 into factors 
Given expression =(2fce) 3 - (b a + c 2 - a 2 ) 2 

= (2&e + 5 s + c 2 — a 2 )(26c - & 9 -tf 3 +a 2 ) 

= K J +c) s -a a }{n 2 -(&-c) 3 } 

=(6+e+fl)(6+e-oKa + 6— o)(a-6+c) 
=(o+b+o)(&+c- a)(c+a- &)(a+b-c) 

Ex 3 Resolve x 4 +4y 4 into factors 
Given expression =(x i +4 x-y 1 +4y*)—4x ! y 3 

-(^+W-(a*y)* 

= { (* 2 + 2^ 2 ) + Zxy H (x 2 + 2 y 3 ) ~2xy)} 

— (x 2 -t^xy + 2y 2 )(x* - 2xy + 2y 2 ) 

Otherwise thu< — Since a 2 + li 2 = (a + b) 3 — 2a& [Art. 143], 
'vveliave v 4 +4 i y 4 «=(x a ) 2 +(2y 2 ) 3 

=(x 2 +2y 2 ) 2 -2(x 2 )(2y 3 ) 

={x 3 +2i/ 3 ) a -(2xy) 3 

— (x 2 + 2 xy + 2y 2 )(x 2 — 2xy 4- 2y 3 ). 

Ex 4 Resolve e 4 -7x 2 +9 into factors 
We may proceed as usual, or perhaps thus — Since 
« 3 +6 2 =(«— 6) s +2«6 [Art 143], we have 
* 4 -7* 2 +9={(x 2 ) 2 +3 3 } -7x 3 

= { (x 2 — 3) 2 + 6x 2 } - 7x 2 
=(x 2 -3) 2 -x 2 =(x 2 +x~3Xx 2 -x-3) 


Examples XCV 

Factorize 

1 1— 2x+x 2 — a+ax 2 4m 3 +4wi+4(2»H-l)y , +4y 2 +l 

3 « 2 x 3 — 2axy—ax+y 3 +y 4 dax 3 +6ax t y+3axy 2 -ax 3 -axy 

5 a 3 +i 3 +2(6c+ca+ah) 6 l-2y+y 3 -z 3 

7 l+2ax+a 2 v 3 - v 2 8 l-a 2 -6 3 -2a& 

© (a 2 + & 2 - c 2 ) 3 — 4a 2 6 3 10. _ (& 2 +c 2 ) 2 -(& 3 -c 2 ) 2 -(a 2 -5 2 -(/’) s 

11 x 2 +y 2 - .z 2 - m 2 4 - 2(zy + zu) 

12 4(ad+be) 3 — (a 2 — b 3 — a 3 +d 3 ) 3 

13 x 4 +4 14. 4« 4 +5 4 15 x 4 +x 2 +l 16 a 4 +a 2 6 2 +& 4 

17 x 4 +2x 3 +9 18 x 4 -(p 3 +2 )x*y 3 +y* [Bom,18S8] 
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Factonze ' 

19 # 4 — 26a; 2 +25 20 (fi+aW+x*. [Cal, 1887] 

21 9X 4 — 34aV+ 25a 4 22 (# + 1)*+ 4(* - 1) 4 

23 (x i —2x s y)—(y i — 2xy 3 ) 24 (a + 26) 2 - h- - 3a - 96 

25 v 2 — 2vg+y 2 — s 2 + 2a: -2,^-2? 26 x i —y 2 — z 2 + < 2,yz+x+y - z 

27 a 2 +a-b 2 -b-e 3 -c+2bo 28 (* s + 12#) 8 -(6#*+8) ! 

29 (l-3«) s -(3* 8 -arS)S g 0 x °-yO 31 ar 3 -8 (y+zf 

32 8a: 3 -(a: 2 +l) 3 . 33 *°+(T 3 -2a 3 ) s 34 (a 2 -&c) 3 +86 3 c s 

35 x s -3x 2 y+ 3xy 2 -y 3 -: 3 36 x 2 -y 2 +3y 2 -3y+l 

37 a 3 + 3a 2 6 +3a& 2 + 2 J 3 38 (o + 6) 3 +(a + 6)-2 

39. x 3 — 7a 3 + (a: ~ 3a) 3 40 a 3 +a(b+c)(a + b+c)+(b+of 

Ex 6 Eesolve a 2 + 2a& + i 3 - c 2 + a + b - e mto factors 

Given expression = {(« 3 + 2a6 + S 2 ) - c 3 } + (a + b -c) 

= {(a+b) 2 -e 2 }+(a+b-o) 

=(a + b - e)(a+ b+c)+ (a + 6 - c) 

=(a + 6— c)(a + 6+e+l) 

Ex 6 Eesolve (x +^) 3 ~3(*+y) 2 +3(«+y)-l into factors 
Pat x+y—a, thus given expression 

=a 3 — 3a 2 +3«-l==(a — l) 3 =(*+y— l) 3 

Note (ar+^) s -3(^+^) 3 +3(jr+ < y)-i 

= { \* +.?) 5 -1 } - 3(r +y){[v +y) - 1 } 

Thus given expression may be resolved as in Art 72 

Ex 7 Eesolve (a 3 + 6c) 3 — 8& s c 3 into factors 

Put a?=a 2 +6c } y«=26c , thus, because 86 s c 3 =(2&c) 3 , the given 
expression is seen to be of the form x 3 -y z Hence 

Given expression = { (a 2 + 6c) - 2&c } { (a 3 + bcf + (a 2 + 6c)(26c) + {2bc) 2 \ 
=(a 2 - bc){a* + 4a 2 6c + 7 6 3 c 3 ) 

Ex 8 Eesolve (2a+36) 3 +8a 3 +276 3 into factors 

Given expression «= (2« + 36) 3 + (2a) 3 + (3 &) 3 

- (2 a + 36) 3 + (2a + 36){(2a) 3 - (2a)(35) + (36) 2 } 

=(2a + 36) 3 +(2a + 36)(4a s - 6ab+9b 3 ) 
=(2a+36){(2a+3&) 3 +4a 2 -6a&+96 3 } 
=(2a+36)(8a 2 +6a&+186 2 ) 
=2(2a+36)(4a 2 +3a6+96 2 ) 
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Eh 9 Eesolve 8* 4 +2* 2 — 45 into factors, 

Expressions of this type contain only two powers of some one letter 
or expression, one of which is the square of the other 

Put x 3 — X, thus * 4 =(t s ) s =X 2 , therefore 
given expression = 8 X s + 2X - 45 = (2X+ 5)(4X — 9) 

= (2x 3 + 5){4x 3 - 9) = (2* s + 5)(2s + 3)(2* - 3). 

Ex 10 Factorize 2(« 2 + 3a + 3) 2 + 3(a s + 3a + 3) - 5 
Put a 2 +3a+3= X thus 

given expression =2JF 3 +3X— 5=(2X+5)(X'— 1) 

= {2(a s +3a+3)+5}{(« 2 +3a+3)— 1} 

=(2a 2 + 6a + ll)(a 2 + 3a + 2) 

= (2a 2 + 6a + ll)(a + l)(a + 2) 

Ex. 11 Factonze (* 2 +7*+4)(:r 2 +7*+6)-4S 
Let x 3 + 7* = X , .theiefore 
given expression = ( X + 4)(X + 6) — 48 
=.X s +10X+24-48 
=X 3 +10X-24 — (X+ 12)(X- 2) 
=(* 2 +7*+12)(* 3 +7*-2) 

=(* + 3)(* + 4)(a?*+ lx - 2) 

Ex 12 Factorize x{x 4- 1)(* + 2){x + 3) - 1 5 
Given expression *=x(x+3) x (x+ IX* +2)— 15 
=(* 2 + 3*X* S + 3* + 2) - 15 
= (x 3 + 3x) 2 + 2(* s + 3*) - 15 
=A 2 +2X— 15, where X=x 3 +Zx, 

=(X— 3)(X+5) 

= (a? 2 + 3* - 3X* 2 + 3* + 5) 


Examples XCV 

Factonze 

(Continued ) 

41 

s 4 +ll* 2 -12 

42 

6x 4 +5* 2 — 4 

43 

2x i +x 3 y 3 -3y i 

44 

8* 2 +7*s-l 

45 

3x*-x*y 3 -2y b 

46 

4a 8 — 63a 4 - 16 

47. 

a 8 + 3a 1 * 4 — 4s 8 

48 

(* 2 +5*) 3 + 10(* 2 + 5*) + 24 

49 


50 

(* 2 + 4a?) 2 — 2(* 2 + 4*) — 15 
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Factorize 

51 ( < ’ s -10v) s ^13(» ! -10j)- 264 52 (t 1 -2« 9 ) a +4(* 2 -2)jr s +3 

53 3(x 3 - 7 *) 2 28(* 3 - 7x) - 9 6 

54 (3v 2 — 2 r — 10) 2 + 6(3jr a — 2* — 10) + 8 

55 (2 r + 3y) 3 + 3(2* +3y)(3* + 2ff) +2(3r+2y) 3 

56 (* 2 +y s ) a — 8(* 4 — y 4 )— 48(* a -^ 2 ) s 

67 (4« + *) a ~ 5(4ft + x)(a - 3 v) + 6(fl - 3a) a 

58 (o 2 + abf -3 («6— ft 3 )(a 3 + aft) - 4(«6 - ft 2 ) 3 

59 6(2x 3 +xy~ ff 3 ) s —f2t 9 + ty — y 2 ^* 9 — xy -2y 2 )- 12(* 2 -*f/-2y 2 ) 9 

60 (a 3 +6«(+2Xo 2 +Ca-4)-27 61 T(t+3)(*+6)(r+9)+56 

62 (* + 1)( e + 4)0* +’ 7)(x 4- 10) — 40 

63 (r — l)(x— 2)(« — 3)(r— 4) — 120 

64 (* - a){x — 2(t)[2x — aX2v— 3u) — 30d 4 

I»9 Identities In Art 83, we have defined an identit\ 
When one side of an identity is shewn by easy transformations to 
take the form of the other side, the identity is said to be proved In 
proving an identity we take any one of the sides and shew that it is 
equal to the other side 

Ex Prove the identity 

2(« 2 + «6) 2 +2(aft+ ft 2 ) 2 = ( « + b) 1 + (ft 2 - ft 3 ) 2 
Left side=2{tt(«+ft)} 2 +2{6(ft+6)} 2 
==2a 2 (a+&)*+2& ,, (« + &) 2 
=(«+ ft) 3 (2a 2 + 2ft 3 ) = (a + ft) 3 { (« + ft) 2 + (a - ft) 3 } 

=(«+ ft) 4 + (ft + 6) 3 (a - ft) 3 = (o 4- ft) 4 + (ft 2 - ft 2 f 

, Examples XCVI. 

Prove the following identities 

1 (« — ft) 2 — 2(t» — 6)c + c 3 = o 2 — 2«( ft + c) + (ft + c) 2 

2 «' - 3o 2 (6 — c) + 3a(ft - c) 2 - (6 — c) s 

«= (a - ft) 3 + 3(« - ft) 3 c + 3(ft - ft)e 2 + c 1 

3 (r+y) 3 -2(s+y)y+2y 3 =a; , +9 3 

4 or 2 - 2 (A-y)y=(r-»/) 3 +y 

5 (x+y-s) 9 +2(T+3f)5=(T+y) 2 +c 2 

6 (v+y) 2 += 2 =(*+y+3) 2 -2(ys+sr) 

7 (1 + ft 2 )(l + ft 2 ) - (1 — «ft) 9 = (ft + ft) 2 


15 
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Prove the following identities 

8 (*+2,y) 2 -4 (v+y)y-x 2 

9 (a— 6) 2 — 2(6 -c)(o— a)=(6— c) 9 +(c-a) 9 

10 (a-264-c) 3 4-4(a— 6)(6-c)=(a-c) 2 

11 («+6+2c) s -(6+c) s -(c+a) s =3(6+cXc+a)(a + 6+2c) 

12 (a — 6) s — (6— c) 3 - (a- 264- e) 3 =3(a-6)(5— c)(a- 26 4- c) 

18 (a4-6-c-d!) 2 =(a4-64-c4-c7) 2 -4(a4-6Xc4-<Z) 

14 (a+6) 2 +(c+d) 3 =(a + 5+c+d) 8 -2(a + B)(o+<f) 

16 (a 4- 36)3 +3(a _ &)2 =( a -3b) 2 +3(a + 6) s 

10 (a + 2)(6 4- 2) 4- 2(a - 1)(6 - 1) - (a - 2X6 - 2) 4- 2(a 4- 1)(6 + 1 ) 

17 (a 4- 1) 2 - 6(a 2 - 1) + 9(a - 1 ) 2 = 4(a - 2) 2 

18 2(a3-a6) s +2(a6-63)3=(o 3 - 6 2 ) 3 +(a-6) 4 - 

19 (2x+l)3+(x+2) s =(i: — 2) 3 +4ar(ar+ 3)4-1 

20 (t - 6) 3 4- (r + 1) 2 4- 2*(* - 1) =(2* - 3) 2 4- 28 

21 3* 3 +(v + l) 3 +2a:-^ 3 =(2*+y+l)(2r-y+l) 

22 (2a-36) 3 +6(a+6) 3 - 10(a+6)6-46 3 =3a(3a-46) 

23 (o+6)3+(6+c) 3 +(c+a)*=2(a s +6 s +c 2 +6c+co+a6) 

24 (a — 6) 3 + (6— c) 3 +(c - a) 3 =2(« 3 + 6 3 + c 3 - 6c — ca - a 6) 

26 (a - 6) 3 - (6 - c)(c ~ a) = (6 - c)* - (c - a)(a - 6) 

= (c - a) s - (« - 6)(6 - c) 

20 (6 — c)(c— a) 4- (c—a)(a— 6)4- (a — 6)(6 — c) 

«=6o+ca+a6— a 2 - 6 2 — c 2 

27 (*4-J») 2 4-(y4 - b) 3 + {z+x? 4- [x-y ) 3 + (y - s) 2 + (2 - *) 2 

=4(c 2 4-/4-/). 

28 (r+y)3+(y+2)3+(2+*) 2 -(*-y)3-(y-2) s ~(i!-a:) 2 

=4(ys4*rc4-*y) 

29 (r+y)(*+2)-T 2 =(y+2)(y+*)~3/ 2 =(s+a:)(c+y)-£3 

30 (y+2) 3 +(s+v)3+(x+y) 2 - v'-yS-z-^x+y+zY 

31 (6+c)(6+c-a)+(c+a)(c+a-6)+(a+6)(a+6-c)=2(a3+'63+c 2 ) 

32 (6-c)(64-c-a)+(c-a)(c+a-6)+(a-6)(a+6-c)=0 

33 (a + 6) 2 (a 2 4- 2a6 - 6 s ) 4- (6 4- c) 2 (6 2 + 26c - c 2 ) + (c + a) 2 (c 2 + 2c « - a 3 ) 

= 4a s 6(ff 4- 6) 4- 46 2 c(6 + c) + 4e%(c 4- a) 

34 (6 - c)(6 4- c) 3 + (c - a)'c + a ) 3 + (a - 6)(a 4- 6) s 

= 26c(6* — c 2 ) 4- 2ca(c 2 — a 2 ) + 2a6(a 2 — 6°) 
36 (6 - c)(a 2 4- 6 2 4- c 2 4- 6c) 4- (c - a)(6 2 4- c 2 4- a 2 4- ea) 

+ (a — 6)(c 2 4- a 3 4- 6 3 4- a6) = - (6 — c)(c - a)(a - 6). 
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Prove the following identities 

36 (1 -ax- +o*)'l -«y+fl 2 )-(l- n 2 ) 2 =a 2 (a y + 4) - n(l+ a?)(x 4- V) 

37 (ft + c) s +(« x «) 2 -*-(<* - 1 - ft) 2 + 2^6 c)(c +a) 

-r 2( - + o) '« + ft) + 2(a + 6Xft + c ) = 4(« ft «*• v) 3 

38 (ar-y)*+(2*/-r) 9 +(2«-») s +2(2x-^X2j--)+2(2y-jX25-Jf) 

+2(2r- *)(2 r-y)=(x+ ?/+£;= 

39 6(x 4-.V + r) 5 = (x + 2»/)* M-=+2:) : + G(x + 2y)'x + 2 z){x +y + -1 

40 8{*+^+:) 5 *-(x+;/) 5 -*-(x+y+2;) T +G(jr-i-y){x+y+jX*+y+2 ) 
41. (ft — c} s (ft -*• c - 2«) +(e— +« - 2ft) (« - ft) ? (« + 6 — 2t ) 

—(2s -ft- eX2ft - c — a/2'’ — « - 6) 

42 o(ft— c^l — oft)(l+fle)+ft(c— ^Xl +ftc)(l +ftn) 

+c(a—6,,(l+u*X*+ c &)*™ -«ftc(ft“c)(c-a)^ «- /i) 

43 Shew tliafc x'ig-zy+y^i-xY+^sX-yy 1 

- s^yfe - x)(---i/) - 2 $k(x - j)(x- *)+ 2cx(y - 5)Csr - X) 

44 Provp that 1 (_v — 2 ) a + (r — t)*+ lx — y) 5 } 2 

- 4 (y - ty <s - X )*. + 4 (: - x)Kx - Vf + 4(x - y)=(y — - ) 2 
46 If x-2'i-h-c, y^b-c-Hi :*=2- -a- ft, shew tint 
(x 2 -y»+2*) 2 = % S r 9 +cV+X> 2 ) 

100 Important Identities The«e identities are very 
tiscfnl m Algebraical transformations and should be carefully bornu 
in mind 

Ex 1 Prove that a\b -r c) + ft^c - 1 - n) + c^a -f ft) +2«ft<- 

** (ft + 1 )(«. + a){i( + ft) 

[Note. It is cas) to sec that 

o s ft+o5*4i s r+ftc* +f*a+ffl» 

=a~[lr-*-c)—6' , (e—a)+cHa+6) 

= ftr(ft ■*■ r) + ra(i c) + oft(a + ft ) 

=Cfft® +r")-ri(f s -5-t(e 4 1 ft 1 ) 

We shall denote, for shortness, ca:h of these equal expressions by A ) 
^Arrange according to powers of a thus left side 
*=■ a 5 (ft + c) + o (ft 5 + 2 ftc + c’) 4- ft 2 e + fte 2 
=a s (64- < )+o^ft + r 'p + 6 ■'(ft + c) 

~(J>+c){a"+u(b +c}+ ft'*) 

= (ft 4- cya + c)(a 4- ft) 

Hence 3+2«ftc=(6+c)(c+ff)h«4-ft) 
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/Es 2 Prcne that a 2 (b+e)+b' , (c+u)+a-(tt+b)+3alc 

=(a+b+c){bc+ca+ab'y 

Left side = a 2 b +ab 3 +b 3 c+ be 2 + c s a + ca 3 + 3nBc 

— (b*c+ bc 2 +abc) + (fi n a + -"a 8 + dbc) + (a 3 B + ub 3 + abc) 
[rearranging and grouping the terms] 

= bc(b+c+a)+ca(c+a+b)+ab' y a + b+c ) 

•= (o -hB + e)[be + ca + ab) 

Hence jS+3aBc=(a + B+c)(6c+ca +a&) 

Another form of tin* identity is 

(o + b+ e)(Bc + ca + ab) — abc = (B + c)(c 4- a)(a + b) 

Por left side=/S+3aBc— aBe=jSf+2rtBo=(B+c)(c+a)(« + B) [Ex 1] 

/'Ex 3 Prove that (a+B+c) s =a 8 +B 3 +e s +3(B+c)(c+a)(a+B) 

(« ^ B - c) 8 == a 3 + B 3 + c 3 + 3a 2 B + 3aB 3 + 3B 8 c + 3Be 3 + 3c 2 a + 3ca 2 + 6aBc 
=a 3 +B s +c 3 +3iS+6aBc*=a'‘+B 8 +c s +3(iS+2aBc) 
=a 3 +B 3 +o 3 +3(B+c)(c+«)(«+B) [Ex. 1] 

A wtherform of this identity evidently is 

(a+B+c) 3 — a 3 — 6 3 -c F =3(B+c)(c +«)(« + &) 

m 

Example i Prove that S(a + b +c) 3 - (B +r) 3 - (e +c) 3 - (a +B) 5 

= 3{2a + b + r)(a + zb + c )(« + B + 2c) 

Since Sfa+b+c) 3 =z{2a+2b+2c) s = {[b+t)+[(+a) + (a+b)} !> t 
we have [by putting A=b+c,j =c+a, z=a+ff] left side 
=(*+; +*)* -* s -y z -~- 

=3Cl , -‘-5)(s+^)[i +J-) 

= 3 ( 2 a +b + e )(« + 2 b + c )[a -b‘B + 2c) 

1 x 

Example 2 Resolve into factors 

(a+b + c) 3 -(B+c— a} 3 -(c+a-B) 3 -(a+B-r) J 

Put \—b+c-a i y-c+a-b, s=a+b-c , thus 

x+y+s=[b+e-a)+(c+a-b)+(a+b-e)=a+b+c. 

T 

Renee the given expn ^{x+y+s) 3 -x 3 -y 3 - z 3 
=3 fv+s)(z + x)[v+y) 

=3(2a)(2B)(2c)=24oBf 
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Ex 4 Prove that ft 2 (6 +c) + 6 2 (c + a) +<?((t + 6) 4- o 5 + 6 3 4- c 2 

= (a + & + c)(o 2 + 5 2 + c 2 ) 

Rearranging the terms, the left side 

=o”4-a 3 (64-c)4-6 3 4-6 2 (e4-a)4-c 3 4-c 2 («4-6) 

=a s (fl 4-64-c)4- 6 2 (64-c4-a)4-fl 3 (c4-rt4-6) 

<= (a 4- 6 4- «)(« 2 4-6 2 4-c 2 ) 

Hence S+ a 3 + ft 2 + c 1 = (a + 6 4- c)(a s + b~+ c-) 

Ex 6 Prove that a\b +c) + 6 2 (c4- «) 4- c°(a + b) 

-a'—b i —<?—2abc*=(b+c—a)(c+a — b)(a+b — c) 

Rearranging the teims, we have 

Left side = a\l 4- c) + a(b- -2 6c 4- c 2 ) 4- We + be - - a 3 - 6 2 - c 3 
=« 2 (6 4- c) — a'+a(b l — 2be + c 2 ) 4- 6c(6 - r c) — (6 3 4- c 3 ) 

= <i 3 (6 + o - a) 4- a(b - o) 3 4- 6e(6 + c) - (6 4- c)(6 3 - be + c") 
—a 2 (b+c-a)+a(b-cy i —(b+ c)(6 2 — 26c 4- c 3 ) 

=« 2 (6+c— a)+a(6 — c) 3 — (6+c}(6— c) 2 
=a 3 (6+c— a)— (6— c) 3 (6+c-a) 

— (6 + c — a){« 2 — (6 — c) 2 } 

= (6 + c - a) (a — b 4- c)(« 4- 6 — c) 

Hence a 3 — 6 3 — c 3 — 2n6c = (6 + c — aX« 4- a — 6)(n + 6 — e) 

Ex 6 Prove that 26 2 e 2 4-2c 3 a 3 4-2a 3 6 3 — « 4 — 6 4 — c 4 
=(» + 6+c)(6+c-o)(c+a-6Xa + 6-c) 

Arrange according to powers of a , thus 

Left side *= - { « 4 - 2(6® 4- e 2 Ja 2 +b i +c i - 2& 3 c s } 

= - { o 4 - 2(6® 4- c>= 4- (6 s 4- o 2 ) 2 - (6 2 4- c 2 ; 3 + (6 2 - c 2 ) 2 } 

= - {a 2 — 6 4 4-c 3 ; 2 ~46 2 c 2 } =(2&c) 2 - (« 3 - 6 s - c 2 ; 2 
« { 26c - (a 2 - 6 s - c 2 ) }{ 25c 4- (a 3 - 6 3 - c 2 ) } 

= {(6+c) 2 -fl 2 }{a 2 -(6-c) 2 } 

«(6+c+a)(6+c-a}(a + 6— c)(a-6+c) 

= (ft + 6 + c)(6 4 - o - a)(c +a — b)(a 4- 6 — c) 

Examples XCVII 

Resolve into factors 

1 « 3 (6 2 — e 2 )+6 3 (c 2 -o 2 ) -t-e 3 (a 2 — 6 2 ) 

2 n 2 (6 3 - c 3 ) + b\<? — « 3 ) + c 2 (a s — 6 s ) 
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JtesoWe in to factors 

3 a ib* - c 2 ) + & 4 (c 3 - a 3 ) +- c<(a 3 - & J ; 

4 iV(JS- C 3 ) + C 3 3 3 (fl 3 -a 2 ; + fl 3 i 3 (a 3 - 

6 (34-i+tf) s -« s — 4 s — tf s 8 (£ + c)(c + a)(n +b)+alc 

7 rt(i-c) 3 +i(c-a) s +c(a— i) 2 +8«6c 

8 u(& + cf + b(c + a)- + c(fl + i) 3 - Snhe 

9 a(b — c) 5 + b(c— a) s +e(fl— i) 3 

10 a l (b^e)+b i (c~a)+o l ln~b) 

11 b l '{b“— c^+cofe 3 — i*) 

12 n ( 1 1 - c 1 ) + fc(c 4 — o 4 ) + e(n 1 — t 4 ) 

13 oft - - a s ) 4- J(c - a)(ca - b") + c(<> - b)(o.b — c 1 ) 

14. lc(b—c)(\ — o?) -f - »)( l-b s ) + ab[n — b){ \~&) 

16 (b— c)(b-rc)*+(c— «X tf + a ) 3 +(®“ 5)C rt +^)* 

10 (b J- 1)(6 - c) 3 + (e + a)(c - n) 3 +(a + b)(n — bf 

IGI Multiplication by rearrangement of the terms 
Much of the labour of multiplication is often saved, and the work 
neatly performed, b\ arranging the multiplicand and multiplier 
according to the powers of some one letter (called the *ymbol ot 
rtfirence) 

Ex 1 Multiply bc+ea+ab by « + &+c 

-A l range multiplicand and multipliei in powers of « 
a[b-i-c)+bc 
"+(b+c) 

« 3 (£i-f c)+alc 

+ a(b 4- c)- + bc(b + c) 

<t*(b + c) + o(6 3 + c* + 3 bc)+bc(b+c) 
=a*b-t'ab*-hb i c+lc"+e*a+at , +3ubc i 

Ex 2 Multiply jf 3 - ry+yt+x+y+l In x+y-1 
Here consider x as the s\ mbol of reference 
. ^-(y-lJs+^+’Z+l) 

x 4-(y-l) 

r s - ( v - l>r 2 -H y s +y + 1)* 

+(V- l)x--(*/ s -2y+ I)r+( y s - 1) 
x s ' +3yj? ' +(•/*-!) 

=x s +y 3 +3ry-l 
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Examples XCVIII 

Find the product of 

1 « 3 +«j+5j?+n& .and x—c 

2 ('x 5 + < (x + bx + a nnd x—l 

3 o 2 — 5c+r(|J-ai and a — b+c 

4 s s -ax- bv+ab nnd x+tt—b 

5 (<»-— c«+l)x 3 +^a— l)x+l nnd (a+l)x— 1 

6 (x-l>i a -(x— l)a+3 and (x 9 -!- x+1 )«—(*+ 1) 

7 << s 4-i> s +e s +ic— ca+ab and «— fi-fcc 

8 x-- ry+y 5 — 2x+y+l mid x+y- 1 
9. </ 2 -rfre— cn—ab nod ft-c*— ca+ab 

10 — 1)>s s +(j»4-l)i— 2 and (m + l)<» s +R-«t 

11 (/i s +ab+b-)x i —(a+b)x—ab and (ft — i)x s J-2x~ 1 

12 2x'— («+&)x 3 +nbx— a+6 and (n — ?>)x 2 -fn&x +a+b 

13 c)+ca(c— a)+ti&(«— b) and bc+ca+ab 

102 Division by rearrangement of the terms The 
labour of division is conEidcnblj shortened, and the operation much 
neatlv performed, by arranging the dividend and divisor according 
to the povrerj. of come one letter (called the ii/mbol of reference) 

Ex 1 Divide a E — a& 2 — V*c+ bc' s +c' l a+2ca-+ubo 

by n s H*fo'+ea+(s& 

Arruigc dividend and dnisorin poners of it 

o- -‘-rt(b+e)+bc \ n s + 2ft s c — o(b- — be — c*) — hc{b — r) / a—(b—c) 

—a“{b — c)—a{b i —c i )~ bc[b—c) 

—aHb—o) — o( b i — G-)~bc(b — c) 

Ex 2 Divide r 3 +y ! +3vy-l by ;»+y-l 

Arrange dmdend and divisor according to the descending power** 
Of T 

xM y-1) \ » 3 +3xy+(y , >-l) / A*-(y-l)*+(y J -H/+l) 
g3 +fy~ J)? 3 ' 

-C>/-T)t 3 -(v-1) 2 x 

(y 3 +y+l)r+(y , -l> 

(r/S+y+Dr+fy'-l) 
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Ex 8 Divide ( r" - l)rt s - ( * 3 4- * 2 — 2}a a + (4* 2 + 3 jt + 2)« — 3(# + 1) 
bj (j:-l)a 3 -{t.-l)a+3 

Here take a as the symbol of reference 
<e-l)*3-(r-l)«+3) 

(^-iK-^+^-SJaS+f^+SB+SJtt-SCt+l) (('S s +v+l)a-(*+l) 

(x’~ Da 3 - (x 3 - 1 )o*+(W+‘ii + 3)a 

-(v*- I)a'+(x*- l)a- i(rf + 1) 
-(g 2 -l)a 3 +(s 3 --l)a-3(g-t-l) 


Examples XCIX 

Divide 

1 o , +l> s “3» J +3«— 1 by a + b—1 

2 o 3 +6 s (2a+&)+a6(2«+c)-c s by a+b-o 

3 x 3 -a ! (r~b)+(a-b)bx-ab 3 by (x+a)(x~b) 

4 a\b+c)+b s (<:+a)+c 3 (a+b)+abcfa+b+c) by bc+ca+ab 

5 s' 1 - (a + 5 4- c)x 3 + (a6 + «c + bc)x -aba bj ( v-a){x—b ) 

6 aHb--e)+lP(c~-a)+c 3 (a~b)bi a°(6 — c) + b 3 (o - a) + c 2 (« - b) 

7 e s +(l-a— b)v 3 — 2ljr-« 2 +5 s by x— a— b 

8 6V(6-c)+e 3 a ! (c— a)+-a s 6 ? (a— b) by bc+ca+ab 

9 a i -(x i ~y~s')a 3 —(y-:)(}x-hyz b\ a 3 +ax-i-y 

10 x z — 2ai 3 +(a s — ab— b s )x+a s b+ab 3 by (x—a)(x+b) 

11. (a-6)i 3 -{*~h}a 3 +(v-a)& 3 b) x 3 -{a-\-b)x+ab 

12 » 3 +(4al — b-)x — (fl — 2&){a 3 + 3fc 3 ) by * — a + 2b 

13 (a a -l)* s +(2a a +a)r*+2o*+l by (a-i)*+l 

14 o s +i 3 +c 3 -3oi(! by a+b+c 

15 1+* 8 — SlyH-ffiy by l + x~2y 

16 (a + 6X* +y )(a* -{- 6y) - ft* — ay — 1 by a*+5y- 1 

17 * 4 “a 4 +2a-c 3 +2?w' , «— (« 2 — l)a s J 2 by s 3 -f a 3 — (n- l)a« 

18 x{x - l)a 3 + (a 3 + 2* - 2)a 2 + (3* 3 - x*)a - x l by a 3 * + 2a - x 3 

19 ^a+l)-ay(#--y)(a+6)--y :! (&-l)by a?(a+l)-y(&-l) 

20 ( 2 » - y) 3 a* - (x +y) W** + 2(x +y) f tx i — s* 

by (2 x-y)a e -(v+y)<%x+x 3 . 

163 Division, by Resolution into Factors The follow- 
ing examples will snfBciently illustrate the method 
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Ss L Divide o = — 3a+2 b) a+2 

Dividend =a s -f S— 3a— 6=(a Sj -8)— (3a+6) 

- (a + 2Xa 2 - 2« + 4) - 3 (a + 2; [Art 67] 
=(aJ-2)(a 2 -2a+4-3)=(a4-2)(a-l) 8 , 
required quotient =(a — l) 2 or a 2 — 2a-hl 

"Ex. 2 Divide x 3 — 3ax 2 +3a 8 x— a’-f i 5 by x—u + b 
Dividend —(x-af+l* [Art 67] 

=(x-fl+5){(*— a) 2 -(x-a}&+& 2 } 

=(x— a+&){x 3 — (2a J -&)x-f*a 2 +a&+& s } , 

. required quotient =x-~ (2a + b)x 4-a 2 +a6 + fr 

Us. 3 Divide x 3 — 1— 5(t — 1) by (x— 1)® [Pan;, 1893] 
Dividend ={x— \){x i + x 3 + -r 2 +x + 1) — 5(x — 1) 

=(x— l)( r4 +x = - £ -x 2 + v-4) 

=(x- l){(x 4 - lj+fx 3 - l)+(x 2 - l)+(x- 1)} 
=(x-l) 2 i(x 3 +x 2 +x + l)+(x 2 +x+l)+(x+l)+l} 
=(x-l) 2 (x :i +2x 3 +3r+4) , 
required quotient *=» X s + 2 «. 2 + 3» + 4 

Examples C 

Divide 

1 « 2 (a — 2&)— h\b — 2a) "by a — b 

•2 (x -a){x-h)-(y- a)(y - b) by (x-a)+(y-&) 

3. (a— Jj)(b-c)-*-(a-d)(c—d) bj b—d. 

4 (1+ fpd J -^ 2 )-(l+x s Xl J -yJ s by 1- vy 

5 x(x-l)(x-2)J-y(y-l)(y-2)-6xy bj x+y 

6 v’+y 1 — x*+2x 2 y s — 2s 5 — 1 bj v 2 +y s -s 2 — 1 

7 a(6 2 +c 2 — « 2 )+6(c s +a 2 — 6 s ) by (b+c—a)(c+a—b) 

8 a*+b a — 3a 2 +3a — 1 ty a+b — 1 

0 &(x 3 +a 3 )- 1 -ae(x 2 — a 3 )+a 3 (x+a) bj (a + b)(x+a) 

AO (l+a) s +(l+a) 2 x+(l+a)x 2 +x 3 by 1+a+x 

1L (a 2 +a&4-6 2 } 4 -(a 2 -aJ+52)tby (a 2 +& 2 X« 4 +3a s Z> 2 +&*) 

12 (x +y) 3 + (1 - x -y )3xy - 1 bj x +y - 1 

13 (x 2 -lX — 3(v 2 -3) 2 +'l by r*-3r 3 +l 

14 (a- t .5)5q.( c _ (J j3_^^. c js f 'b—c)—bo 
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Divide 

15 x 3 +8y 3 +6i:y- 1 by x+2y- 1 

16 (a-b)W+(a-b)e*-(c*-a*)b*+(c-a)l>*b) (a-b)c n --(c-a)b n - 

[Cal, 1883 ], 

17 X s t-a 4 x 4 +a s by x 2 -<n+a a 

18 *(x+lX* + 2X*+3)-3 by x 3 +3* + 3 

19 S hew that (x 2 + xy +y 3 f + (x 3 - xy +y 3 f is divisible b\ 2 r a + 2y a . 

20 Shew that 

(In + cy + «r) c ~(cv -hay + bzf is divisible by (b-a)x+(c-a)y+(a-b)z 

21 Shew that 

(# 2 — lXy* - 1 )(s 2 — 1 ) + (ar +y:)(y + 2 x){z + xy) is divisible by xy : + 1 

22 Divide T(l+y 2 Xl+* 2 )+y(l+3 2 Xl + * s )+2(l+* 2 Xl+y ! )+4*yz 
by l+ys+ 2 r+*y [Cal, 187S] 

[The following examples will further illustrate the foregoing formula ] 

23 Simplify (a+b- l)(3a - &) - 2(« + i - 1)(« -6+2) 

24 Simplify (a + 6+e) 2 +(6+c-o) 2 +(c+a-6) s +(« + 6-c) s 

25 Simplify («+6+c+d) 2 -(fl+J-c-t7) a +(a-6+c-d)3 

~(a—b-c+df^ 

20 Multiply together x-a, v—b, x-c and x—d, and from the 
product deduce the value of (x+2) 4 

27 "What number must be added to 3v 3 — 13x 2 +6r-5, that the 
result maj be divisible by 3*- 4 ? 

28 If c 3 ~a 3 +b 3 , find the value of 

(a + b + c)[b +• c - a)(o + a — b)(a +'7; - c) 

29 Find the product of x-a, x—b and x-c, and factorise the- 
result when —x 3 =bc+ca+ab 

30 Find the value of 

( x - a ) 3 + (x - bf + (* - of — 3( t - aX* - b){x - c), 
when 3«=a+5+c 


31 v Find the value of 


3S4 x 384 x 384 - 383 x 383 x 333 
384 x 384 ir 384 x 383 + 383 x 383 


32 Find the value of x 3 +y 3 +3xy- 1 when x= 15, »/= 85 


33 Find the coefficient of X s m the product of 


5 s 3 — 4x a +3x— 2 aud 6x 2 + 8x+3 


| The terms that involve s 3 may be obtained, fiist, b> multiplying 
' the terms of the third degree b\ those that do not mvoh e x, and 1 



THOHEST COMJIOS FACTOR 


23 "* 


next, the tenns of the second degree by those of the first ^de gree^ 
Therefore the terms involving ar a in the product, are +1')**, -32 j 5° 
and + ISr 3 The algebraic sum of these terms 

= 15x s —Z2x s +l8s?—x' , coefficient required = 1] 

34= Find the coefficient of x 2 m the above example 
35 Find the coefficient of x 4 in the product of 




+ — and 2x 3 + 


2x 3 

3 



38 

37 

38 


Find the coefficient of x 3 in the above example 
Find the coefficient of x i in the product of 
x i —a^+bx i —cx+d and x*+px+g 
Find the coefficient of x?^ m the product of 

1 ~S + ~4~T , Tfi andl + 2 + ll + '8 + i6 


39 If a + h-fc=0, she that 

(i) a^(b+c)+ b\c + <i) + c%a + 6) + 3a5c =0 
(n) a(b+c) i + b(c + «) 3 + c(o + bfi — 3o6c*=0 
(m) a(& - c) 2 + b(c - n) 2 + c(« — if + 9«6c = 0 
^Decompose into elementary factors 

40 41 (a*-bc;-(b n —caf 

42 4{ot-«)S_27o s x 43 o 3 +2?i 1 -3fl6* 

44 x 4 +x 2 — 2ax+l — a 2 45. (a s - b 3 )(x i +g i )+2(a 3 +b , )xv. 

46 x'-ia+tyx-x-tfb+ab^x-aVf 


CHAPTER XV 

i 

HIGHEST COMMON FACTOR 

l(i4 Definition t A common factor of two or more expres- 
sions is one which divides each of the latter without remainder 
Thus a is a common factor of 2a 2 , Sa 5 b and a-b- 

The Highest Common Factor of two or more expressions is 
the expiession of the highest dimensions which divides each of the 
gnen expressions without remainder Thus a 2 is the Highest 
Common Factor of 2a s , 3 a s b and <i 3 & 3 

The Highest Common Factor is termed by some wi iters Greatest 
Common Measure The corresponding abbreviations are nor and 
o c M 
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Note If A and B be two expressions whose H C. F is F, then etcry 
factor of B is a common factor of A and B , ind conversely, ec'ery common 
factor of A and B is a factor of F This is self evident m the case of 
monomial factors. 

Remark The Arithmetical term Greatest Common Measure is, not 
appropriate in Algebra Here we have to see whether the -expression, 
found as the G c W is of highest possible degree , without any reference to 
its numerical zaluc Thus x+a, which is the Algebraical g c m of x = - a , 
and { v+a ) 2 [as the student will presently see], is not their Arithmetical 
G c M whenr=i2,a=4 In this case x* - a 3 , or its value 12S, is the 
required G c M 

165 H C F of Monomials Since the required n c f 
must be that factor of highest dimensions winch ts common to all the 
proposed expressions we have the following v 

Eule — Tale all the factors common to the given expressions and 
raise each to the lowest power in which it occurs , the product of then 
powers will be the required n c F 

If theie he numerical coefficients, find their g c ar as in Arith- 
metic, and put it before the net 

Ex 1 Find the n c f of C0« 4 & 3 ar, 72a ! £>y 2 and 84o 3 6 2 ; 

The common factors here are a and b , the lowest powers of these 
•occurring m the proposed expressions are a 2 and b respectively , also 
12 is the " c li of the numerical coefficients 60, 72, 84 , 

H c f =12F« 3 x&=12a 2 6 


Examples Cl 

Find the Highest Common Factor of 
1 a-b and o5 2 2 2 o 2 j and abx 2 3 2a 3 6 and 3a n o 

4 a s b° and a 2 b 6 5 a 3 6 s c 4 and alV 0 75ac 2 and 30n°x 

7 105a & 2 .r and 84nx 8 ah 5 , a-bx and a 3 & 2 

9 8 xy, 12xs and 20 gz 10 \Gnvhi% 48 m*n and Q^ni'p 

11 35 aPlPsty and 49 « ! 6 4 j 4 y 3 

12 I8xy 2 z 2 , 27 x 2 y 2 & and 33r 2 yi 4 

13 Sa^cfy 2 , 15a s e 3 d s .r, 10a B J 4 c c i y and 18a 2 6Vj 2 

14 12 m 2 p 2 qx 2 , 16« 8 m 4 r^r, 40 a 2 m 2 q 2 x s , 32 bhn b x*y 2 and 20m i px 2 g- 


Jn a similar way, we can find the ii c i of a Monomial and a 
Bmomial or Polynomial 
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Ex 2 Find the n c r of 2* s x and ax’-axy 

Now 2a"x=2aax and az-—<\x>j=ax{x—y) , and the common factoie 
are a and x 

ll c F reqmred=ax x—nx 

Examples CL (Coniintmd) 

Tind the Highest Common Factor of 
16 G tnVjJ* and Smrfp 2 - lSni 2 ^ 3 . 

16 2/ilAr and 3a 2 x+3'i?i 2 x 

17 and 54m 4 n s 4 3 — 3G?n s n 4 y" 

IS ]08a 2 jn fl x s and 72a i m , x— 54a 3 wt^-i-90a 3 m s x 

ICC H C P.of expressions readily resolved into Hec- 
tors The method being precisely the same as that of the list 
uticle, we here follow the same rule 

Ex 1 Find the n r F of Gs 5 — 12<« and 8ax- I6x- 
Here G-i 2 — l2ax=*Gn(a— 2x) and Sax— lGx s — 8x(a— 2x) 

Thus the highest common factor is («— 2x) , also the g c w of G 
and 8 is 2 , 

in f required =2(« - 2x) 


Examples CII 

Find the Highest Common Factor of 
1 « 2 +<*x and ox-j- x® 2 a s — ax and u a — i»x ! 

3 2a 2 x— 2dbx and 2'fix— 4abx. 4 x s +2<?x and 3ax+6«c 

5 ax+x 2 and 5ox+2xy 0 a 2 — 1 and ab—b 

7 S< 2 -I0iy and 2x;-4^r 8 x n »-xy--xyz and y^^-yJ-rxyz 


Ex 2 Find then c f of ISa^x + lJ’fx-S) 3 

and 15a~b(x+l)"(x-2) 
The common factors, each raised to the lowest power xn which it 
occurs m the gnen expressions, are a-, (x+1) 5 and (x-2) , and the 
g c si of the numerical coefficients is i , 

ii c f required = 3 x a° x (x + 1 ) 2 x (x — 2) 

=3o 2 {x — l)“{x — 2) 



238 


THE NEW MATRICULATION ALGEBRA 


Examples Oil (Continued ) 

Find the Highest Common Factor of i 

9 (a+6) 3 # 3 and (o + &) 2 # 4 10 4a*(a-6) 8 and 5a(o— i) 4 

11 dHp+q^x and 2 ab(p+q)x i 

12 4(« - 1) 3 (* - a) 8 and 8(o - l)°(#-n) 5 

13 18a 3 6 2 (#~a) 4 (# 2 — y 3 ), 246 2 c 3 (#— oj^a? 8 — y 8 ) 3 , * - 

and 42 o 3 6c(#— «) D (# 2 - c 8 ) 3 

14= 16(o +*) 3 and 40(a 8 -* 2 ) 15 ^{at+b*) and 6(0? -V) 

10 16(# 4 — x?+x 3 ) and 56(# 4 +# 3 +l) 

17 16«6(o 8 '-& 8 ) 8 and 27 a 3 (a-&)(a+&) 8 

18 10(#+l)) 2 (# 2 -4) and ]5(# 8 -l)(#+2) 8 

19 8a®(a— x) a , I2az(a a —x s ) and 16o 3 .r 8 (a 3 — # 3 ) 

20 6(o 2 + 6 3 )(o — 6) s , 9(o 4 — 6 4 )(o— 5} 8 and 12(o 8 — Zt 8 ) 3 - 

21 Sfcr+lX^+S) and 4(#+l)(# 8 — 5#-14) ( 

✓ _ 

Ex 3 Find then c F of 2o 4 # — 5o 3 j a - So 2 * 3 

- and 4o 3 # 3 + 14o 2 -s 3 + 6 «j: 4 

First expn =a 3 #(2o 2 —5«#--3r 8 )=a 8 #(2a+#)(a-3#) , 

-Second expn =2o* , (2o 8 +7aa?+3* s )=2a*®(2a+#)(a+3j:) , 

11 c f required == a#(2a + #) x 

s 

Examples Oil (Continued ) 

Find the Highest Common Factor of 

22 # 2 +5#+6 and # 3 — 2«— 8 23 2# 8 +#--l and 6» 8 ^ r— 2 

24 # 8 +3a?+2 and # 3 +2# s +3#+6 

25. 2+2#, l-* 8 and l+x+y+xy 
- 26 # s — 9, (s+3) 2 and # 3 +#-6 

27 o 8 — c 8 , d 3 — 2oc+c 2 and o 3 +«6— ac— be 

28 l-* 2 , s 3 +l and l-#-2# 8 

29 x a —x— 2, # 2 +#-6 and # a -3#+2 

•30 2# 3 — 5#+2j 3# 2 — 2#— 8 and 4#®— 5#— 6. 

31 fw 2 -(p+l)r+l and q&-(q— 1)#-1. 

32 20# 4 +# 8 — 1 and 25# 4 +5# s — x— 1 

-33 # 4 -{m+l)# 3 +(m+l)#-l and # 4 — (n+1)# 3 +(«+!)# -1 

-34 qy(T 3 +6 s )+Jjr(iy 2 +o 2 j) and ax(y s + & 3 ) + &y(6# 2 + o 2 y) 
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Jj’md the Highest Common-Factor of _ 

35 1— ahr a -f (6— a 3 )a? 5 and 1 +acx i — (fi—cfi)x i — 2aa. 

36 «J+2fl 2 -36 9 — 4be— ac— c a and 9ac+2a s —5ab+4c- + 8bc — l2b 2 

The investigation of the general rule for finding the -n c f of 
Polynomials depends on two Lemmas which we establish m the next 
two articles 

This rnle is necessary when the expressions are not readily resolved 
into factors 

' •** 

167 Theorem If two expressions have a common factor , it sill 
<hude the sum or difference of any integral multiples whatever of them 

Let D be a common factor of A and B , then by hypothesis A—mD , 
B—nD ; therefore pA—mpD, qB—nqD , therefore 

pA±qB—(mp±ng)D Thus D divides pA ± qB 

Cor Evidently J) divides A + B or A - B 

168 Theorem If an expression B divide an expression A 
leaving a remainder R, then the n c f of B and R will be the n c F 
of A and B 

Let Q be the quotient when A is divided by B , thus we have 

A**BQ+R (l) 

Now every common factor of B and /?, will divide BQ+ R oi A , 
that is, every common factor of B and II will divide A and B 

Again from (i), we have by transposition 

R—A~BQ * (ji) 

Hence every common factor of A afid B will divide A—BQ oi R , 
that is, every common factor of A and B will divide B and R 

Thus B and R have exactly the same factors as A and B , that i», 
the n. o f. of B and R is the n. a F of A and B. 

169 EOF. of two Polynomials Let A and B be two 
expressions, say, in x, arranged according to the descending powers of 


x, and let A be not of lower dimensions than B 

Divide A by 2?, and let p be the quotient and B) A (p 
C the remainder divide B by 0, and let q be the pB 
quotient and D the remainder , and so on CyB (g 

Now since A and B are arranged m decendmg gO_ 

powers of a?, it is clear that each successive remain- D) C (r 

der shall be of a lower degree than the corre- -./) 

spondmg divisor and consequently we must at ~q~ 

last arrive at a stage of division where there 


shali"be either no remainder y or if there be any, it shall be a 
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constant (i o , a quantity not involving x) In the latter case, oF 
course, A and B have non o f 

Suppose, then, for the sake of simplicity, there is no remainder at 
the next stage of the process 

Divide G by D, and let r be tho quotient 

Thus from Art 168, the n c f of B and G will be the n c f of A 
and B, and the n c f of C and D will be the n c F of B and G , 
therefore the n c f of C and D will be the n o F of A and B r 
but the n c F of G and D is D itself, for no expression higher than 
J> can divide J) , thus B is the n c F required 

Hence we have the following rule for finding the n c f of two 
poll normals — 

Rule — Arranqe the polynomials according to the de9cendi>& 
pov ers of some common letter , divide the one of a highct degree by 
the other , tale the remainder, if any, after this division for a nei<~ 
dnuor and the preceding divisor for dividend, and so on, until there 
is no remainder , the last divisor mil be the n of required 

If there be no remainder aftei the first division, then one of the 
proposed expressions, viz , that of a lower degree, will be the n c f 
reqiured 

Note 1 If the chain of division for finding the H c. F tei inmates with 
a sera -emamdci , the last divisor will be the H C F required, but if it 
terminates with a constant as temaxndei , the polynomials have no H c r 

Note 2 In the chain of division for finding the n c. r the H c. F 
of any divisor and the corresponding, dividend, will always be the H C. r 
lequired 

Ex 1 Find the n o f of 3? 3 — 3* +2 and a? s — 43? 3 +6 j?— 4 
x 2 — 3* + 2)a? s — 4x i + 6a? — 4(3? — 1 

s s - 3*11+23? 

— o? 2 +4a?-4 

- a? a +3j? — 2 

a?-2 

Take this remainder for divisor , thus 
x — 2)a? 2 - 3* + 2(a? - 1 

* 3 — 23? 

— a?+2 

- a ?+2 


hof 'required =3? -2 
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Examples CIII 

Find the Highest Common Factor of 

1 x 3 — 2a? -3 and V s — 2x* -2a? -3 

2 * a +3*-4 and x s +5x 2 +3x— 9 

8 3V 3 — llx—4 and 6a; 8 — 25* a +3 

4 2a? 3 + v 3 -Bx— 3 and 8a s +6'P a — 21*-18 

5 ff 3 +6ar 9 4-2a;— 15 and * S +B* 2 — 2a:— 10 

6 6*5- 19^+13# -2 and l2x*-32x 2 +\Qx-2 

7 * 4 +* 3 — **— 2*— 2 and * 4 +2* ? — * a — 2* — 3 

8 * 4 -4* 3 -30* s -28*+17 and 3r*-ll* 3 -86* a -81*+49 


Ex 2 Find the h o F of 2* 3 +7* s +2x-3 (l), 

and 3* 3 +8* 2 — 2* +3 (u) 

The given expressions are of the same degree , hence it is imma- 
terial which of these is considered the dividend If we take (u), it 
is evident that the first term in the quotient will be a fraction, viz , 
4 to avoid which we multiply (u) by 2, which is the coefficient of a s 
in (i) and which is not a factor of the divisor (i) 

3* 3 + 8* s -2*+3 
2 

2* 8 +7‘® a +2v— 3) 6x s +16* a -4x+6(3 
6* 8 +21* a +6* — 9 
— 5| — 5* 3 — 10* + 15 
* 3 + 2*- 3 

The remainder has a factor —5, which is not a factor of (l) the 
divisor, and since the required h c f will be the h c f of (i), and 
this remainder [Note 2], the factor - 5 cannot affect the required 
hof, and may therefore be rejected The required n. c F. will 
therefore be the h c. f of (i) and * a +2*~3. 

* a +2*-3 ) 2* s +7* a +2*-3 ( 2*+3 
2x s +4x 3 —6x 
3x 2 +8x-3 
3* 3 +6*-9 
2|2*+6 


x+3 


16 
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For the reason given above, reject the factor 2 
x+3 )x s +2x—3 ( x—1 
x*+3x 

- x-3 

- x-3 

required n c F =a?+3 [Note 1 ] 

Remark From this example it is seen that we can inlrod tee or rejr' 
with certain restrictions, a factor at any stage of our operation For as 
the u c F of two polynomials will always be the H c F of any divisor 
and the corresponding dividend [Note 2], we can multiply a dividend 
when necessary , by a quantity which is not a factor of the divisor, and vice 
versa. Similarly we can remove from a divisor , a factor which u not a factor 
of the dividend, and vice versa In the latter case, however, if a factor be 
common to both the divisor and the dividend , we may remove and reserve it, to 
be introduced afterwards into the H & F of the remaining factors [See 
Ex. 4, below.] 

Ex 3 Find the n c f of 2x 1 -3x 3 -2x s +6i+3 (i), 

and 2x i — 7a? 3 — 10a? s + x + 2 ( 11 ) 

2* 4 -3* : -2*2+6*+3 ) 2a? 4 -7a? 3 -10a? s +a:+2 ( 1 
2a? 4 — 3x 9 — 2a 9 +6x4-3 
— 1 | — 4a? 3 — 8a? 3 — Sj— 1 
4a£+8a? J +5a?+l 

4j?"*+Sj? j +5s?+ 1 ) 2a? 4 -3j? 3 -2a? 2 +Gx+3 


4a?*-6a? 3 -4a? s + 12ar+6 ( x 
4sc*+8x s +5x s +v 
-14x*-9x*+llx+b 
2 

— 28a? 3 — 18a? s +22a?+12 ( -7 
-28a?=-56a? 2 -35jr-7 
19 |38a? 3 +57a?+19 
2a? 2 + 3a?+ 1 

2* s +3a?+l ) 4a? s +8a? 2 +5a?+l ( 2a?+l 
4s 3 + 6a? 2 + 2a? 

2a? s +3a?+l 

2a? 2 +3a?+l 


hof. leqiured =2a? 2 +3a?+l 
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Examples CIET (Continued ) 

Find the Highest Common Factor of 

9. 3x 3 +16r-12and t 3 -W+4a-12 

10 x 3 — 19x 2 +119r— 245 and 3* a -38«+119. 

11 4x 3 +t— 1 and 2£ s 4-3a> 2 — 1 12 2X 3 — 19x+3 and 3x 3 — 10r 8 +9 

13 2x 3 +* a — 3x+6 and Sa^+Va; 2 — 3*-10 

14 3x 3 —13x 2 +23.r— 21 and 6x 3 4-x 2 — 44x4-21 

16 2s 3 — x 2 — x- 3 and x 3 — 4x 8 — 3ar — 2 

16 4x 4 — 9x 2 -f 6x— 1 and 6x 3 — 7x 2 4- 1 

17 3* 3 +14x 9 4-12x4 - 16 and 2x 4 4-7x 3 -4x 2 -x~4 

18 6x 4 — 2x 3 4-7x 2 —x4-2 and 6x*~ 12x 3 +2Ix 2 — 6x4-9 

19 2x 4 4-l7x 3 4-30x 2 4-8x-5 and x 4 4-4« s -18x a -29x-10 

20 x 5 — x 3 4-4x s -3»4-2 and 5X 4 — 3x 2 4-8r— 3 


Ex 4 Find then c F of 2x s 4-3x a — 35x and 10r 3 -33x a -7x 

Evidently x is a factor of the given expressions , remove and re- 
serve it , we have thus the two remaining factors 2x 2 4-3x— 35 and 
10x 2 — 33* -7 Hence the required il c F will be the n c F of these 
two factorb multiplied by the reserved factor x [See Remark, Ex.2 ] 

The student will easily find the n c. F of these factors to be 2x - 7 , 
( n c* F required f=x(2x— 7) =2x 2 ~7x 

Examples CHI (Continued ) 

Find the Highest Common Factor of 
21. 18x 3 4-45x 9 4-63x4-54 and 24x 3 4-24x a 4-6x4-36 

22 4x 3 — 8ax 8 — 20a 3 x + 24a 3 and 6x 3 + 24ax 2 + 6« 2 x — 36« s 

23 3x 4 - 8x 3 4- 8x and 4X 4 — 19x 2 + 6x 

24 12x* — 14x 3 4- 2a? and 8x 4 4- 10x 2 — 6x 

25 3x s +5x i +2x s +8x 2 and x B — 13x s — 14x 8 4-8x 

26 8a 4 6 2 — 34a 2 6 4 +24«6 5 and 12a c b — 26a 4 5 2 + 1 8a 2 6 4 


Ex 6 Find the n c f of x 4 -9n 3 x 2 4*10a 3 x (i), 

and ax s —a a v 2 — 4a 4 [Cal, 1873] (u) 

First expression =x(x 3 — 9a 2 x + 10n s ) 

Second expr essi on = «(x s - «x 2 - 4« s ). 

« 
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Thus a; is a factor of (1) hut not of (u) , and a is a factor of (n) hut 
not of ( 1 ) Hence * and a cannot enter the required h c f and must 
therefore he rejected [see Remark, Ex 2] The required h c f. will 
thus be the h o F of ^-^r+lOa 3 and x s -ax*—‘ia s a which will 
be found to be *— 2a 

n c f required =#- 2a 

Examples CIII (Continued) 

Find the Highest Common Factor of 
27 2* 3 — 10* a +20r-16 and 3* s — 12* 3 +21*— 18 

28. 8*3— 10*+ 4 and 6*3+ 21* 2 — 6 

29 2* 4 +8*3— 7* s +15* and 3* 4 +l7* s + 12* 3 +l3*+i5 

30 6* B — ZlxMf+Qxh/^—Gx^— 3*y 4 

and 5t/&— 10*y 4 +20* 2 y B — 15*^3+10*^ 

31 a 5 — 4a 4 6+27a& 4 and a*b— 4a& 4 +3&® 

i 

32 * 8 — 6a 2 * — 9a s and 2s 3 - 10a* 2 + 9a 2 * + 9a s 

33 3*3 — 15^ + *tf 2 - By 3 and Gx i - 25*^y 2 _ 9^1 

34 7a 3 — 6a 2 6— 18a& 2 +4& 3 and 14a 3 ~19a 2 &-32«& 2 +28& 3 

35 3*3— 22*— 15 and 5* 4 - 17*3+18* 

38 x*— 9*3— 30*— 25 and * B +* 4 — 7* s +5* 

37. 4*°+8* B —56* 4 — 12* 3 and 6*3— 6* 2 - 36* 

38 6x i >/+x 3 i y a -xy i and 4* 3 -6x 3 y—4xt/ 2 +3y 3 

39 6a 4 * 9 — lOa 9 * 4 ^ — 9a 3 *^y 8 + 15a* s y s 

and 10a 4 *y 2 - 15a^y 4 + 8a 2 *y - 12nxi/ B 

40 2* B —4* 4 +8*3— 12*3+6* and 3* B — 3* 4 -6* s +9* a — 3* 

41 * 4 +4*^y— 21*^3+ io*y 3 _yi 

and * 4 + 12* 9 i y+33* 2 y 2 — 12*y s +y 4 

42 * 4 — _p* 3 +(g-l)* 2 +p*-g and * 4 -g* 3 +(p-l)* 2 +g*-p 

43 * 4 +p* 3 -(a— l)* 3 -qp*-a and x i -px s -(a+l)x s +apx+a - 

44 * 4 — 2a(a — 5)* 2 + (a 2 + b s )(a — 6)* — a ! 6 2 

and * 4 - (a - b )% 3 + (a - b)b”x - b* 

45 3* B - 10*3+ 15* + 8 and * B -2* 4 -6* 3 + 4* 3 + 13* + 6 

40. 6* B — 4* 1 — 11*3— 3* 2 -3* -1 an( j 4* 4 +2* 2 -18*3+3*-5 
( 47 * B +* 4 -8* 3 +12*3-*-21 and * B -3*3+9* 3 -4*-3 

48 2* B — 11*3 _ 9 aB d 4* 5 + 1 1* 4 + 81 

49 a 8 - 3a 3 6 5 - 8& B and a s — 5a 3 6* - 1 26® 
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170 H, C P of several Polynomials Prom the process 
of finding the h c f of two expressions A and B [Art. 169], it is 
seen that if G, D, . be the successive remainders, we have 

C=*A-pB. . (i), 

D~B—qG (n) 

Prom (l), we see that every common factor of A and B is a factor 
of G, that is, a common factor of B and C ; and from (u), that even 
common factor of B and C is a factor of 2) , hence eveiy common 
factor of A and B is a factor of D 

Thus if D be the h o f of A and B, then it follows that evert/ 
common factor of two expressions is a factor of their rt o f 

Hence if &hs the n c F of A and B, every common faotor of G 
and C is a common factor of A, B and C, therefore the h o f 
of G and G (say B) is the n o f of A, B and C Similarly we see 
that h o F of H and D is the h o f of A, B, G and D And 
s.o on Hence the following 

'Rule — First find the h o f of any two of the polynomials, then 
findithe H c F of this result and the third polynomial , and so on 
The last'u o f will be the n c f required. 

Ex Find then c F of X s - s s — 10x-8, x 3 +6x 3 +llx+6 and 
x s +4x 3 —llx~-30 

Then c f. of the first two expressions will be fonnd to be 
f*+3x+2 The required hot will therefore be the n c f of 
this and the third expression, which will be seen to be x +2 

reqmred h o F =x+2 

Examples CIV 

Find the Highest Common Factor of 

1 3x~ 70, x 3 - 39x+70 and x s —48x+ 7 

2 « s — 9« 3 +26a — 24, « 3 — I0« s +31a-30 and Ua s +38a-40 

3 « 3 +4a 3 6- 56®, a 3 -3a& 3 +2& 3 and a 3 +4a 3 6- 8a& 2 +35 3 

4 x s — 2o 3 — ax, x 2 - 4 a 3 , x 2 - 6« 3 +ax and x 2 — 8n 3 4- 2 ax 

5 l — 16x\ 1— 5x a 4-4x 4 , 1 + 2x — 3x s —6x i and 1+2*— 4x 3 -8x* 

6 6t 3 — 23x 3 +29x — 12, 10x s -19x 3 +9 and 15x 3 -26x 3 -x+12 

7 4x s — 28x 3 + 39 r + 27, 6x 3 -47x 3 +96x~27 

and 12 x s -52v 3 -11x+9 

171 Theorem If A and D be any two expressions m x, then 
the n o p of LA + mB and pA+qB will be the same as the 
h c f 0 / A and B , where the quantities 1, m, p and q do not 
involve x, and are such that lq—mp is not— 0 
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Let the n o r of A and B be G and that of lA+mB and pA+gB 
be E 

E\ ery common factor of A and B which involves x, is a factoi 
of lA+mB and otpA+qB [Art 167], therefore their highest common 
factor <7 is a common factor of l A -f mB and pA+qB Thus either 
G—H, or G is a factor of R [Ait 170] and consequently of a lower 
degree than R 

Again every common factor of lA+mB and pA+qB which involves 
x, is a factor of 

g(lA + mB) —m(pA + qB ) 

md of l(pA+qB)-p[lA + mB) [Ait 167], 

and consequently their hiqhcst common factor R is a common factor 
of these expressions 

now giJLAAr m.B)—m{pA+qB)—(lq — mp)A, 

and l[pA+qB)—p(lA+mB) =( lq~mp)B 

therefore R is a common factor of ( lq—mp)A and (lq-mp)B , and 
since by supposition fg—mp is not =0, and does not contain x, H 
must be a common factor of A and B Hence either R— G , or His a 
factor of G and therefore G is of % hvghei degiee than H 

Thus G is at once higher and lowei than R, which is absurd 
\ R=G 

This Theorem enables us to find the H C F rather easily In applying it 
to examples, the principle is to destroy alternately the highest and lamest terms 
bj choosing suitable values of the multipliers I, m, p and q 

Ex 1 Find the h c r of 

A=2z 3 +7x 2 +2x—3, 
and B=3x 3 '+8x 3 — 2x+3 

Now - A + B=5x 3 +U)X 2 =5x 5 (.x+3), 

and 3J - 2R == 3(2** + 7a? 3 + 2 v - 3) - 2(3x 3 + 8x 2 -2x+3) 

=5(x 3 +2x~3)=5(x- l)(a:+3) 

Obviouslj 5r s and 5 are not factors of A and B , reject them 
Also by the Remainder Theorem [Art 141], v - 1 is not a factor of A . 
hof requued=#+3 

Ex 2 Find the ir c f of 

A=‘ix 3 +9x 3 +ix—2 ) 
and B— 4v3-3* s -5x+2 

’ We have A+B=8x 3 +6x 3 -2x=2xl.4x 3 +Zx-\), 

and ' A-H=122f«+8x-4=4(3r ! +2r-l) 
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Kejccfc 2r and 4 which nre not factors of A and B and put 
Ai*=4x s +3x- 1 and Z?t=3x 5 +2x-l. 

Now x(x4-l), 

and 3,l 1 -itf 1 ~3(4x 3 +3x-l)-4(3x s +2x-l)=x+l 

Hence x+1 is the required 11 p f , for it is the n „o r of A t —Bi 
and 3At-4Bi and therefore of J t and B u r e, of A+Z?ond A — B 
and consequentli of A and B 

Ex 3 X^ind the ii c r of 

A =2*'- 1 lx* -9, 

and /?» 1x5+1 lx«+ S| [cm, E\.4S], 

Vow 2A-Z?^-nx<-22x*-99 = -n(x*+2* s +0), 

and 9/l+y?^22*f + llx i -n9**=llr*(2*''+ >.3-0} 

Obvioualx —11 and 1 1* 5 are not factors of A and B , therefore the 
required u c t is tlieu c i of r , + 2**+0=j^l l ami 2x' , +x 3 -')*=/? l , 
that i-, of B x and 

A i J- ffi => X* d 2x* + 3x" « x 5 (x* A 2* +3} 

As r s eannot form put of tho reqd n r i . the reqd rr < t is 
the b p i of B l and x*+2x+3«A a , or of li\ and 3 A 9 +#i , that u, 
of 3 1 «+j?i and Aj+/?) 

Now 3A 2 +/?i= , 2x t +4x*4 0r~*2x(x J +2r+3) 

Hence the required it r i evident!} isx'-+2x+3 


CHAPTER XVI 

LOWEST COMMON MULTIPLE 

172 Definitions.. A common multiple of two oi more 
quantities is that quantity winch is divisible l>} icacb of tho latter 
without remainder Thns lG is a common multiple of 2, I and 8, 
'mb, h a common multiple of 5, « and b 

1 he I»owo8t Common Multiple of two or more quantities 
ik the quantit) of lowt thmennont which is divisible b) each of the 
latb r without remainder. Tints r >ab is the lowest common multiple 
of r >, « and b, lmt not no are 5a*6, 10.1*6*, &c 

Tfu icrm Lowest Common Multiple is often shortened into i c M 

1715 I> C M of Monomials Since the leqmred l c m 
must be that multiple of loveti dimcn*iont t which is common to all 
the given expressions, we have the following 
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Rule — Take the several factors occurring in the given expies$ions t 
each raised to the highest power which it has in any one of them the 
product of these powers mil be the l o a j eqtured 

If there be numerical coefficients, find their l o m. as m 
Arithmetic, after which put the l c m of the literal factors 

Ex Find thffL c si of 8x 2 y, 1 2y”z and 16®a 3 

Here the factors are x, y and z of which the indices are 2, 2 and 3 
lespectively, and l o it of coefficients is 48 , 

l c M required = 48s^/ s A 

Examples CV 
Find the Lowest Common Multiple of 
L Sa-b and 10a& 2 2 Gxy- and 8 xy 3 12a 3 and 16a 2 6 

4 9a® 3 and 21a 3 r 1 5 24® 3 y 4 and 28r 9 ^ 0 0 xy, yz and xz 

7 2a 3 **, ax 3 and a 3 ® 8 o& 3 , 20 and 15a 3 ® 3 . 

9 5m s , 10 m?n and 25m 3 10 38a 2 ®y, 57ar 3 y 8 and 95 bxy 3 

11 12, 3a 3 , 6a® and 8® s 12 2a 8 ®, 3a 3 ® 3 , 4a® 8 and 5®* 

13 32« 3 ®y 3 , 48® 2 yz, 64 ay 2 z and 80 ^c 3 - 2 

174 L C M found by inspection. The method is the 
'•ame as given m the last article , we therefore follow the same Rule 

Ex. Find the l o ar of 4a 3 ® 3 , 6(a 3 +a®) and 8(a®-® 3 ) 

Second expression =6a(a+®), third expression =8®(a— ®) 

Thus the factors are a, ®, a + x and a - ® whose highest indices aie 
2, 2, 1 and 1 , and l c ar of coefficients is 24 , 

in o m required = 24a 2 i 2 (« +®)(a — ®)=24a 2 ® 2 (a 2 — v s ) 
Examples CVI 

Find the Lowest Common Multiple of - 

1 3a® 2 and 2®+® 2 2 axy and a{xy—y 3 ) 3 x-+xy andy 5 + *'J 

4 2(av+ay) and 3(ax~ay) 5 4(® 3 +®) and 6(® 3 — 1) 

6 15y(a-x) and 20(a 8 ®— a 3 ) 7 30(a 3 -& 3 ) and 42(a 3 -f» s ) 

8 4® 3 — 1 and 8® s +l 9 2(® 3 — y 3 ) and 10(*+y) 3 

10 a 3 +* s and a 4 +a s x 3 +v 4 11 14(® s -y s ) and 21(x s +x i y+xy°) 

32 2o®, a+x and a-x. 13 x+y, ® 3 -y 9 and x 3 +y s 

14 ®+l, ® 2 +l and ® 3 +l 16 1+a, 1— a 3 and 1— 2a+a 2 

16 2(® s - x"y), 3 (xy*+y 2 ) and 4(®> - xy 3 ) 
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(tx ! -s s and »n 3 -n 3 


Find the Lowest Common Multiple of 
17 (x-y)(x~c) and (y- rXy-c^. 18 

19 x s +x,(x+l)(!C+^)ands s +^ 

20 6(x 3 +xy), 8 (xy-y*) and 

21 x 3 ~4, s 3 +4a?+4 and (jr-S)** 

22 3(*+y)(*+2j/)i 15(x+2y)(*+3y) and 24t*+y)(*+3.V). 

23 G(x fy+:r« 9 ) > 9(;s 3 -*y 3 }and4(y 1 +jy ? > 

24 2j, 3J, 1+a and 4(1 -fl 5 ) 25. «=«>, «V,.«T-Jy «#i •»+■*■ 

26 x+l,3T-l, * 9 +*+l tud X s -*+l 

27 x 3 -y\ 4(* +</)-, G{x-y) 2 and lO^+y 3 ) 

28 j, x — 1, jc®*“ lj I and x* 1 

29 x{x-y)', yK*+y)\ x*-xy\ x'tj+tf and x 3 f-y* 


173 L Clof two Polynomials Lot -4 and -ffhennj 
■two expressions whose ilc i is 31 and whose u C M. lfl 3 

Divide A and B respectively by J! } and let the quotients lw u and 
, b, so that A— all and B=h]I 

Then since 31 is the it c F of ll and fi, a and b cannot have a 
uommon factor, and therefore their L. 0 M must lie tib 

Hence the t, c M, of A and 33 , that is, of all and bit is <&}! 

Thus M^abJI 

Now M^obH—nJl &** Ab, or **nblf*=all tO 

Also 3f~abII—aIIhJI~3I =-AB—II (»), 

Thus from (i) and (u), wo luve the following 


Role — Bind" either polynomial by the it c r of the fro, and 
multiply the quotient by the other orinothet voids — Multiply t!» 
polynomialt together und divid* the product by their n, c F 

Corollary. From (n), it is evident that 

M> II™AB-lI\I[~AxB 

Thus the product oftico exprcttiom it equal to the product o/ their 
t c M tt«an c F 


Ex Find the t o m. of 

Qx ^ - fir 9 - 22x 4- 24 and G.r ! ~233: 9 +2fl.e - 12. 

Then c.f of these expressions mil bo found to be fix 5 - 17*+ 12 
[Art 169] 

And (6**— 5t s -22;c+24)— Lbe it c i =*+2 , 
'{6i 3 -23**+29j— 12)— tho n. o r **x~h 
Hence t. o m required-(6* 8 -n*+12)(v+2Xx~l) 

=(2* - 3X3 v - 4){« + 2)(a? - 1; 
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Examples CVII 

Fiud the Lowest Common Multiple of 

1 3a: 2 -10;r+3 and 3ar 3 -19,r+G 

2 2* 3 -13ar + 21 and 3z 3 -23a; + 42 

3 x 3 - 3;c 9 +3:f- 1 and a: 9 -* a -ar+l 

4 x 3 -(a+b)x+ab and x-~ (a + c)x+ac 

5 3x i -5xy-i-2y 2 and 4x 3 —4x z y-xy 3 +y s 

6 x 3 —6x 3 +llx—6 and x s +4x s +x— G 

7 X s — 6:r 2 +8j and x-+x— 6 

8 nix 3 - 6 mx + 5m and nx 3 + 5 nx- Gn 

9 2a 3 + ax — 3* 3 and 3a 3 — a 3 * —ax 3 — t* 1 

10 (a s +a ! b)x s +a(a ! —b 3 )xy — (a 3 b + ab 3 )y s 

and (a 3 b—ab 3 )x 3 — b(a 3 —b-)xy+(ab i — b' l )y 3 

11 a? 3 +3* s — 4v— 12 and x 3 +2x 3 — x— 2 

12 x 3 + ax* + a 2 * a + a 3 r' 1 + a 4 .z + ft 5 and x 3 — o** +«***— ri s x n +a i x— a 6 

13 2a 4 +3a 3 j:~9a 2 a: 3 and Ga*x- lla^+Ma"* 3 — 3flar J 

14 * 3 +(5«-3)* 3 +(6n 3 -15a)x-18a 3 

and afl+(a— 3)* 3 — (2a 3 +3a)x+Gj 3 

15 r 4 — 4&+2x 3 +4x- 15 and ar 1 — 4x 3 +3i 3 +2a;— 12 

18 2a^+4r 3 -97a; 3 -2a:+48 and Gx , + 118:c 3 ~43a? 3 -59f +20 

116 Theorem Even/ Common Multiple of tiro expression* 
is a multiple of their It C M 

Let A and B be two expressions whose l c w is M < 

Let n be any other multiple of A aud B Then ft. is du lsible h\ 
M without remainder 

If not, if possible, let If be contained q times in y with a remain- 
der R , then R=y-qlf [Art 137, Cor ] 

Now A and B divide M and also y, therefore they divide gif, 
and y— gif ot 72 [Art 167] 

But It is of a lower degree than If, the divisor [Art 137, Dcf ] 

Hence A and B divide an expression which Is of lower dimen- 
sions than If, their l c H, which is absurd 

Therefore there can be no remainder, i e , y is a multiple of If 

177 L C M of several Polynomials Let A, B and C 
lie any three expressions, and let If be the i c a of A and B 
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Xow ever} multiple of M is a common multiple of A and B , 
therefore even common multiple of M and C is a common multiple 
of A, B and C 

.Also ever} common multiple of A , B and C is a common multiple 
of if and C {.Art 176]. 

Therefore the l o 3r of Jf and C is the l c a of A, B and G. 

Similar!} the reasoning mav be extended to the case of an> num- 
ber of polynomials 

TVe ha\e thus the following 

Bulb — Find the l c m of any tiro expressions , then find the 
L c ii of this l c ji and a third expression next find the l c ar 
of the second l c 31 and a fourth expression and so on , the last 
l c m mil be the l c sr required 

Ex Find the l c. k of Gx^+^x— 6, 10 and 4ie 2 -rr— 5 

The l. c at of Gx s +5x— G and 12x 2 +7x— 10 will be found to be 
fix— 2X2x+3)'4x+5; Therefore the l 0 ar reqmred will be the 
x c at of this expression and 4x s +x— 5 , n Inch will therefore be 

(3x-2)(2x -*-3X4ar+ 3)(* - 1 } 
=24x»-r2Gx=-49r*-.31x+30 


Examples CVTII 

Find the Lowest Common Multiple of 

1 3x s -J-7x+2 and 2x s -»-3x-2 

2 2x s -7*+3, 4x 2 — 7x— 15 and 8x 2 +6x- 5 

3 3x 2 — 14*-80, 3x 2 + 17x - 90 and x s -7x a -80x+576 

4 I+4x+8x 2 +8* ! , l+4x + 4x 2 — IGx* and l+2x-8x 5 ~ 16a 5 

5 9x 5 — 28x 2 +3, 27x 5 ~12x 2 +l, 27x*+Gx 2 -l and x*-Gx 2 +9 

*£ 8 farther applications of the theorem* of Chapters XV and 
A. v x maj be seen from the following examples 

Ex L S hew that the condition that sfl+pv-ro and x s +»',x+</ 
mat have a common factor is r * 

(? ~ ?'}°= (p - g'Xp'q -pq') 

The common factor is obviously linear and of the form x+a 

, first e,c P re ' slon w divided In .*+ 0 , the temamdei 
(.Art 14 lj is a pa+q, which must vanish, since x T « is a factoi 
of the expression. 
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Hence aS-p«+9=0 

Similarly a*-p'a+q'=0 

Subtract (i) from (u) , thus 

(p-p')3-($r-g*)“° , 
q—q' 

whence a= 7T~7? 


Substitute a in ( 1 ) , thus 


/ ?~g' 

\p-p' 



Transpose and multiply by (p -p') 3 , thus 

($- - gy=p(p -p')(q - q') - q(p -p’f 
=(p -p'){p(g - q')-q(p -p')} 
=(p-p')(p'q-pq') 


(0 

(») 


Ex 2 For what value of m will X s — (m— 6)ar 2 — 2mx 4- 24 and 
x^-(m+"i)x' 2 -(2m,—45)x~20 have a common factor, and what is that 
factor ? 

Let A and B denote the given expressions and F their common 
factor m x 

Thus F is a factor of A—B or 9(x 2 -5*+6) Evidently F is 
not a factor of 9 , therefore F is a factor r s — 5a?+6=(a?— 2){x— 3) 
Now x— 2 and x— 9 are the only tiro factors of x 3 — 5a +6 Hence 
F=x — 2 or F*=x—3 

If a:— 2 is a factor of the given expressions, then from A bv the 
Remainder Theorem [Art 141], 

/(2)=2 3 — (m — 6)4— 4«i+24=56— 8m=0 , 
whence i/i=7 

t 

Smilarh if 3 is a factor, we have from A 

/3)=3 s - (m - 6)9 - 6ni+24 = 105 - 15wi=0 , 
whence m—*I 

Thus when m=1, both x — 2 and x — ’i are factors of A and B, i e , 
(x — 2)(* — 3) or I s — 5r+6 is the reqiured factor 


Ex 3 If x +f be a common factor of x 3 +ax+b and x^+a'x+h* 
shew tint 


/i ^ h ~ h ' 

W f-i — a '. 


, . , a'l-aV 

(u) f—t=r 


Since x+f is a factor of first expression, we have by the Remainder 
Theorem 


. (0 


<b(-f)-f s -af+b=0 
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Similarly from second expression 

^{-y)tsy*-ay+i ,|= Oi « . < *•» (u) 

, , 6 - 6 ’ 

Subtract (l) from (n) j thus /= — -- 7 

Again multiply ( 1 ) by V and (u) by b and subtract , thus 

(b-byt-la'b-aby** 0 

Divide by /and transpose ; tbits 
x _ tib~ab> 

* b-U~ 


Ex 4 If x+c be tbo n 0 F of x*+ax+b nud r s +«'x+6', prove 
that their l 0 ar will be 

x*+ (« +«'— e)x 3 +(on' - c*|r +(<1 - <J)(a' - c)c 

Divide the given expressions by x+c , thus the quotients are 
x^-a—o and x+fl'— e respectively' „ Hence, since M^ablf [Art 175],. 
the required I 0 jr 

=a(x+cXx+«--c){x+fl'— c) 

=x *+(c+a~c+a'—c)x 3 

+ { (« - c K n ' - c) + (a' - c)o+ <ci - e ) } x + c(a - c) («' - c) 
x=r s +(a-i-rt'- c)x s + ( aa' — e s )x + c(a - c)(«' - c) 

Miscellaneous Examples CIX. 

Find the n 0.1 of 

1 x t -Sasfi-4a s x 3 +lGa s x+lGa i 

and x i - G^x* - 4o 2 x 3 + 16a 9 x— 1C i 1 

2 2x«-7x*+lGx*-17x+12 and 3r*-7x 3 +13x 3 -7x+ G 
3. x 5 ~3x 4 -i-x 3 — 3x s +x~3 and lx 1 - 16x 2 -21* s +9x+27 
4 « 6 +llx s — 54 and x 8 +llx+12 

6 20« 4 - 3« 5 6 + 1 4 and G4a 4 - 3'iJ'’ + 56*. 

Find the l c m. of 

6. x 4 +2x 5 +6x-9aud x 4 +4x 3 -f-4x 3 -9 

7 3x 3 -27ax 2 +78a 3 x— 72a 5 and 2x 3 +10«x ! -4a 9 x— 48'*® 

8 x s -Gx 3 -37x+210 and * 2 +4:r 3 ~47*-210 
8 3x 8 — 2x 2 — x and 4X 3 — 2x 2 — 3x+l 

10 7a 8 — 19x 2 +17x-5 and 2x*— x 8 — 9x 2 -f-13x— 5 
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Find the n c F and the l c M of 

11 ab(x* + 1) + #(a 3 + & 2 ) and ab(x 3 - 1 ) 4- X (a s - 5 2 ) 

12 x 9 +y 9 4- 2#y - 1 and « 5 +i/ 3 + 3 xy - 1 

13 24(# s 4- xhy + xy 9 4- «? s ) and Ib^-x^y+xy 9 - y*) 

14 Find the n c f of t 3 -?# 2 — 80#4-576 and 3# 2 — 14#— SO, and 
•theL o m of these two expressions and 3# 2 4- 17#— 90 

15 Find the in c. f of 2 x 3 + — xy 9 — 2y 3 and # 5 — # s ^/ s — 2x 2 i y s 
+ 2#y 4 , and shew that its square is a factor of the latter expression 

10 Find the n c f of 2#°-5# 2 +3 and 3# 6 — 5# s +2 and shew 
that if #=1, each of these expressions vanishes 

17 Find the n c F of # 3 - 7a 2 # 4- Ga 3 and x i — 3a# s — 2a 3 # 3 +12« 3 e 
- 8a 4 , and shew that each of these expressions vanishes, when #=« 
oi 2a 

18 Find the n c F of 6# 4 — 2# 3 +9# 2 +9#— 4 and 9#*+80# 2 — 0 
"What value of # makes these expressions vanish ? 

10 For what value of # will the expression 3# 4 — 5# 3 4-2* 2 4-48# 
+7 be divisible by # 3 +2#— 1 3 

20 What value must be given to a m order that# 3 — a# 3 + 19# - a - 4 
and # 3 — (a+l)# 2 +23#-a— 7 may have a common factor ? 

21. If # s +p#+ 5 f and x*+qx+p have a common factor, then 
p+q+l=0 

22 Shew that if x*+px 4 - q and # 3 +p'x + q‘ have a common factor, 

then (q'-gf+(p'-p) 9 {pq'-p'q)-0 

23 If#+abea common factor of a# 2 + bx +c and a'x 9 4- b r x+e' t 
shew that 


ae' - a'c 


be' -Vr 


, (ill) a 3 ~ 


bc'-b'a 


W a ~ab'-a'b ’ (u) a '~ac’—a'c » “ ~aV-a'b 

24 If # 3 4-a#4-6and v 9 +ax+ft have a common factor of the 
.form #4-c, prove that their l o m is 

r -, v ^~^ x , ^-nb 9 .bft(a-a) 
b-(i + aft- ab V b—ft 


CHAPTER XVII 

FRACTIONS 

179 Definitions To measure any magmtude we require a 
unit If a magnitude is less than the unit, it is known as a fraction 
of the unit To measure it, we subdivide the unit into a suitable 
number of equal parts and take one of these parts as the new unit 
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Thus if we subdivide tbe unit into fie equal parts, the ^required urnc 
is one fifth (written £). Two of these units are written § ue,\y 2— § 
Similarly *x3=£ £x4=|, &c Endently five of these units make 
up the unit ; thus i x 5=1. 

Thus generally, if the unit is divided into fi equal parts, a of them 


*=p f e,ixa=g ;and 6 of them=l, t .0 ,^x&=l 


In the fraction a is called the numerator and b the denominator 
- o 

The denominator indicates into how many equal parts, the unit 
is divided, and the n um erator indicates how man} of these part* 
are taken to form the fraction The numerator and denominator 
are called the terms of the fraction 


ISO Fraction expresses Quotient We have ~xb—l 

Multiple both sides bj a ; thus ax^yfi=lxo- t e, ^ yb—a . 

Again by the definition of division [Art 56], a— fix b—a 
Hence |x6=«-rfix&. Divide both sides by 6 , thu3 ^—a—b 

Thus the fraction | expresses the result when a is divided bv fi 

Hence ? denotes (i) « times ith part of the nmfc, or (n) ^th part of 

•a units. Ex. % is either 3 times the fifth part of the unit, or 1 of 3 
units 


- Cor If we divide — « by fi and a by — 6, the result m each case is 

negative, Thus ~y^=— ^ and — r=— f. 

o b — o o 

Hence if the sign of the numerator only, or the sign of the denomim- 
tor only u changed, the ngn of the fraction it cl arged 

Again a— fi and (—«)—(— b) each gives a positive result; thu* 
a —a 
fi~ ^6* 

Hence if the signs qf both the numerator and denominator an. 
changed the sign of the fraction is not changed 

IS1 Theorem. If the numerator ctiid denominator of a fraction 
be both multiplied, or both divided, by the tame quantity,' its i dives i r 
not altered. 
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Let? be a fraction , we shall prove that for oil values of m, 
o 

, , a am , . . o o— in 

'« J-H- “ na(, «5-F=S 

Let i thus [Art >180], 

multiply by m, thus ixlxffl=flxw, or 1 x (bm)~(am) [Art 42] , 


whence 


l*s(am)— [Art 180] , 
a om 


lx b=^x 5=a, 


Thus (i) is proved 
Again, we have 
thus l x b~~m=a~m, or lx {b— m)=(o— »»), 
whence l=(a~m)— (6— [Art 180], 


a a—m 


b b—m 


Thus (n) is proved 


Cor Hence if the sign i of both the numerator and denominator of 
a fraction be changed, its value is not altered For this is equivalent 
to multiplying the numerator and denominator by — 1 

m. a -a -x x m -m „ 

b _y y -y' — n n ’ 


1 Shew that -= — = 


Examples CX 

x x 2 x 3 +ax ax+bx 


2 Shew that 


o ax ax+d i ~~ oHo& 
14 a-b o+J 


' a+b~~4a+4b o 2 -&» e3 a s +2a6+& 3 
3 Shew that 

a y~ 1 o+a? a-* 


4 Shew that 


2+1 

X X +1 x*+x x 9 -l 


x 3 x*—x r 
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5 

6 
7 


Shew that 1 — — r=l —7=1 + 57—= 

a—b —a+b b — a 


= 1 - 


— a 
b—a 


Shew that + a 


x . — a 

r- = — *» 


x —a a—x x—a x—a x—a 
Shew that -H =1, by changing the sign o£ - — 

T— C* (X — J? » * — 


182 Reduction to Lowest Terms A fraction ib said to 
be in its lowest terms when its numerator and denominator have no 
common factor A fraction is therefoie 1 educed to its lowest terms 
by dividing its nmneiator and denominator their n. c r. Henbe 
to reduce a fraction to its lowest terms, we stnJ c out their hop 
from the numerator and denominator 


Ex 1 


Reduce ^rrr to its lowest terms 


36ab 3 c 
Gnen fraction = 


18abc3a* 3u~ 


18abc2b 2 26 3 


Ex 2 Reduce 


&i& 3 (a 3 +a&) 


to its lowest terns 


8 a 2 b(a*b-b 2 ) 

Given fraction- MVja+b) 6a 2 ¥{ a +l) 3 b 

n fraction- 8aW(a +*)(*- 6) 4(a- b) 


Rote When the factors of numerator and denominator are found by 
inspection as here, we strike out all the common factors , instead of finding 
the 11 c r and then striking it out 


Ex. 3 


Reduce 


23t 3 -*-6 

3x 3 -8»+4 


to its lowest terms 


Given fraction = 


(g— 2X2&+3) 2#+3 
(*-2)(3c— 2) — 3g-2 


Examples CXI 


Reduce to lowest terms 

12« 3 5 IQaxy 2 ’ 28a 3 6 8 g* 

4«6 J c 20ax-y 43,abx?y 


c 8g 3 — 12gy 
16*fy a +20*i/ 3 

Zmp+Zmq , 
?~q'~ 


8 

9 


a 2 xy 2 

a 3 xy - axy 2 ' 

aVfo—db^c 

a 2 bd—ab 2 d 


7 

10 


63?«.% 5 

405m°n 3 

8m s —2n e 
8 am+4an 

ox+x 2 ' 
a 2 e 2 —x 2 a 2 
17 
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Reduce to lowest terms 

11 


14 


10 


22 


25 




30 


X*-X1f 

y*-*y 

4a s (x s -a s ) 

12 

6ox-{a 4 + a 3 x 2 +x*) 

1— 2a+a 2 -5 s 

17 

1 —a-hab — b 1 

ab(x a + y 2 ) + xy{a ” + 6 a ) 

ab{x s -y a )+xy(a? 

-V) 

x 3 -x-2Q 

23 

* 2 — 9r+20 

6a e — 7a*— 3* a 

26 


24a s x 3 — 16(1*® 


13 


3a& 2 (a 2 -& 2 ) 


2Aa a x a -BAa* 12a s ft(<i 3 +& 3 ) 

m 3 a a +n 3 a a 


15 


afa'+n^-man 


a a +& a -c 2 +2a& 


18 


a* — c 3 +26e 

0/> l-a a 5 + 5— a 2 

20 l- a & a + a -& a 


Ax 1 — 12a* + 9a 2 
8* 3 - 27a s 

** — 4*+3 


X* Ar 2axy + (a 3 — i 3 )y a 
v a +2bxy— (a 2 - b a )y a 

( a -4- l>)* 2 — (2a +b)bxA-ab i 
(a — b)v 3 — (2a — b)bv + aS 5 


t a +2g — 3 
r 2 + 5*4-6 

l + r-12* a 
3-7*-G* 3 

29 


24 


27 


21 * a -2*-3 

6a 3 +6a*— 6c a 
6a s +13a*+6.r 2 

6*y+8*+9y+12 


31 


I0xy-8x+lby-l2 

a a x 3 — 2 acxz— Zfy s +c 2 :: 2 
a 3 * 3 + 2a6*y -f 6 2 ,y a — c V 

a 3 +2a 2 6-a& a — 2& 3 
a 3 — 3a& 3 +2& 8 


Ex. 4 Reduce 


* s -39*+70 


to its lowest terms 


* , + 14*- ! +39j-70 

As in Art 169, find the n c f of the numerator and denominator, 
which will he seen to he r+7 

And (r s -39i + 70)-(r+7)==r a -7*+10, 

(•e 3 + 14r , +39r-70)~(r + 7)=« 2 +7i!-10 , 

x 3 — ’7x4-10 

reduced fraction = —„~x — -rr. 

t-+7*-10 

_ e t» j 2« 4 — 5a 3 6+3n 2 & 3 — Bab 3 — 3& 4 

Ex 5 Reduce 2^Zi^ Mb ,_ Zai ,_ 2bi to its lowest terms 

Emd the n o F of numerator and denominator as m Art 169, 
which will thus he « 2 - 2 fib - 6 3 

Now numerator— (a 3 — 2a&-& 2 )s=2« 3 —a&+3& 2 , 

denominator — (a 2 - 2a6 - & 3 ) = 3« 2 - «& + 26 2 , 

2a 3 -ab+Sb 3 


reduced fraction = 


3a 2 — a&+2& 3 
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Examples CXI. (Continued,) 
Reduce to lovrebfc term-. 


32 

34 

36. 

/ 

38 

40 

42 

44 

46 

48 


Sy 1 +y 2 - 8 v + 5 
7y-12t/+5 

Sx 5 — x s -i-x+l 


2x 5 +3xH3r+l 

Q^+Gx 3 — 2jf— 4 
12x 3 —5x 2 +4x— 4 

x 3 +llx 3 +30x 
9^+53^- 9x-16‘ 

Xafi-ffi-’ix y( r -y)-ry 5 
3{x=+^+xy(x+^-5^ 3 

(i 1 + 3'< 3 6 + 4'i* A 2 + 3'd» 3 -{• A 4 
4^+11 r®+25 


41 

43. 

46 

47 


■Jr 4 — 9x-+30c — 25 

3o 4 — 14 p*i — 9«r"+2x l 
2'J 4 — 9«'X— HffX'J-Sx 4 

G i-x* — 2&t* r 5 + 4C'»'*x 1 — 4 S'l^x 3 
lfr 3 c«+3<iL:&- 132a s x 4 + G3" (1 > : 


33 


35 


37 


39. 


* s +2« s -2x+3 
xS-Bx+S * 

X’+S^+x+S 
r s — 13x — 12 ’ 

2*'-13x+15 

3*>9r 3 -5x-15* 

lSx 3 — lln s x*-2o s 
18x 3 -(kix--12a a 


o 2 — og x -f (gc — A 2 -f fro)x s — k. r " 

« i +tifcr-K«e~e i + Ae)x i -K ,! x' > 

3a l_ < ,2J2_26 4 


l(H 4 +15a 3 A- lOa^-lSni’ 

r*~-2x*~25x 2 4-20x^-120 
c 4 -4x 3 -19r 2 +40c+120 

3**6 _ 27« 4 & 2 + 78n 2 A* - 72^ : 6“ 
2'< 4 A-+- lO^A 5 - 4« 3 6* - 4 8 A f> * 


183 Beduction to Lowest Common denominator 

Let it be required to reduce the fractions to a common de to- 

’•nnator B} Art. 181, -we have 

a ^yd f adf c cxbf her a _e y bd bde 
b bvdf~bdf i dTdybf’^bdj* J~?ybd' = Mf* 

Hence to reduce fractions to a common denominator, we multiply 
iht terms of each fraction by the product of the denominators of ull th>' 
others Similar]} to reduce them to the Lowest Common Denominator 
(l c d ), we find the r. o m of the denommatois, and then prootd 
as m the Examples below. 
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Ex 1 Reduce ■ y - — i and ■■- . - '“ -• a to the L c D 

o’ a(v+a) r a - « 2 

The l o ar of denominators = o(a: 2 — a 2 ) 

Divide the l c M by denr of first fraction , and multiply nnmr 
and deni by the quot v 9 — o 3 , 

r 3 — ft 2 X 


3a 


V_V 4 3 — O 2 

a ~ a X v 3 — a 2 ~ «( r 3 — o 3 ) 


Similarh 


and 


c-a 


i — o 


r — a_ (o-o) 3 


u(v+fl) — «(v + n) v — a~a(v 3 —a j y 
3o _ 3 o « _ 3o 2 

r 3 - o 2 — r 2 — « 3 X a ~ o( i 3 — o 2 ) 


Ex 2 Reduce — r, — - — : .and — * to the l o d 

a — l o + 1 l — a J 

The i o r of the denominators of the first and second fraction* 
is o 3 — 1, which differs from 1 — o 2 , the denominator of the thud 
fraction, only zn tzgn Changing therefore the sign of the third 
fraction f Art 180, Cor ], the given fractions become 

^ 2r 1—ar 
a- 1’ o+l’ o 2 -l’ 
of which the equivalent forms are 

i(«+l) 2a:(o — 1) 1-or 

a a -l’ o 3 — 1 1 o 3 -l 


Examples CXII 


Reduce to Lowest Common Denominator 


a 5a 7 a 

9’ 12’ 16 

2 

2r 3 y 5s 

T’ T’ 18 

o a 6_ 9 e 2 
be' ca ’ ab 

4 

5x 4 y 6s r 9 +2 y- 
yz * zx' xy' xys 

a+v a—x 
’9a~’ l2v 

6 

Ax— 5 2x 7r+6 

10 ’ If’ 25 

l+o 3—o o-8 

5 5 6 * 10 

8 

r 3 -o6 y-—bo z*-ac 
ab ’ be ’ ae 

a b c 1 

10 

v 5 a 1 + x 

a+b 1 o — 6’ o+6 

3’ 4’ 2(1 — a) 

111 

12 

2 3 4 

1-v’ 1+*’ l-'S 2 

t— ,1’ 2-x' v 9 -4 


11 
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Seduce to Lowest Common Denominator 


X 

13 32 , 


16 


x 


y-i 

%’ x-y' tf—xy 
ab be <yr 
<i—b 6— e* c—a 

o 

17 


14. 
10 


«— * 


a+x 


x--l 


a-ift - *-*)’ r 2 («— *)’ «*(r 2 — a 2 ; 
f* 5 a+6 


« 2 - 6 2 

3* 4* 


2*-l’ 2*+!’ 4*2-1* (2*- 1) 2 


1S4 Addition and Subtraction of Fractions The 
algebraic sum of two or more fractions is obtained by reducing them, 
io the lowest common denominator [Art. 183] and then finding the 
algebraic sum. of the numerators of the reduced fractions 


_ _ „ a 5a 7a 

Ex 1 Simplify g-^+ig 

Then c ir of denominators 180. 

. , T 20a 75a 8 4a 20a— 75a + 84a 29« 
Required vaIue=r~--^-i-^= 


180 180 180 


180 


180 


^2 5x 

Ex 2 Find the value of -r- +2ac- —r. 

3 bx 4 ab 

-r> j , a 2 . 2a* 5x 

Required value =^r- d — t =- 

36* 1 4*6 

_ 4a 8 24a 2 6r 3 15 V s 

12«6t 12«6* I2abv 

[for I c M of denominators is 12a6r] 

4^4-24^6^-15*2 

* 12o6v 


-Ex 3 Simplify —+ 3 “ Sne 


M-* « + * U>— *3 

Then c n. of denominators =n-—x- 

a 8 + ax + 3«2 — 3 (ix — 2a* 


« 2 -* 2 


4u 2 — 4g* 4a(q— *) 4a 
« 2 -* 2 
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Ex 4 Simplify ' 

Changing the sign of the third fiaction [Art 180, Co? ], we have 
x 61 1-ar 

3(«-i; + e(«+i) + 4(fl s -i> 

Tie l o m of denominators = 12(« s -l) 

Beawrad S i im = 4 -^±2I + l P< a - \) + %L:±>) 

4 I2(a 2 - 1) 12(« 3 — 1) + I2(a n — 1) 

liar— 6? +3 

12(a 2 — 1) 

Ex 6 Simplify 

The l ouof denommatoi a=(i- c)(c — a )(« — l ) , 
fracti 0 


. given 


(6— c)(c-aXfl— Denominator 


=0 


, Examples CXIII 

Simplify the following expressions 


1 

r , 5r 
-+— • 

J-l 

2 

aj 2a x 

7at 

s 

fl+i 2a 4#- 

-3" 


5 12 

20 


18" 7 

+ 30" 

xJ 

15 5 25 

4 

x , 5.« 
2# 6y 

: + l£ 

’ Bff 

5 

2a + 36_ 
r */- 

ah 

6 

4r 3 3r 5?/ 
y IF + 12r 


7 

a 6 
6c ca 





8 

-t -y ,y-z . 3 
^ y- 

— r 

zx 

9 

a+or 

5a# 


a 

10# 2 

« 2 + f 2 

+ 6a r 2 


10 

ft r-hy 

y~t-v 


11 

i?i + 

1 

1— T 

12 

1 

1 — r I 

2 

— r 2 

13 

m m 

p+q~p^q 


14 

r a 

— V 

15 

a (ad- 

6c)r 

is 

3 a/* 136?/ 2ar+96y 

a 3 a(a + *?) 

c c(c+cfc) 

ID 

7 14 

21 

17 

15r— 1 

5# — 

*+5 

is -i 

e ■ 

-a 

m ^ t 

> 


18 

6~ 

9 

2a 2(f+a) 

19 2r-2y + 

2y— 2? 

20 

5# — 1 8 
10 

2# + 7 1 

+ 25 +1 ^ 21 x 

2t- 

? + 4 -?: 22 e + i±£. 

I s 1 1 - X 

l-« 

1 + r 
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Simplify the following expressions 


23 

a(«+x) *(3 ft-*) 
ft- x *-a 

24. 

25 

2 1^1 
* «+* 1 «—*’ 

26 

27 

1 , 1 .. 4 _ 

28 

3(3* +2) 3* -2 3(3* -1) 
x+y 2* * 8 -*y 

29 

30. 

y *+y y*-x“y 

* x— 3 x *+3 

31 

32 

*— 3 * *+3 * 

33 

i 'i 3 : 

34 

6?p~2ti 3 m+2n 6th+2?i 

35 

4 1 3 

38 

*(*— 2) * 3 — 5 *+6 *(*—3) 

37 

12 2 1 

38 

*3-2 X 3 ~l X 3 + l ^3 + 2 


nt, n 2 mn 

« 9 — «i 2 

' 1 1 g+3 

ar-l“‘2*+2“‘2i 2 4-2 

J 3 2(af— 2) 

*— 1 *+1 * 2 +l 

1, 1 , J 

4(1 + *) 4(1-*) 2(1 +.* 2 ) 

1 


2(*— 1)”"*— 2T 2(*— 3) 

3 , 1 _ 1-* 

8(l-sJ 8(1+J) 4(l+x 2 ) 

__J 

8(* - 1) 4(x-3) 8(* — 5) 

*+« . X~« , 

«—« x+a * 3 +n > 


„„ ' 10*- 11 10x-l a? 2 -2*+5 

d 3(x 3 — 1) 3(* 3 +*+l) (*»-!)(*'+ 1) 

7 1 10x-l ^ « [ a--l")x , fl (a 2 -Z> 3 )* 2 

2(*+l)~6(x— l)~"3(* 3 +*+l) 1 6 s 


40 


42 

44 

46 

46 

47 

48 


17 


+ 


17 


1— a? 1— 2* 1—3* 

i + _i_+. ‘ 

l * n/^ . 1. *. 


43 


1 - 


+ 


rrj (i-*)* T (i-*)» (i-*) 4 


2 («— i) 2(« + 6) « 8 +J 2 a 4 — 6* 


(*+J) 3 '2(*+l) s+ 4(*+l) 4(*+3) 

ft+c &+g 

(« -V)[x— a) (a - &)(* - i) 

1+2* . 7 . * 


(3-*)(l+*) (2+*)(l-3*) (l + *)(2+*) 

1 1 

(*+lX*+2)” (*+l,(*+2)(*+3) 
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TITT NEW JIATRICULATIOK ALGEBRA 


185 Multiplication by an Integer LetX=^, 
thus 


w hence 


7 =a— S[Art ISO], 

l [Art 57]=ani— & , 

a I am . , 

7 x -where m is any integer 

o o 


Hence to multiply a fraction by an integer, we multiply the nu 
(Heritor by that integer 


5SG Multiplication of Fractions Let x 

lxbxd=^x^xbxd=^xbx Jxd [Art 43] , 

a c 

but g x b—a ind - x d=c , thei efore 

hxbx d=a xe, t e, lx (bd)=ac, 

, , ac a o ac 

whence / = T -z i e , T x 

id 6 d bd , 

Similarly it may be shewn that 

ace ace 
b*d*f x ’~b~df~ 

Hence to multiply several fractions together, we multiply all the 
numerators for the neio numerator , and all the denominators for the 
veto denominator 


Ex 1 


ax cx_acx" __ s? 
cd ab abed bd 


Remark It is always advisable, before we multiply out, according to 
the Rule, first to strike out any factor or factors common to both the it t- 
mcrator and denominator The product will thus be found at once in 
its lo vest terms Thus striking out a and c from the numerator and 
denominator first, we have 

V A_X- 

d*b~ bd" 


Ex 2 


3(a*+* 2 ) &e+cd (a-j :) 2 
a 2 -* 2 *a 3 — a* *3i 2 — 3d 2 
3x(a+x) c(6+d) (a—x)(a—x) ox 

(« + * )(<i - v) a(a-x) x 3{b+d)(b-d) = a(b-d) 
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3 p+f +£)(2+V) 

r\« 0 C/V® # Z/ 

_(± + 2 + !)« + {^+f+^+(?+f+^ 

\« b c)% \<i b o/y \u b cJc 

=1+ a + “ + ^ +1+ LV-V^+, 

b% ox ay cy az bz 

== q + ^+H£+ &r + l s +-+^ 

os oe r« + bz 


Examples CXIV 

Simplify 

2«r 3w* _ 10rt 2 ni 4mt 21z 3 

l -rr-x—r 2. • =—« ■- x-= — x — — 

56# 4 c* 7m 2 z 5«z 16a t 

8?n» 5c-f5<2 ar a-—v- 

5cd X mhi — mv? (a - r) 2 x «& 


3 

6 


«6 fr + f Mt 

V V * 

ry a- a by 




16 

18 


•*+» y>-y* (t-yy+xy / . a*x( (t*c*+abx z \ u% 
c s +t/ 3 (x+yf-vy ' \ *v\ a*+l /« J -6 a 

pr+(pg4-gr)j+ g 3 *: 3 ^ ps + (pl — q$)v-qti* 

'p-qv p+gi 


Multiply 


19 

T*+r+lby ij-i+l 

20 

1- 

X + %3 “l + r by 1_!;S 

21 

a , f+l+— by d*-l+— 
«* an 

22 

«« 

c 2 ~ 

«5 Z» s , 3a 2 ab b- 

2xy + y* y 
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the sew matriculation algebra 


1ST Division by an Integer Let I=| , thus 
h=a — b [Art 180], 

l—m=a—b—m=a—(bm) [Art 57]=^, 
whence where m, is any integer 

Hence to divide a fraction by an integer, we multiply the deno- 
minator by that integer 


I8S Division of Fractions Let ?=?— <■ 

b a 

then, since Divisor x Quotient = Dividend, we have ^.xq—y, 

d b 

bxd=~xbxd , or qxbx^xd^xbxd[Arb 43], 

q fl 

but -xd—c and jxl=« therefore 


whence 


qxbxc - a axrf, ie, qxbc=ad, 

„_od a c a d 

q ~bc’ H~d~l X c 


Hence to divide one fraction b\ another, we invert the divisor f and 
proceed as in multiplication 


Ex 1 3?* 8 - 5 * - 25x ' ~ lz & _ 2^ x 12 x g»y 5 r 

24y* 12y 24y ! 5# 24 x 5 x xif 2 y 

Or it may be worked thus — 


25# 2 w 12y_ 5#x5# 12y 5* , 

24y 2 5v "I2yx2y x 1si tanking out the common 


factors , 

vide Remare, Ex. 1, Art 186) 


Ex 2 

4* a -9 2* 2 +3# (2# + 3)(2a-3) 

.. % 2(2#— 3) 

3 xy 6 y 3 xy 

#(2# + 3) * 2 

Ex 3 

/\ 5# 2 V / 2c\ y 2 -4* 2 

\ x *+gi) I 1 y/ 

y+2x .y 2 -4#® w y 

y # 2 +y 2 y+2# 


_ (p + 2x)(y-2x) ' y _y(y_2r) 

* s +y s y+2* y 2 +# 2 
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Ex 4 Divide ~+g 2_ r 3 + £_“_^ by £„f 

x 3 , a v a 5 J v a 

Arrange according to powers of a 

a x \ a * .„a a . * ! V 9 , , * 2 

; _ h'5 + “— ? +M+ ^ 

ft 3 « 

.£ 3 # 


Simplify 

Sax 30a 2 
8vV 12^ 

4 (i-*V“±£: 

V 1 GV «3 


« s — r 3 
g 2 — r 2 
$ 

' a a 3 

/ r 3 
" a 3 

i . . « s 

required quotient = ^ +« r + -„ 
Examples CXV 

2 

S 


5g 2 & 10(*«. 

g 3 +«Z> « 4 — 6 4 


«— 6 (o-6) 2 


3 

8 


wig 3 m~a- 
nbc n «<P 

2 ae—x 3 2 «— r 
c 3 -^ (c— #) 3 


7 8 
9 ' 


Divide 

10 ^fbyS-* 
v b J a x 

12 iy±+»w-i-+£±5. 

« + v a; ■’«+« & 


11 . 1 - 


8 *y by x% -y* 


x 2 +y z 


-V 


Zxy 


13 -- 


x 2r 2 , y 2y 2 




,by^- r 

■ J x (i 


+v? 


14 1 + 


c*-5x 


by 1 + 


3v-5 


X s — 6«+ 


ie s > +1+ ^y. + . 


l~2v+v”, l-3x+3v 2 -x r 

5 15 ~r+^+^ * 

17 s s +l + \by 2 +l + I 
z* * z 
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TIXE I.FW MATRIOOLATIOh AI GEBH A 


Pn ide 


-H"- --J-H)-* 


20 r 


nftr 5 (tec* ft*r »« i r a, «<r ft 

21 ftrf ■* 7*rf" <*> ~ rji+ltc Tr r “3 


18*) Complex Fractions A friction mIioi* numerator or. 
denominator, or Loth, an 1 frv tiom, is> exiled a Gotnplec / rv^'tor 


Hiui j, ~ t are Complex 1'riction- 


L fl 

n cJ 


Renee m reducing complex fractions, tin Half- of the fongoint! 
<nticles mil apph 


Ex 1 - 


r ,i i/ «i ,i ,ji 

"-■* — -=-x- - - 

V c n i v 
« 


Ex 2 (l-l).- i-v’> 

='(1 + > f 1 — r) A ^ 

( . '*ft \ <« 6» 


Ex 3 


. aft 

" + 5 

<1 — 0 

_a ft' 

a — ft r« 


aya — ft)4-nft (I 5 — ft(n ~ ft) n’ ill— oft + ft' 

a — o r« a ~ ft) <i — $ (i'tt—b) 

a* (l (a — ft) «' 


Ex 4 


a — ft ,t s — <lft4 ft’ 'I s — (tft -p ft** 
1111 


fte-f 1 


1 ,1 , c aftc+n+c aftc+fi+o 

l+I *5! *«+> TS+T" 



COliri. KX .FRACTIONS 


Simplify 


Examples CXVT 


2 ;r : 


3 — 1« 


1/ft- - 25 -2 

3. f 4 T 5 ‘ 

2 +i s+- 

in >. 


3 r 2 

2 “5T 


_ a p „ 
7 8 


8 l -4‘. 10 
a 6 
— f*— 

* v 


l— J- 


0 


x^l *+y+f' 

7 14 a-, 

5 + 7 +1 y-p 


-L.+.JL 
1+' 1-* 


1- e l+,i 

(ff-fZQ 3 

jlaA rt + 6 

{rt-5)2 , X nZj, 

~^r +1 


f3 -t-y 3 

V v x*+g 3 
i i ~ x-—y- 


m-+n i 
m 3 +n'' . „ 


m+n 


19 1- 


i7. ’ 1 ~ { ~- r -v 

+3mw 1- i.f— - 

1 + ry 

t 1+1-2 « + 1 , re- / 

IhzlL 20 i-i -«?+■* 

-1 + V- « + * rs— r 

?+ 1-2' n~“«+* 


1 1_ 

I"*y+s 

-Ui 

!/+z x 


'r s + -t 


24 - 

* *«+w-*r^rr 1 


y-v 


3 2«-l 


it I_>. > 

n+6 a J b- 

nvy ^ i — r a? . 


i +r i 


aV 1 l 

W p“j 


i i V 


5' + C'-ft2-] 


« 5+c 
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THE NEW MATRICULATION ALGEBRA 


Simplify 


28 2-- 


20 


1 + 


■+i 


«-S + 


1 

a -b 


30 


X-1 + - 


1 + 


4— c 


31 2+- 


O 


2 + - 


3+4* 
'2- -1 


190 Fractions with symmetrical denominators If «■ - b , 
h— c, c—a, where «, b, c, follow one another m cyclic order [Art 146], 
•enter m pairs the denominators of fractions, it is often seen that the 
numerators aie so arranged that the algebraic sum of the new nu- 
merator assumes entirely, or m part, one of these forms ' 

(fi{b — c) + b\c - «) + c ? (« - b ), 

Jc(h - c) + c j(c - a) + « J(o — &), 
rt(& 2 — c»; + &(c 2 — <i 2 ) + c(« B - b a ) , 

the fiiat two of which are each equal to — (6 — c)(c — o)(u — b), and 
the third to (b-e)(c—a)(a-b) [see Art 154] Hence it is generally 
advantageous, in simplifying these fractions, to transform the de- 
nommatora so as to give (b~c){c—ct)(ft—b) for their L o M. 


Ex L Simplify 

Change the signs of the factors a -c, b-a, c-b , thus the given 
fraction 


a* , 6* , c* 

^ -(a-b)(c-ay -{J>-c)(a-b)+ — (c — ci)(b — c) 

TheL c M of the denominators is - (b - c)(c — a)(a — b ) , 
. , « 3 (b - c) + b-(c - o) + - b\ 

b - (5 - c)(c — a)(a - b) 

— (b-o)(c— q)(p— b) - 

- (6 - c)(c - «)(« - 6) E Arfc 154 3 ~ 1 


P+Z . z+v x+y 

y&-y)[v-£) zt(g- -)(y- v) + xp(z- r)(s-y) 


Ex 2 Simplify 
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As in Ex. 1, change the Bigns of the factors , thus the given 
y+t . a+x . s+y 
-y^x-y)[z-x) -zxty~z){x-y) -xy(s-x)Q/-c) 
_ s(y -4- z)(i] -z)+ y(z + x) (s -x)-l-z(a4- y)Qe - y) 

- syfy - z%s - *)(* -y) 
z(y 2 - z-)+y& - a 3 ) + ~ V 3 ) 

- *ys{y — -X- - *X*-y) 

- 154]— L 

-xy:(y-sX.?-aX*-y) J ays 

-n_ n c c_ fl ! +Jc+l , V* + ca+ 1 , c 3 +«&+l 
Ex 3 Simplify (o _ fy( rt _ c j + (&_ c x & _ a) +( c _ a ) (c _ 6 ) 

Given fraction 

n 2 -*-ftc-frl ft 2 +cg-H c 2 +qft-t-l 
~ —{a—b){c—a} —(b—c)(a — b) —( c—a)(b — c ) 

Ja 2 +bc+l)(b-c)+(b 2 -i-ca+'l)(c-a)+(c-+ab+l)(a-b) 

~(b-e)(e-a)(a-b) 

The numerator 

» f (a%b - e) + ft’(c - <*) + « 2 ('f -ft)} +{bc(b-c)-hca(c-a)+ab(a-b)} 

+-{(6-c)+(o-fl)-f-(o-.ft)} 

*» - (ft — cXc - a)(o — ft) - (5 — c}(c — «)(« — ft) + 0 
= — 2(6-c)(c— aXa— ft) 


value required = 

vaiue required _(ft_c)(c-a)(a-6) “ 


Examples CXVII 

Simplify 

1 x y z 

{x-y)[x-z) (y-s)(y-x) + {s-x%s-y) 

2 » +g } _ c+0 u-frft 

(a — ftXa — c) (ft — <i}(6 -c) + (c- «X C - ft)* 

*i rt (ft+g ) ft'e+a) c(a + ft) 

(« - «X« -») («- ft)(ft- c) + (ft- c)(g - rt)‘ 

4 fl+ft-g ft+c-a c+g-ft 

(ft — c/c - a) + (c — oX« — 6) + (u — ftXft ~ c ) 

5 o 3 -ftc b-—ca c 2 — oft 

fe — «)(« - ft; (a- 6)(ft — e) (ft — e)(c — o) 

L_ + i | I 

*(* ~yX* ~=) !/(y-x)(y-z) s(s~ x, (z -y)* 


6 
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Sinii)lify 

•7 **±11 f‘+ l - 

(* - y){x - zy [y - z) (y - x) + (z - x){z - y ) 

a-+ g+1 W+b+l cM-c-frl 

(a - t>)(a — c) + (b — c)(b —ay (a— a)(c — b) 

bcjx-af cg(x-b)- al(x-e ) 2 

' (a - b)(a - o) + (b - o)(b - a) + (<? - a){c - b) 


10 


x+l 


y 


s+ L 


(x-y)(x-~)yz (y-z)(y-x)zx (z~x){z-y)xy 


11 


f!±f±l ... , yHy-n 

(x-y)(x -zy'iy- z)(y - x) 


zx + 


Z 2 + Z+l 
(z-x)U-y) 


xy 


12 

13 


14 . 


15 

18 

17 

18 

19 

20 
21 


{x-a){x-b) (y-g)[i/-b) (z-a)(z-b) 

(s -y){x -z) (y- x){y -zy(z- v){z-y) 

(l+ab)(l + bc) l (I + 5 c )(1 + cb) , (l+eaXI+a&) 
(a-b)(b-c) h (b-c)(o-a) + (c -«)(«- 6) 

(x-b)(x-c) (x-c)(x-a) (x-a)(x~b) 

(a - b)(a -c) (b-c)(jb-ay (e- a)(o - b) 


O'+ah+h 2 b~ + bh + A 3 e ! + ch + Jr 
(« -&)(a-c)( 6 - c)[b ~o) + (c-a)(c-b) 


a 2 +J + l 
(x-y)[x- 


-zto/+z)+ 

“1 


j/ 3 +y+l 


z"+z + 1 
(z-x)(z-y) 


(x+y). 


(a+b)(a+c) , (b+c )(b+a) f (c+a)(c+b) 
(a — b)(a—cy(b— c){b ~ a y (c-aj(c-b) 


_a., x ■ i 

o)(,x+a) (b-c){b-a)(x+ b) {c-u)(c-bXx+c)' 

« , b o 

(« - b)(a - c)(x -a) (b- o)(b -a)(x-by(c- a)(o- b){x - c) 

.... fl v, , V . c* 

(a - b){a - c){x + a) (6 - c)[b - a){x+ by (c- a){o - b){x+c) 

* 


Prove that 


_oHn+ 1 & 3 +6+l 

(fl - b)(a -e)(x~a) + (b- c)(b - a)(x - b) 


c 3 +c+l s 2 +g+l 

(c-aXo-b)(x-c) (x-a)(x-*b){x-c) 
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♦ 

191 The following examples may with advantage be worked by 
the method of the last Article 


1 Examples OXVIII. 

Simplify i 

_ £+« x+b y+o 

(ft— 6 )(« — ey (6 ~c)(b~ o; t c ~ ^)( c “ &) 

a— b b — c , c— ft 

(b + c){c + a) * (c + a)(a + b) - {v + b)(b + e) 

„ x * a v+ ^ v+c 

(c- b)(y -c)(v— c)(x -ay (z-o){v-b) 

4 *%-*) . y^-x) . 

(7, +f^)(r + 2j (y + sj(y +7) (z + v)(2+y) 

s . s'-™ ■ a 3 ~jy 

(*+yX* +*) (-3+ i)(2+y) 

e ^ s -y g ■ y 3 + gr . £2 + v !/ > 

(r-y)(i, - 2 ) (y +z)(y -*) (*- OC g +y) 

7 r +y i .v+* , g + r 

( f 2 -gz)(y 3 - **) (# 3 - - x v) (**- ^X ,a -y*) 


- i «* 

193 Miscellaneous Examples of Fractions The follow- 
ig examples will further illustrate the principles explained m 
u» chapter 


, , x+2a x+2b , , 4 vb 

Ex 1 Find the value of — — d rr, when ‘rsm — — 

r— 2a v—2b ' « + & 

(x + 2«X* ” 26) + (# - 2'i)('F + 2b) 

ex P iesslon = V-2a) T >-W , 

_ jg a -h 2(a — — 4«6 + ^ 2(f* — 5) g — 4«6 
~~ . 1 r J — 2(« +b)x+ 4w6 

2(^r 2 - A ab) 
x 2 — 2(« + b)x ? 

^-2(a+6)r > +(a+6).’ W (f ’ 

2{x 3 -(a+&)r} „ 

“ r 3 -(rt+6)i 


18 
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THE NEW MATRICULATION ALGEBRA 


ftp + bS — C^ 3 

Ex 2 Resolve into factors 1 - ^ r — j- and shew that it it, 

«q„»l to rf 2 ,_„ + S+0 

f \fi+b — c 3 "\ f , « 3 +?> 3 — c 2- \ 

Gnen expression = [1+— j yl teb~) 


2<i 6 + a 3 + J 3 — c 3 2«6 — « 3 — & 3 + c - 


2'»6 


2 «b 


(<i-<-&) 3 — c 3 c s — (a — S) 3 (a 4- & + c)(« + & — c) (g-f g — fc)(c— ^ + 5) 

— 2«6 X 2 «t 6 — 2 o& * > 2 csi> 

(rt + Z)+c )(6 + c— a)(c+' 4 - J)(<« + 6 -c) 

4« J &* 

Again 2s=a + 6 + fi) 2s-2«=rt + Z> + d-2a, or 2(s— rs)=J + c — n , 

Mtmlirly 2 (*-&)=c+fl — 6 and 2 (s— c)=a+b-c , 

2* 2(s - n) 2 (s - b) 2(< - c) _4s(s - o)(s - l)(s - c) 

0 iven expn - 4 


Ex 3 Reduce to its simplest form, the expression 

( ft_ c)3 (c _ fl)3 

<6 - c)(c - «) + (c - «)(e> - 6 ) + (a - b){b - c) 

The l c ir of denominators =(&— c)(c— a)[a—b) , thus reduced 
11 umerator = (o - fc) s + (i - c) 3 + (c - «) 8 = 3(i - c)(c - «)(« - b) [Ait 115, 
Ex 6] 

value required =3 

Ex 4 Reduce to its simplest form 

11 1 ( B -5)°+(Z,- C )34 .( 0 - ff ) 3 

a — b b — c c—a 2 («— b){b— g)(c — n) 

The l c d =2(n — l)(b — c)(c — a) , thus reduced numerator 
=2 (b- c)(c -fi)+2(c- o)(ft -b)+2(.a-b)(b-c)+(<t-b) 3 +(b-c) z 
+(c— «) 3 ={(o -&)+(&- c)+(c-«)} 3 [ For XVI, Art 148]=0, 


Examples CXIX. 

1 Find the value of f ~ ^ - when r=31 

1 I5+v ~z) 

7,2 ft J,S fit 

2 Hnltiph 0 + 6 + — K-b v — 

r ft 0 a b 
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21 n 


3 

4 

5 

6 

7 

S 

9 

10 

11 


12 


13 

14 

15 

16 


Reduce 


^+! 

(|+;W+y 5 

* S -H 

S-=] 

|™~y 5 


to its lowest terms 


, tt 'in 2«c , «4*s 

Multiph +- + - s — v bj v 

1 a+x o— x X — ifl 2[n—x) 

Resolve into factors — 1 

2 nb 

•s. 

Find the value of — r ~+~ — - f when x= 

y b « «+o 

-rk 1 . <i—b «5— « s , a 

Dm(1 % + 6 + 'i 3 -/«i>+^ + <t' + b* iy Tt^ab+V- 

deduce to its lowest terms. 

<W Ml & . V-ic-o? . #-ln-bT- 

1 (OtC)*- i 3 + (« + b) n -~c°' + {b+cy-0T 


Reduce 


Simplify 


+ ^7TpV Jj - R8 ) 2 


ft*' 

-JL.+JL 

«+J a-6 
1 


to its simplest form 
1 1 


(■-ri)H) kjk) 


Reduce to its simplest form. 

(a+tyi-nt) "MMi-'* 5 ) 

' 1 ' (1 

Itednco -■■ '•■ 1 '" „ y — — r — ( ) 

r-y+f r-Vl '-“W 

J r -r? 

Dmde ,*-b-~c'--2bc by — 

J fi+b-o 

F.»d the vata. of 

(*° - x°) { (x* +y s j a +2xy(* 3 1 
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17 

16 

10 

20 

2L 

22 

23 

24 
26 

20 

27 

28 

20 

30 


1 _ a i , ?n — n 

E?liuC0 (l+crf-^- i -gp aTld find lt3 Valtte WhCn r= ^* 

J s -7*v+12 < jf» gHvy-gy 3 
Ifulbpl} j! + r JJt y + fy S ) r s -5#»/+4^ J 

* fa0lve into factor, 1 - {' ^TcrfTi 

s,mpl.fv 1(,+ ' 


Reduce 


6 x 3 - 19i 3 y + 1 &xy- - Tjr 3 
2x 3 ~Zxy+y* 


■ , t - s t — y*+x , n~b , « + ?» 

■md the value of when *- - and jr- — 5 

(f +1 \ 2 r + f_! g+5 +1 

, . *« lax a 3 n 


fhmph* 

a“c 0 3+1 cT 3 " 1 

Dmdo n°+^r+« 4 +i3+n 3 +^5+2 b\ o 3 +— .+«+- 
«“■ o'* a* v a s t« 

Tmd the value of U ~=, +~y— jr 

b+c—2't o+a—2b a+b—2c 

t . «& s -(«6— & s )ar+(a-&)x ? +ar 3 

17 «6 3 + («6 + 6 3 ) r + ( <» + &)*= + a 3 

< 

Piud the value of 

^+£(6 J + os _ „ 2 )+ ^±1*^3 + a s _ &S j + ?+^ n o + 53 _ ^ 

*-v t . y-g 

Reduce — to a simple form 

^a+^xr-w 

^8 ^2 ^3 
Rimpllf> (« - 6)(« - c) + (6 - c)(& - wj + (c- a)(c - 6) 

Reduce '^ s -< 4q +g? , )v + 2a&-f « 3 

•r 3 — (2a + 6)x J + (2a6 + a 3 )r — a*6 
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SI Simplify 


32 Simplify 


(l—(tb)r+(0+b—Q,)((s+b — 2nb) 


( l +« 6 ) 2-(«+&)2 

33 Find the value of the expression 

i-j (i-g)q-ga) , (i-jXi-^Xi-j 3 ) 
i+* <1 +«)( 1 +* 2 ) * (i+*)U+* 5 Xi+* 3 ) 

a-bx . ft+og - 9 /1,1s 
E u—bx^h—ax , Va o' - 

34 Sim PM> -,4-V t+ C i - ] — 

u—bx b—ux a—b 


35 Simplify 


36 Reduce 


yz+cx+xy 


g-1 t V-l a-1 

g y s 

1+41 ‘ 

x y z 


x+y x-y 
x x x—y x+y 
x~y~ x+y~x+y ^ x-y 
x-.y x+y 


on t-C + d-) - cd(« ’ + 6 s ) 

37 If «-= —i a b-c i " s decompose 

f«2 + ^_, E 21 2 

1— i — — >■ into simple factors. 


193. Harder Identities The examples below will be found 
very useful. 

Ex. L Prove that «(<{ + dfo + 2d){< s + 3d) -r d* = (a 2 + 3ocZ -f d*) 2 

The left side = «(<i + 3d) x (o + <£)(<? +2d)-*-d l 
=(® 2 +3«d)('i s -f-3nd-J- 2d 2 ) + d* 
=(« 2 +3'irf)2+2d 2 (o z +3"d)+d i 
= (or -*■ 3**d + d 2 ) 2 

Note If «i c, d be 4 consecutive numbers, then it follows from this 
example that fl&tf-*- !=(«?+ 1) 9 , that is, the product of 4 consecutive numbers 
increased by x, is a square number. 
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27 ^ 

■ p.T 2 n2*=a+b+c, prove that 

g 3 +(s-fi) a +(s-&) 2 +(* -c) 2 =ff 2 +& 3 +c a 

The left side = s 2 -f-(s - 2sa+a 2 ) + (* 3 - 2s& + b 2 ) + (s 2 - 2<tc + c”) 
=4s 2 -2s(a + &+c)+ci 2 +& 3 + o a 
=4s 2 -2s2s+a 2 +& a + c 2 , 2s=a + b + c, 

=4s 2 — 4g a +£* a +6 a +c 2 =a 3 + 5 2 +e 2 ' 

Note When we see an expression involving a symbol that stands fo> an 
exp-tsswn , is s here, it is generally advisable to effect reduction in terms of 
it, and when the work is thus simplified, to substitute its value 

Ex 3 If (a + b-c-d)i =cd—ab, shew that 
(a+*)(6 + a)=(c+ r)(d+x) 

We have (a+b')e-(c+d)x=cd~ab i 

(a + b)v+ab=(c+d)v+cd, by transp , 
aid * 2 to both sides , thus 

x 2 +(a+b)x+ab=x 2 +(c+d)x+cd , 

(x + a)(v+b)~(v+c)(x+d) 

Ex 4= Prove the identity (ax + by + cz) 2 + (ay - bx) 2 + (6a - cyf 
+ (cx — az) 2 m (a a +6 a + c 2 )(x 2 +y a + z 2 ) 

Expn ~(ax+by) 2 +2cz(ax+by)+d 1 z 3 -b(ay- bx) 2j ir(bz-cyf+(cx-ttz) 2 
= (aar+&y) 2 + (ay- bx) 2 + 2acxz + 2bcyz 4- c 2 z 2 + b 2 z 2 + o 2 y 2 — 2bcyz 

+ c 2 x 2 + a 2 ; 2 — 2acxz 

= (a 2 + h 2 )(x 2 +y 2 )+ c\x 2 +y 2 ) + (a 2 + 6 2 + c 2 )z 3 
= (a 2 + b 2 + c 2 X « 3 +y 2 ) + (a 3 + h 2 + c s )s 2 
= (a 2 + b 2 + c 2 )(x 2 +y 2 + z 2 ) 

Ex 5 Prove the identity (a? 2 -y 2 ) 3 + (y 2 — z®) 3 +(e 2 — ary) 1 

- 3(* 2 - yz)(y 2 - za?)(z 2 - ary) =(a^+y 3 +c s - 3*y z) 2 . 

Left 'ide 

= }(a; 3 —yz +y a -zx+z 2 — xy) x , 

{[y 2 - s 2 + a?(y - s)] 2 + j> 2 - x 2 +y(z - x)] 2 +[x 2 -y 2 + z(a? ~y) ]’} 
~\$x 2 j ry 2 +z 2 -yz—zx-xy)'x. x 

{(s + y + z) 2 (y - s) 2 + (* +y + s) a (s - ar) 2 + ( u +y + 2) a (a: - y ) 2 } 

“-K® 2 +y 2 + z 2 — yz - z v — xy) x 

{ (x +y + z) 2 x 2(# 2 +y 2 4- z 2 - yz - zx - a?y) } 

= (» +y + z)"(® 2 +y 2 +z 2 -yz-zx- ®y) 2 = (* 3 +y 3 + s 3 - 3®yz) 2 
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Ex 6 If 2s -a + b + c, prove that 

a(s — b)(s —c) + b(8—o)(8 — a)+c(?—a)(s — b) 

—a(s — «) 3 + b(s — b) 2 +c(s— o)- 

From the given relation, we have 

a=(g-b)+(s-c), 
b=(s-c)+(s-a) t 
c=(s-a)+(i-l) , 

a(s ~b)0-c)=(s~ b) r (s ~c)+(s-b)(<;- cf, 
b(g—c)(g-a)—(s- c)\s - a) +(s- e)(« - a) 2 , 
c(s—a)(s—b)=(s— a )\s ~b)+(g — a)(s—b ) 2 , 
whence by addition 

«(« - V)(s — c) + b(s - o)(s ~a) + c($— a)'s - 1 ) 

=(g — a)-(2s -b-c)+(r.— b)H.Zs — c — «) + (s — c)-fa— a — b} 
~ti(g — a) 3 + b(s — b) 2 +o(s - e) 8 


Examples CXX 

\ 

Prove the identities * „ 

1 (ax+by— 'cz) 2 — 2{b^y 2 -(ez-ax) 3 } +(Jby+cz- av)-—4(ax~cz)- 

2 x ’ +y 3 + 2 s - 3 xyz=(x +y + zf—Z(x +y +s)(ys+ex+ xy) 

3 (ax +by) 2 + (ay - bxY — (a- + b 2 )(x 2 +y 2 ) 

4 .(rex— bt/)(ax— by+ 1) 2 —ax+ by— (ax - by) 2 (ax -by +2) 

5 (z-ay) 2 -(y-ax) s —(a+lY(z-yY+3(a+l)(x-y)(x-ay)(y~ax) 

6 n(n - 1 )(n - 2 )-p(p -l)(p-2)= (n -p){ (n+p- l)(n +p-2)-np\ 

7 (x 2 — ay T ) 2 —(x i +3 axy 2 ) 2 — a(Zx ? y + ay 2 ) 2 

8 (a 4- 6) 4 — 2(os 2 + 6 2 j(o+ &} 2 - (a 2 - 6 3 ) 2 

9 (x-a) 2 +(y- 5) 2 +(a 2 +& 2 - 1) 

= (ax + by - 1 ) 2 + (ay — bx) 2 

10 (x-y)(x+ 1 )(y + 1) - x(y + l) s + y(x + 1 f-(x-y)(x+y + 2xy) 

11 (a + b) 2 (x -y) 2 + Axy(a 2 +b 2 )-4 ab(x 3 +y 2 ) — («r- b) 2 (% +y) 2 

12 {(ac-bd)x+(ad+bc)y} 2 + {( ac-bd)y-(ad+bo)x } 2 

=(a 2 +& 2 Xc 2 +d 2 X* s +3r 3 ) 
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13 a(b + c){b 2 +c--a*)+b(c+ a)(e 2 + <* 2 - 6 2 ) + c(a + 6)(a 2 + V 2 - o 2 ) 

= 2 ahc(a + b + c) 

14 If a+&+c=0, shew that a 2 - bc=b 2 - ca=c 2 -ab 

15 If *=6+c, y=c+a, z=a+b, prove that x 2 +y t +z' i -yz- zx- xy 

=a 2 +b 2 +c 2 -bc-oa—ab 

10 If bz-cy = a, cx-az^fi, ay-bx=*i, 
prove that «« + 6/1 + <57 = 0 

17 If x 2 —yz—a % y 2 -zx=b i z 2 -xy=c, 

shew that ( a + b+e)(x+y+z)—av+by+cz 

18 If x—a-b,y—b-Ci z—c-a } prove that 

2(ax+by+cz)=‘x i +y 3 +z i ’ ' * 

i 

19 If a 1 + b 2 = 1 = e 3 + d 2 , shew that (ac 4- bd){ac — bd ) = (a + d)(a - d) 

20 If ax+by—1, then will 

ab(x 3 +y") + (a 2 +b 2 )xy + (a - b){x -y)— 1. 

21 Prove that TCs-l)(:s-2Xtf~3)+l*=(* 3 -3;r + l) 3 - < 

22 If 2s=a + &+c, shew'that i 2 -f(s - «)(* ~b)+(s- b)(s - c) 

+(s—c)(<t—d)=bc+cc+i(b 

23 If 2s — a + 6+ <?, shew that 

{(«-«)+(*- 5)} s =( , i— a) 3 +(8-6) s +3(g— aX«— 

24 If 2s = a + 6 + c 5 shew that 2(s - a)(a - b)(x — c) + a(s — 6)(« - a) 

+ 6(s - c)(s - a) + c(s -a){t—b)~abc 

25 If s 2 *=bc+ca+ab ) shew that 

(s - aX* - b){s - o ) + «(s - J)(s - c) + 5(s - o)[s — a) + c(s - a)(s —b)~ 2obc 

26 Prove that 

I (y “ + (® - *) J + ( t -yf } i = 2 { {y - s ) 4 + \z - x)i + ( x - y )* } 

27 If A=x 2 +y 3 +z 2 and B=yz+zx+xy t shew that 

^4 S - 3 AB 2 + 2B 2 = (* s +y s + r 2 - 5xyz) 2 

28 Shew that {x+y+*)(y+z-x)+(x+y— £){x-y-\-z) 

+ (y + z - x)(x + y - *) + {s +y + e){x -y + z) = 4(x +y)z 

Prove that a(b+c— a) 2 + b(c+n— b) 3 +o(a+b— c) 3 

+ (6 + c — a)(c +a — b)(a +b—c) —kibe 


29 
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30 If A=a $ -bc, B=b~- ca, C-c 3 —ab, prove that 
A 3 -BC &-GA C*-AB 

— - — = — g — = — - — -(A + B+G^aAb+e) 

3L Prove that 

— ca ) 3 4- bHc 1 - « h) 3 + c^a 2 — bc) s = 3« &e(h 2 — cft)(e 9 — nh)(n 2 — bo) 

32 Shew that o 3 + i 3 J- <r + 6«6c - a(« — &)(« — c) - b(b — c)(b — «) 

— c(c — aXc — 5} = (a + b + o)(be + eft + ft&) 

33 Shew that (^"bc^V 3 — <£)+(&*— c<t)(<P- a s )+(c s ~nb)(rt s — h 5 ) 

, =(h— c)(c — n)(«— b)(a+b+>) 3 

34 Shew that (ft + lftS-ay+fh-f l) s (c-«) 3 +(c-}-l) 3 (ft-&) :i 

=> 3(ft + l)(b + l)(c + 1 )(5 - c)(c - *)('« - b ) 

35 Prove that 

x' s +y&+(x+y?=>2(r*+)y +y 2 )< + 8 1 V(jc +y) 7 (-* a + cy Ay 1 ) 

36 If « 3 =y+r s ft s =r+ i, e 2 «=r+y and 2»=a+h+e, shew that 

b){t- C)=i<y»+a*+ vy) 

37 If (iy - cr} 2 = (ft 2 — «c)(y 2 - cs), prove that 

(hr— f«y) 2 =(5 2 — «c)(jr 2 — oz) [See Apy ] 


Ex 7 If y=r+p 6hew that r"+-i=y 3 ~3y 

We have # 3 +^(r+i) 3 -3.r l(x+l] [Art 144]«y 3 ~3y 


Ex 8 Shewtbat 7 —^+ T ^„+— -L__[JL r +^L+_L-y, 
(«— o ) 3 ( b—cy (c— a ) 2 — b b — c c— »</ 


Eight fiide=s — TTs+/ir— ; i J T- -» 
(ft-o) 2 (o-e) 2 (c-o)s 


(ft-6) 2T (h-c) 2 ^(c-ft)* ’ 
the "braces =0 [see Art 184, Ex 7] 


+2 f 1 i 1 i 1 ) 

U« -b)[b-c}{b— c)(c - «) {c — ft)(a -6)/ 

‘ the expression within 


1 , 1 , 1 
P » /I 
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Ex 9 Prove the id entity 


“‘■">'-(!+s)' + S +2+ ? + ^ +2+ ^ 

- 1+ (; + iT + > + ^ + ' ,, 3 + p) - 


. . /b c\ 3 , Se/6 c\ a* ,b o\ 

_4+ (; + j) + s-<fe + 5) + r. | -.n) 

/& c\ (b c hr fj 5 ! 

" 4+ (; + s) V + 5 + ;‘ + s} 

=“(M){(^M^>} 

- 4+ (! + 5)(I + 1K!+„-)’ 


Ex 10 If prove thai(> +i()(* -&)=°(c+c){> -d). 

ind for this value of c, shew tint 

i-b (,b+o){b-d) 

We have {(a—b)—(c—d)}x—ab—cd, 
whence as m Ex 3, we get 

(x+a)(x-b)=(v+o)(x- d) 
ab—cd 

AlTTm , vJra ^ a -b)~(c~~d\ +a a*-ac+ad-cd (a-c)(a+d) 

S x-b cib-cd . b*+bc-bd-cd~~(b+c){b-d) 
(a-b)-(c-d)~ 


Ex 11 Prove that 

_ « s & 3 c? 

( f4 _ b){a - c)(6 +c)(6-o)(6-fl)(c+a) + (c-a)(c- ty(« + b'' 

~ («+&+o) 3 

(b+c)(c+a)(a+b) 
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Change the sign 'of each term , thus 
i> c ir <=» —{b-—<P)'c-—a-){a?—b' i }, and therefore reduced numerator 

*= o?{f> — c)(c + n)(a 4- 6) + VKc — a){a 4- byjb + c) + c\a — b)(b + c)(c c ) 
—o\b-c){a' s +u{b+c)+bc) + i 2 (c - a) {£ 2 -i-6(c +«)+«!} 

+ c\a - b) { e 2 + c(o + b) + ah ^ 

=n 2 (6-c){a s +«(6+c)} + a*bc(b -e)+ b\c - «){ + &( c + a ) } 

J- a l-c(c - a) + c-(a - b){ e*+ c' K a + 1) } + «&c 5 (a - b) 
=n”(b — c)(a - 1 - b + c ) -*■ l?{c — a)(n + b+c)+ c%a — b)(ti -^b+ c) 

c)+b[c~a)+c(n — b)} 
=(a+5J-tf){o^6-*c)+7f*(r— a)+<P{« — b)} +abcxO [Art 149] 
=(a+l+c)y -(a+b+c)(b-cXc-a)((t-b) [Art 154, Ex 2] 

** — (<* 4- 5 +<;) 2 (& — tf)(e -- o)(a — 5) t 

left side » rjgl±j± C) ^ h - <0fc - « Kg - 6) _ («4-&4-c ) 3 

-'(* 2 "-c s J(<J s -o 2 ;(n 2 -6-> (6+cj(c+<»X rt +^ 


Ex 12 Prove that 


_* . * s . ** , ** **-+l\ 

I ! -1 Jt*-1 a>-l jr“-l 2Var— 1 j 


We have 


sinnl irh 


_» 1.. 1 ( *+!)-- fr 2 *!) 

g 2 -! 2 g J -l 2 *5-1 

_1 f (*+l) 3 J- + 1 1 

2 \ *3-1 X s - if 

_lfx+l S-+ 1 \ 

2U-1 

*- l( x-+\ g« + I\ 

* 4 -l 2\x 3 — l~g 4 — 1 j’ 

_«*. _l/**+l g*+l\ 


g* lfg 3 +l 
* w -l 2 \iS-1~i1b-i/ » 

therefore bv addition, the left side of the proposed expression 
2\g-l siiZl) 
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Examples CXX (Continued ) 


38 If v=b+c, y=c+a t z=a+b, 6hew that 
xS+y*+#-2xyz 
rt s + i 3 + «/* — 3« be 


39 


Prove that 


a + b /l 1\ b+c /1 1\ 

ab \« b) be \b c) 


a+ci 

1 _ 

ac * 



40 Having given ^{-y+z, ^=r+x, —s^x+y, 

x y~ - 

shew that yz + zx + xy + 2xyz — 1 

41 If «+6+c=0, prove that 

M . &+<*- « B . c'+a'-W . a- 4- _ 
2 be 2 ca 2'ib ** 


42 Shew that 

43 I{ J=F +1 ’ P r0Ne tbat -^+^ ! = 1 

44 If y+-=l, c+-=I s then «c+-=] 

z x y 

45 If v+y+z=0, piovt that 

1 , 1 , 1 
y*+zi-z° + z*+x 3 -y- i?+y*-z- 

46 If x=«+br&^yy~^+£L, shew that 

(x-«f--(y-b?=V 

47 If fi s ~=5=a'^|, then + J 

<t — b a' — b n n' o b 


AO T* &-C C-n 

48 Ifx~~,y= 


Scs< ~^~ shew that 


vyz+x+y+z = 0 

-re ~ n + b-c ^ fi + bx- (ft-b + cp+Aah 
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2SS 


50 Shew that , — 4 — - + £$5 

b-e c~a a-b^Q>-i){c-a){n-b) 


{ ,+ ih} {•+-,} 0+s?,} 


51 If(v+(()(x+b)~(a+l>)\ shew that a ^zH t= h.~ u I 

x—tt x — b 

52 Prove that 

+ (f,? _ c 3)s 4 . (c 9 - < jS)? 

'(« - J) 3 + (6-<?) s +(c - + + c )(p + «) 

53 If x-t-t/±z=*0, and ~+~ |+f =0, show thnt 

&x 3 +(fi + ft — c)x^ + «= o 

54 Prove that ( ^fzSl^h^iz£ , <i+«?-b- 

a+b-c b+c-a c+a~!T 

=2 («+l>+c) a +«*+W+e2 


55 

56 


57 


58 

59 

60 


If x+y+c=0, 
Prove that 


show thnt 


<y~ e X X— 



Shew tlmt x) 3 +(2j~x-v>3 

ty — SJ* + f s — x; J + (a: —y) * 


If i 2 '*&+& a «--/)* 

« 3 + ab + lp> V tl,eu *''+y«=f/ s + v 

If 2s —a+fi+c, a i low tj n f 

- 1 _+_L. 4 ._] 3_ fi&f 

s ~ a g ~ b *-o 
Prove thnt 


c4St22i£- x — g+«* +« , fc 3 +™+» 

(« - &X« - <?X*+ (f) (J) - j(6 - «X* + b) + (c-a){c-b){£+'c~) 

i Ix^—mx+n 

(x+n){x + b){x+c) 

61 If tu^j+s+Ui ty*=s+u+x, cz^u+x+y, du^x+2/+:, 

» . • . J 1 « 


-hew that 


>- + J__ + .1 , I . 

«+l 6 + l + o+i + ( f+i 1 
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CHAPTER XViri 

1XA OLUTION AND EVOLUTION 
Involution 

194 Definition Involution is the process of finding any powei 
of a given quantity Hence this operation is nothing but repeated 
multiplication, where the multiplicand and the multiplier are the 
titmc quantity 

193 Powers of Quantities We have 
( r 2 ) 3 = x r 2 x = a 2+2+ ' = * u , 

( c 3 / 1 = x z xx 3 —x 3 +s —x° , 
fflinyi ^ji7i+w+ to « terms B ^tnn ^ 

(<ih) n —abxabxabx ton factois 

=(flx«xax tofifactolo) 

x(bxbxbx ton factors) 

—a n x b" , 

(3* 3 ) 6 = (3) B (a: s ) B = 243* 1B , 

and so on Hence the i 

Rule — Any power of a powei of a given quantity is obtained by 
multiplying together the indices of the two powers 

196 Signs of Poweis It is plain that if the quantity 
involved has a positive sign, the sign of any power will be positive 
Eut if it has a neqative sign, the sign of the even powers will be 
positive and that of the odd powero will be negative Por (— a){— a) 
=« 3 i (-«)( -«)(“«)— “fl 1 > (- «)( - o)( -«)(-«)= a 4 , and general!} 

( — o)f — «)( ~ d) to m factors = ( — a) m = + a™, according as m if even 
or odd 

The general expression for (— a) m however is ( — for (— n) m 

=(-lxa) m «(-l) m a m 

Remark Observe that z m is always even and z in + x is always odd, 
whatever number m may represent Hence , 

{-i)5w = l and ( -i) 3m+1 = - j 
Hence we have the following corollaries 

Cor 1 The square, or any even power , of a quantity, < whether 
positive oi negative, i» always positive 

Cor 2 Any odd power of a quantity has the same sign as the 
quantity itself 



IMVOLUriOK 


287 


ID'S Involution of Monomials The examples here given 
•depend on the two preceding articles 

Ex 1 ( - 3a 3 ) 3 = — 27a°, the sign is — , for the index is odd 

Ex 2 (- 2a 3 i) 4 = 16a s J 4 , the sigu is +, the index being even 

__ „ /«> 2 « a aft a 2 _ { 2a s 6 3 v°__ 512a S7 6 ls 

Ex 3 \b) - 6 X 5 - i67J 2 Ex 4 \ afys 4 ) 

Remark The last two examples shew that when the quantity involved 
is a fraction , both of its terms are raised to the proposed power 


' Examples CXXI 

l 

Find the value of 

1 (-a) 0 , (« 3 ) 7 , (#V) 8 , ( - 3u s r 2 j B , ( - a%yj D 

2 ( - 3a 3 xy 5 f (— 4* 3 ys 4 ) 4 , ( 2a 3 6 3 * 4 ) 5 , ( - #y 3 s°) 7 

fx \ 4 / 3a \ s / « 2 6 3 c \ 6 / ai 3 ? 4 ! 8 

3 Vp/ J V * / ’ V a / * \ a?ei*)' 

4= ( - r 2 ) 3 (4y 2 ) 4 , ( - 2aa s ) 6 ( — 3 a*bx 2 f , ( — 2o) s (4ab) 3 ( — 

5 ' Co*) 8 (-W-3ac) 4 , (x^y^'Pf , {-ax^y^f 

6. (-a) 2 *, (-«)■*» f (- ? ) ; (-j) 


198 Square of Polynomials By actual multiplication 
we have j , ’ / 

(a-t-&) 2 =« 2 +2a&+& ? j 

('« + Z> + c) 2 = « 2 + 2«(6 + c) + (6 + c) 3 

=r< 3 + 2«(& + c)+& 3 +2&c+c 3 (a) p 

v =« 3 +Z> 8 +c 3 +2ai + 2«o + 2&c (/3) j 

(u+6+c+d) 2 =« 2 +2n(6+c+c?)+6 8 +26(c+rf)+c 2 +2cd+d 3 (a) J 

= a 2 + 6 3 + c 2 + d 2 + 2«& + 2«e + 2f/d+ 2&c -f 2&d +• 2cd (p), j 

And so on 

i 

"We have thus two forms, (a) and (ft), of the results which enable us 
to state the Pule in two ways — 

S Tke square of any polynomial is equal to the sum of the squares 
l the term * together with twice the product of each term into the 
sum of all the others which follow it 

(u) The square of any polynomial is equal to the sum of the 
squares of all the terms together with twice the product of every two 
of them 
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Remark Any one or more of the quantities a, b, c, may be ««**- 
it 'c, and then the sign of each term of the result will be determined bj 
the Law of Signs [Art 393 

We have given several examples before [Art: 64] The follow- 
ing are other examples mo3t of which involve fractions 


Examples CXXXI 


Find the value of 


1 1 

f Z + *) 3 

12 3/ 

2 1 

ta 5b." 
a) 

3 ( 

4 1 

/, l *2.2 

( 1 + 2 3 ) 

s 1 

lx y r\ 3 
1 b" 1 b cl 

6 ( 


f + T) 

7 (av- 2by + 3m) 3 + (ax +2by— Zcz)" 

8 (a m +b n )‘ 9 (a m -26 n +c) 3 10 (c ,I +e :e +l)‘ i 

11 12 13 

14 (s 3 — 2x 3 +a:— 2) 3 15 (a + bx+cx^ + dx^ 


199 Cubes of Polynomials In Art 66, we have shewn 
how to find the cube of a binomial The cube of a trinomial can be 
found thus 

(« + i + c) 3 = { o + (!) + e) } 3 = a 3 + 3a 2 (6 + c) + 3o(& + e) 2 + (& + c) s 

v =«'+3a 2 &+ 3t>% + 3 a(b- + 26c + c") + (6 s + 3& 3 c + Zb <? + c 3 ) 

= n® + h 3 + c s + 3<« 3 6 + 3n6 2 + 3a 3 c + 3 b c 3 + 3&’c+ 3hc s +6 abc 

Thus by the repeated application of the Formulae of Art 66, we 
can find the cube of any polynomial 

Several examples have been given before [See Art 66] We shall 
here give a few more examples, some involving fractions 


Examples C XXIII 


Find the value of 



4 (l-2*+3r 3 )‘ 5 (n + Sx+ev 5 ) 3 . 6 



\ 

(<* s - 2& 3 +3c 3 ) 3 


$4->y 

(*-**+$■ 



JM-0MJ7I0'. 


23*> 


300 Other Powers of Polynomials Bemembenng that 
fl0=( n s)*=(«s)3 > «'’'=(,/-)=, f?s= {(a 3 ) 3 } 3 , &c , we can find othei 

powers, of polynomials as in the e\a tuples below. 


Ex 1 


Ex 2 


Ex 3 


(3r + l)*={{3’ -1) J } 2 ^(9 3 +6r + l) 3 
=SH‘J-10Sv s +51’' 3 +12* +1 

In r\G j-/,. U 3 \ 3 _/<£_V .Sf ’V 

' c"«‘ “ \V7'rJ / ~\c* 1 + 


0^/2 0 3 w r > fi/ ■* Ga s 


Gi 3 


=s ?/ ! -* + tf+rt* T+Ts-20 + 7J - 


pf> Go* . Bin 3 


l p » 3 G>* . 1 * 


+—-r~— 20 +- 

j- -» h / 1 * n c 

(„ + &- c )*«f(p- r &_ C ) 3 } 2 

■=(» 3 - fc 3 + c" + 2«& - 2 pc - 2&f) 3 
=*p’+ 2» 4 +** + 4« I 6 3 +4a 3 c 3 + ic 


6r* 


201 Expansion of any power of a Binomial The 
method of the h't aiticle is tedious We shall therefore sp\e ft rule 
for expanding a Binomial lai-ed to any power, which is practically 
vciy useful This rule is obtained from the Bikomial TrtcorEjr 

The viilnc of an expression rnsed to a certain power is called its 
development or expansion Thus the development or expan- 
sion of (<f+b) 3 is o 3 +r«f»d*^ 5 The general Rule b\ which such 
expansions are obtained without multiplication is as follows — 

Jn the <?rj 0 'iruion of A + B -meed to any power — 

' The fir it and list terms an, A and B each raised to that power and 

1 1 ui each successne term (he index of A is less by 1 and that of B greater 
by I, than those of A and B in the nei t preceding term 

Th ;■ coefficient of the first term is unity and that of each successive 
terni is obtained by multiplying the coefficient of the next preceding 
Ural by the index of A in that term and then dividing the product Vy 
the number of terms preceding the tei m whoso coefficient is sought 

The same theorem also furnishes us with the following tests to 
examine the accuracy of our work — 

(1) The number of Jernh in a binomial expansion is one greater 

than the indev of its power 

(2) Each term is homogeneous and of a degree denoted by the index 
of the power 

(3) Th <* coefficient* of twins equidistant from the beginning and the 
\ end at c cavil 

19 
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Ex L Expand (a + b) 1 

® Tie expansion will contain 4+1 or 5 terms, of which the fii»t and 
last are a 4 and 6 4 respectively , 

inithe second term, the index of a is 4— 1 or 3, and that of b is 1, 


third 

3—1 or 2, 

• 

1-rl or 2, 

fourth . . 

2-1 or 1, 


2-4-1 or 3, 

The coefficient of second term 

_1x4_4 



third 

4x3 

=-r-= 6 ’ 



. .. . fourth 

6x2 . 

=_=4 




The fifth or last term has already been found Thus 
(a + by = a 4 + 4a s 6 + 6a 2 & 2 + 4alf + J* 

The above icorL may be more concisely skcicn , thus — 

(o + j)4= fl ! + L^ 0 i-i& + ~a^b n - +^ a >ijs + 6 4 

1 « O 

=« 4 +4« 3 6 +6a 2 6 2 +4<if> s +6 4 , 

each term of the second hne being put down in a simplified rorni to 
facilitate calculation as soon as the corresponding term Ins been put 
down m the first line according to the Rule. 

Note Every term in the expansion of (a +£)■* is homogento * s and of 
the fourth degree. 

Ex 2 Develop (a - b)* 

Change the sign of b in Ex 1 , thus 

(a - b) i =a i +4a s ( - b)+6a°-(-bfi+4a( -b'fi +( - &) 4 
=a*— 4a 3 6+6a 2 6 2 — 4a& 2 +& 4 ' 

Thus the terms of the expansion of any paver of a binomial 
of the form A -IS beginning from the first, are alternately 
+ and — ' 

Ex. 8 Expand (2#-3y)® 

<2*-3y)«=(2v)«-6(2r) 2 - 4 (3y)+^(2r)S'i{3y) 2 

_H^2r) 4 - 1 (3y) 3 +^^(2T)*- J <3jr)«-^ii2(2v) 2 -H3y)s+(3y) 6 
= 64 1 ® - 576*®y + 2160jr 4 y a - 4320 ity* + 4860s 2 i y 4 - 291G ry® + 729y“ 
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t 

Examples CXXIV 

Develop 

1 («-&)« 2 (a-*) 8 3 (1 - 2r)° 

4 (Sx—iy . (M)‘ e 


Evolution 

SOS Definitions The root 4 of a quantity is that quantity -which 
being raised to the power denoted by the index of the root gives 
the proposed quantity Thus the m lh root of a quantity is that 
quantity whose m th power gives the proposed quantity , as a is an m lb 
root of a m [See the definitions, of square root and cubic root m 
-Art 15] . 

To express a given root of a quantity, place before the quantity, 
the radical sign J with the number that denotes the index of the root. 
Thus \}a denotes a fifth root of a, Tjx denotes an n th root of ar, and so 
on. 

Evolution is the process -of finding the root of a given quantity. 
Involution and Evolution are thus two inverse processes. 

203 Signs of Boots We have 

Ja 2 —±a } for aa—a\ and (-«)(-a)=« s , 

t/« 4 =±o, foraaaa=« 4 , and(-a)(— «)(— a)(~ B )~« 4 j and so on. 

Hence if an even roott of a positive quantity be extracted , the 
root may be either positive or negative 

.Again \ja*—a for aaa=o 3 , £/-a s =-a, for (-fl)(-'i)(— a)= — a* 

Similarly ®/fl 6 =u , and ZJ~a 6 --a And so on 

Hence if an odd roott of a quantity be ertracted, the sign of the 
root mil be the same as the sign of the quantity itself 

When a proposed quantity is negative , no even root can be 
extracted, for no quantity raised to a n eve n powe r can g ive a negative 
quantity Hence such quantities as J - 1, N / - 4, cannot have 

any arithmetical me anin g and are called imaginary orimpossible 
1 quantities Thus N / — a is the type of an Imaginary Quantity 

I E 

, * The student should notice the different senses in which the word 'root' 
has been used [Art 85]. 

t A root expressed by an odd number, may be called an odd loot , and 
that expressed by an even number, may be called an ever root 
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804 Extraction of Boots Wo have (a 2 ) s =n c , 

s/a G =« s =fl G_3 , (a m )'*=a , ' m , n Ja m "z=a m =*a mT * n , uid so on. 

Taos any root of a given quantity it obtained by dividing the 
mde" of the power of that quantity h/ the tndet of the required root 

Hence we can extract any root of a monomial 
Thus 


(l) J(a*b l )—±a 3 b s , for the root being even , it must have the 
donble sign [Art. 203], and 6—2=3, 4—2=2 

(n) i*/(— 27a 3 6 9 )= — 3 u 6 5 , foi the root must be negative, as 
—2~a s b° is negative [Art 203], and S J27 =3, 3—3=1, 9—3=3 

(m) 5/(32« 10 ^ 13 )=2« a J B , for the root being odd, it must have the 
sign of 32a M .r 15 , i a , +[Art 203], and °/32 = 2, 10—5=2, 15—5=3 


{•0 



3g° 

”4«-i 3 


2n m cm 

(v) m J(a- m b m e? m )=a m b™c *’*=«26c s 



Examples C XXV 


r 

Paid the square root of 





1 « 4 6 2 2 

25 afy 4 - 8 ’ 

3 

49m s R 4 i ! 

4 

144 x iS£uy 

5 Q4s v - m y in 6 

81o 3z+2 6 Sz ~- 

7 

163af 4m ^ s ": 

;« 8 

am 

25a 2 1 4 

0 vrvr 10 

9 y~& 

36r 2m _/ 2 

49 y "A 

11 

75o 4 jc- ! 

48y J - 1 ' 

12 

63 a' 

1756* 

Find the value of 





13 

14 V- 

•8xy 


15 

\Jx im y°* 


16 \/-aW>y I* 17. V 18 */}&££ 

' V v 8 o s t>- / V Sip 12 

19 m j5x am y* m 20 n/omn T -»+an 


80j> Square root of a Trinomial From Ait 53, we see 
that when two of the terms of a trinomial aie the squares of am two 
quantities, aud the remaining term is twice then product with the 
sign + or — , the trinomial is the square of the sum or difference 
of those two quantities, according as twice then product has the sign, 

J hus we can at once express the trinomial as a square quantify 
aua hence find its square root 
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For example m the trinomial 4r 2 — 20j?y+25y 2 , the fir&t teim = (2x)*, 
the third teim=(5y) a , and tlip second term=2(2;r)(5y) with the — 
sign Hence the trinomial = (2 *— and its squnie root 

= ±(2«-'ty) 

IitMAkk The square root is not generally written with the do tblc sign , 
thus the above root is written 21-5;' 

Ex 1 Find the square root of 9*t 2 — 42»< s + 49 js s 

Given expie->sion =(3'f) 2 - 2(3'<)(7 j?) + (7xf = (3'* - 7x )" , 
square loot iequired=3'i — 7x 
“ x 2 

Ex 2 Find the square root of a 3 -ax+~- 

Given expression =*a s — 2 «| , 

£ 

square root required =<• — - 


Examples CXXVI. 
Exti ict the square root of 


I 

9« 2 +G'«J +& 2 2 

IGj: 1 — 24v*+9 

S 

*«-8a,s 3 +16<«V 

4 

64« s j: 2 +4S'«& 2 v + 96 1 

6 30^ 4 f’ — 24a 3 &j: 3 + 4a 2 & 2 r 2 

6 

25**+30 jfy+Dcty 2 

7 4"VS- 

— 12 sbc+Qc 3 

8 

9x i y-+mxyo-bl2l:' 1 

9 9r 3 _ 

192'*ir+289& 9 c a 

10 

x°- 11 

x 2 ~a :+-7 

•5 

12 

9x 2 -2 *y+- 

13 

4a 3 ~ax+^ 

1G 


14 

xy+x 3 -z*-t 

16 

a" 1 2nx 

+ X 2 10 

t-o+yl 

^ *iT 1 

17 

x- o 3 


c l c 

y 2 v- 

<T-~y4f 

18 

« b +2+-i 19 

«'* 

lx* 2) 

20 



206 Square root found by inspection If a polynomial is 
a complete square and contains the fnt and second powers only of 
some one letter, it will be at once seen to be a perfect square wnen 
arranged according to the powers of that letter , and thus its sauare 
root can "be found 
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Ex 1 Extract the square root of * 2 +4rc— 12ya+% 3 — 6xy+4: s 
Arrange according to the descending powers of x , thus 
given expression =x “ - 2*(3 y - 2:) + (9 y 2 -12^+ 4s 2 ) 

=* 2 - 2*(3y~SL-)+(3y-2r) 2 
=(*-3y^2ij 2 =(*-3y+2=) 2 , 
square root reqmi ed = x — 3y + 2r 
[Tr> by arranging according to the powers of y and z] 

Ex 2 Find the square root of r i —26r 3 —(2o 2 —J 2 )« 2 +2'» ! har+n 4 
Put m —«" , thus m ^or « 2 ) occurs m the first and second powers only 
Arrange according to powers of a , thus 
given expression =« 4 -r2a\&* -x°)+ 5V-2&x s +x 4 

=a 4 +2« 2 ^x - x*) + (bx - x 2 ) 2 = {o 2 +(&x-x 2 )} 2 , 
square root r eqiured = a 2 +bx-x- 
'\Try this example b> arranging according to powers of &] 


Ex 3 Find the square root of 4 — 4c+2&+c 2 — &<H — * 

4 

Arrange according to powers of c , thus 
given expression = c 2 -■ (4 + 5)e + ( 4 + 2& + ) 


=,cj - 2 ( 2 + i) c+ ( 2+ |) St= { c -( 2 + I)} 2 » 

square root reqmred=c-2— - 


Ex. 4 Extract the square root of (be +ca+ab)-~ 4abc(a -f- c) 
Given expression when developed and arranged m powers of «< 
=a 2 (J3-2Jc+c 3 ) + 2o(h s c- be”-) + l?c- 
— a~(b — e) 2 4- 2a(& - c)&e + (jbe)" — {a(b-c)+bc }- , 
square root required =>ab—ac+bc 


Examples CXXVTI 

Extract the square root of 

L o 2 +J2+c 3 -2fi6-r2cfC-25c 2 9x 2 - 12^+4y 2 +Sxc-4y^+r 2 

3 r s —2a*+rt s +2xw— 2qy+y 3 4 x 2 +?~-Jx+— — — -p — 

5 4s(l+x)— 2<i(l + 2x)-rf* 2 +l 8 & 2 x 4 - 2'rJx 3 +(a 2 +2&}x 2 — 2ax-f 1 
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Extract the square root of 

7 x~(x— 2a)+« 9 6(6— 2x)+(a?+2nb)x- 

8 S+|+| 2 -~-f 9 

10 rt--*-53+c 2 +£f J -2a(6-c4-d)-26(fl-cf)-2c(i 

11 Jr‘Afrix3+4flVH-165 5 a: i +16'i55 +16 &< [Cal , 1870 ] 


201 General Rule We know that (a+b+c)- 

=a 2 +b*-+c°-+2bc+2ca+2al> . . (i) 

The expansion contain* 6 terms and ma\ be arranged thus 

« 3 +(2a + i)5+{2fa + &)+c}c . .(n) 

We see that the sqnare root of (u), i r , of (i) is « + &+<?. How to 
obrnn the terms a, b and c 9 

(1) To obtain a, we notice that a is the square root of a-, the 
fir- 1- term of (n) Subtract a- from (n), and we get 

(2o+i)J+{2(a+i)+c}c, the remainder (m) 

(2) To obtain b, we divide (2a+b)b b> 2 aJ-b, which we call the 
Hi t‘ divisor Thus the first divisor t s twe the first term « + the 
secord term b of the root, [Ob ter) e that b ran be obtained practically 
hr di ■ idmq 2ab by 2a.] 

Subtracting (2 a+b)b from (n), we have 

{2(«+Z»)4-c}c, the iccond remainder . (iv) 

TV To obtain c, we divide (iv), the second remainder, by 2(o+Z»)+c, 
which we call the rc~ond divisor Thu* the second divisor is ticicc 
the 41 m of the first tv-o terms a and b 4- the third term c [j\~otc 
that c ran be practically obtained hi/ dn idinq 2ac, the first term of 
the ~e;ond remainder, by 2a, the frtl term oE tli** second divisor] 

Now the product of the second divisor and c xs equal to the second 
remainder, and therefore there is no more remainder 

ihus all the term* a, b and r of the root are obtained 

We maa arrange the work thus 

° 5x (2'»+i)&+{2(n + J) + c}c («+2»J-c 
a- 

2a + b (2a + b)b 
(2a+b)b 

2(o + byfc) c 

ft’rn larl% we can find the square root of am other expression. 
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Hence the following 

H, u le —Arrange the proposed expression accoiding to the powers 
of some one letter , 

Take the square loot of the first teim and set it down as the 
first term of the root , subtract the square of the first term from the 
given expression and bring down the next two terms to form the 
Jirst remainder , 

Take twice the first term of the loot and pub this down as the firs® 
teim of the first divisor , divide by this term the first term of the first 
lemainder and 1 put the quotient as the second term of the root and also 
as the last term of the first divisor , multiply the first divisor by the 
second term of the root and subtract to get the second remaindei , 
Take twice the sum of the first two terms of the root, and set it 
down as the first two terms of the second divisor , and repeat the 
process to obtain the third teim of the root And so on 
In practice we proceed according to the rule and then the above 
work is shewn as below, when ( 1 ) is arranged m powers of a 
a 2 +2ab + 2ac+b 2 +2bc+c"(a + b + c 

a 2 

2a + 6 2ab+2ac 

2 ab+b 2 

2«+2&+e SMC+2&c+i,- 
2ac+2&c+c 2 

Ex 1 Extiact the square loot of 

4*® — 4*® + 13 1 4 — 22* s + 17 * 2 — 24s 16 

4*° — 4a 5 +13 , e 4 -22r 3 +17v 2 -24x+16 (2**— * 2 +3*-4 

4iG 

4r 3 — — 4a G +13* 4 
— 4*®+ a: 4 

4* 3 - 2*2+3* 12* 4 ~22t 3 +17* 2 
12 r 4 - 6a s + 9* : 

4* 3 — 2i 5 +6*— 4 — 16* 3 + 8* 2 — 24*-*- 16 
-16* 3 +8* : -24*+ 16 

Find the squaie loot by arranging the expression m ascending 
powers of * 

Ex 2 Find the squaie root of 16(a 4 -rl)-24«(a 2 +l)+41a 2 

Remove the brackets and arrange m descending powers of a Thus 
the given expression=16a 4 -24a s +41a 2 — 24r — 16 

The square root will be found to be 4a 2 -3a +4 
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Otherwise — Oi\€n expn =1CH — 2S * r -*-32'» 5 -*-9« J — 24a-rl0 

= 1 6n* - fct* s (3'* - 4) J- (3'< - 4^ 
=(4'i-,--2^)(1<t-4)-r(3 t-4f 
= {4n—(3"~4)}\ 

«linre root required — 4'< : — 3 (-*-4 

Ex 3 Extract the square root of 2-*-.?* — t" 

r •* 

rrange in descending powers of x 

4 x-\ 2 .r 

£« 

_ , X , , X* 

c > j-c 

- t 4 


2i 4 

^_>-x:l 4 x- 2 +- s 
jr jr- 


-5r-2 + - 


*’■* 4 

Otherwise — Gnencxpn =x 4 -x s +^-+ Mr— ^)+p, 

-('•■M-D+e)* 


M W 

square root required *=x5_-+r 
l\ s 


Ex 4. E^tractthe sqnare rootof ^jr s 4-L^"— 4(j* + _V— 12 

[CW, 1 C 66 ] 

Simplifv and arrange the expression and tl en proceed as m the 
above examples. 

Otherwise —Given expn 

- ( x ' + b) ' ~ A (**■ ^b) “ 8+ 12 
“ y^h)’- >(•‘’ 4 ) +4 " ((*’ 4 .) - =} '' 

square root required = - 3 + p ~ - 
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„ (a s +6 s ) a , a i 

Ex 5 Extract the square root of + 4x 7+1 X 77b 

[Cal , 1886 ] 

Simplify and find the square root of the numerator and deno- 
minator 

(a s — & 3 ) s +4a 3 & 2 4a& 

Otherwise —Given expn = — J^Zyrf . — + 5TTp 

4a 3 6 2 4a& 

T / « l— '■ T 0.0 < 


{a'—V-f ofl-b"- 
2 ab . ( 2ab \ 2 


- 1+ 2x 2ah ~ + ( 2ai V -/l ) 2n6 f 
- 1+2x f! a„^ + V« a -W \ 1+ « 3 -W * 


2«& 


square root required— 1+r^ — ^ 


2 # 4 +4**-2**-12.c+9. 

4 4r 4 — 12X 3 -t- 25x 3 ~ 24a: + 16 

6 16x 4 — 24x s — 31x 3 + 30x + 25 

8 SI* 4 + 108x 3 - 24x + 4 


Examples CXXVIII 
Extract the square root of 
1 9x 4 +6x a + 7x s +2x+l 

3 x*— 2x 3 +3x 3 -2x+l 
5 1 — 2x+5x s -4?''d'4x 4 

7 25x 4 -50* 3 +85x*-60x+36 
9 9 — 24a — 68a 2 + 1 12a s + 196a* 10 n l2 -8«®+18(i c -8ft s +l 

11 x i +4x 3 j/ + I2x 3 ^ + lGxj/ 3 -4- 16y* 

12 x°+8x 4 -2* 3 +16x 3 -8x+l 

13 4+12fl«— Gax 3 -!- 9a 3 x 3 +4x s +x 4 

14 64p 4 — 48p 3 ^4-41p 3 2 3 — 12pg 3 +-4g 4 

15 x 4 — 4x s +8x+4. 16 4x 4 — lGx 3 — 8x 3 +• 48* + 36 

17 4a 2 x 4 -12u 3 x 3 +13u 4 x 3 -6a s 5+« 0 18 x i +2x s -x+i 


19 


20 

77 

+ 

Vi » >— * 

M 

1 

- 4 H) 

21 

,». +8 ,_i 4 + ®| 

X X s 

22 

•> „ , 2 
X‘— 2+— 
V 

44+ 

23 

4 ^2 4 + I6x 3 




24 

*i + l) + ffi(£ + l) +3 

25 

x; , * V _2 


/ X z / 

yl 4x 3 

y 2x 4 


28 16a 3 x 2 - I6a 3 bx+4a 3 b 3 -24al>vy + 12a& 3 y +9& 3 y 



CUBE POOT 


293 


Extract the square root ot 
27 * c +4j; 6 +10j 4 +10^"+3* 2 — Gjt+1 


28 

29 

30 


l&t G — 24a s + 25 j l —5Qa'+ 10ft s — 4't-b 1 


« 4 ~« 3 6 + 


2*-c~ 


ft 3 

2 + 4 


be- bd» } c*_ c-d 2 <fr 
1 + 4 9 6 + 1G 


^+lXx+2)(x+3)+l 



32 (f t-b)*- 2(a 2 + V/p - h) 3 +2(a 4 J- J 4 ) 

33 (a 2 + & s XxS-r» s >-2(«— b*)xu+2ab(x : -y s ) 


SOS Cube Boot found by inspection From Art, 6G, we 
isce tint the cube root of « s +3'i s b+3'ih 2 +h 3 ibd+b, and that of 
«-3'i-b+3"te~P !g 

Tims if an expression is a complete cube and consists of onl\ 
to <r terms, its cube root is the ?um of two terms which are the cube 
roof of the two cube terms. 

Ex 1. Fmd the cube i oot of o s + 1 j« 3 + 75a + 12.’> 

Here 5/a 3 «o and 2 /12'»=:5 Thus reqd root «= a +5. * 

Ex 2 Extract the cube root of Sx^—Z^jfiy + ’!>ixy--27y\ 

Here 2J(8x')xs2x and 7j(—27y’ i )= —3y 
Thus required cube root ~2x—3y 

From Art 199, we find that the expansion of a trinomial cannot 
contain more tlian 10 terms Thus when the cube root of an expres- 
umi is a trinomial, we can find the cube root as above 

Ex 3 Extract the cube root of 

27m® — 27o 6 — 1 5« 4 3 .m= - f 30' i j — 1 2'« — 3 
Here =/(27rt«)=3'» 3 and VC— S)== -2 , also -27« 5 -9(3«-) 2 = -n 
cube root required =3s- - « — 2 

<* 

Examples CXSIX 
Extract the cube root of 

3 Sx=-l2«x 3 +C« 2 j;-rt* 2 x 3 +9x 3 y+27jy 3 +27/’ 

3 3'i*-C0a 3 h+150'i/»--12"d»' 4 x°-12(flx*+4&rt*x a --Gln'> 

6 x s +a x '-+~-+~ e ~-a*b+<)aW-27r 

7 x r '-‘}x6+Gx*-l*'+C>x--2x+l 

> 5 l+Ga+9'i*— 4« s +9u 4 +6 ( i s ~ a b 
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Extract the cube root of 

0 8a fc +12a 6 6— 30a 4 i 3 — 3 r Jfl' , 6"+45a 2 6< + 27«5 6 ~275 1 ' 

10 * 3 - 9 v n -i/ +6t 2 ;+ Pixy* -36 iyz + 12 w 3 - 27y s + 54/# - 3Qyz°+8z' 
8 I s iii 2 .is* ,y V,/ * 

2/ s f !/ * ”~4a- 8b ,— ' 

809 Fourth, Sixth, Eighth, &o Boots We can now 
find the fourth, sixth, eighth , sixteenth, &c, roots of polynomials, 
for the fourth root is the square loot of the square loot, the sixth 
root is the square root of the cube loot, the eighth root is the square 
loot of the fourth Toot, and so on 

Ex Find the fourth root of 1 - 12*+54# 2 ~ 10S* 3 +S1*« 

The squaie root of this expression wfil be found to be 
1-6 x+9t 3 , and the square loot of this lattei expression mil be 
seen to he 1-3* 


Examples CXXX 

1 Find the fouith root of # 4 +4:c 3 +6a. 2 +4i:+l, 

2 Find the fourth root of a 4 - 8a 3 + 24a 3 - 32a + 16 

3 Find the fourth root of 4a 3 J 2 +(« 3 +& 3 ) 3 -4«6(a 2 +6 3 ) 

4 Find the fourth root of a 4 -4v s +6-~ + 

a- x t 

5 Find the sixth root of x 13 -6s 10 + 15i s - 20a: 6 + 15* 4 - 6a 8 + 1. 

6 Find the eighth root of 256a 8 _ 1024a 7 * 3 + I792a c :e« - 1792a 6 # 6 

+ 1120«\i 8 - 44S«V» + 112a 3 * 13 - 16a e 14 + 


CHAPTER XIX 

INDICES 

810 The Index Law In Air 44, it has been pioved tbat 
a m x r Q K ==a lll+l> ' 

o'hei c m add n ore positive integers This result is called the Index 
Lam for this is the fundamental lair from which all othei laws 
regulating Indices aie derived 

<vll As consequences of the above law, we have, when the indices 
me all positive integers, 

( J ) a m xa n xai>x 'i+j>+ 

(n) «”*— a n =a m ~ n , where m > ,i [Ait Gl] 
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(in) («“)”*=« ,m =(rt , T [Ait 193] 

(iv) (ai) n ~a u b n [Art 195] , and qeneially (ale. )” = a u b n c u 
(v) (a m b n ) r =a inr b“ r , and generally (a m b n cP y=a mr b nr c pr 



/«y « a a 

Vm W “S x I x i 


BXBXffX 

bxbxbx 


to n factors 

to n factora a" ] 
to n factors ~b n J 


212 Fractional and Negative Indices The definition of 
Ait 13, is intelligible so long as the Index is a pontine integer , but has 

no meaning when such quantities as a' 1 , &c , aie considered We 
have tlieiefore to assign new meaning * to fractional and negative 
indices In doing so we must beai in mind that algebraical symbols, 
whatever their values may be, must always be subject to the same 
laws Hence oi» meaning of «” mu<t be such that the fundamental 
hide e Law a" 1 y a a =»a ra+ » fhall m every case be obeyed 


l 

213 Meaning of ft*, where n is a positive mtegei 
If the product a- x a- obe\s the Index Law, we must have 
«- x a- =a~ 


Thus a- is a quantity whose square is a , i c , a- — «/« 
Hence a- denotes the square root of a 

bimilarlv ft 3 x fr* x a^=a^ + ^ + ^==a 1 =a 

x . x 

Thus e 3 is a quantity whose cube is a , ic, « J =®/« 

Hence ar denotes the cube root of a 
And generalh 


ill 
ft" X ft” X ft” x . 

^■*"7;+ to n terms 
ft” ”. 


to n factois 


1 



l 2 

Thus o' 5 is a quantity whose n th powei is a , te, a n = n Jt' 
2 

Hence a” denotes the n **> root of a 
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Ex 8^=2, (32)^ =2, (Sl)i=3, &.0 

m 

214 Meaning of a ", wheie m and n are both positive mtegeis 
If the Index Law is to be obeyed, we must have 

in m m 

o* xo^xa^x to n factois 


-+™+ 
= Cl" " 


to tl termB 


-a" 


=a" 


m 

Thus a" lb a quantity whose « lh 

m 

of « m , thub u n = n Ju m 
Also 

lii 

a ,, xa"xa n x 

I+i+ 

= £J« » 


power is a™, i a , it is the m lh 100 


to in factors 

to in terms f . 


Thus o" is the m th power of the w lh root of a , i c , a”—(’i/a) m 
Therefore a’ , = , ‘/a” , =*('i/a) m 

m ' 

Hence o" has two meanings — (i) it IB the nth root of the 
mth power of a , and (u) it is the mth power of the nth 
root of a 


Thus when the index is a fraction, the numerator denotes a ponr 
and the denominator a root 


m mp m 

Cor Hence a n —a np Foi if #=«", we have x n =a m 

wp m mp 

•or (x n y p —(a m y r ‘ , that is, x np = a mp , thus x=a np , or a n =a' ,p 


215 Meaning of a®, where a may have any value 
If a® is subject to the Index Law, we must have *• 

a°xaP=a® +p =a p , theiefore a®=flP— « p= 1 
Hence a°= 1 , i e , any quantity raised to a O-power is 1. 

21G Meaning of a~ p , where p is any positive quantity 
By the Index Law 

«-PxaP=a-P +p =«°=l [Ait 215] 

a _p =l— a p =^~, also aP=l— «- p=~ 
oP «-p 
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Thus the negative index indicates the reciprocal of the 
power denoted by the positive index 


> Hence 
also 



Cor "We hare seen [Art 50] how an expression ma> be arranged 
according to the powers of a letter having potmve integral indices 
We maj now arrange an expression m which the symbol of reference 
has fractional and negatue indices. Thus 

r s + c+x- + r 4 + l 

is arranged m descending powers of i, and, the same m a reversed 
order will be arranged m ascending powers of r 

Again the expression 

^ + 2 r s + 5 + 3 + 4* - 1 + 6 Jf" s + jc* B 
«= X s + 2^+ 5r +3x°+ 4 r-1 +6x-2+a:-6 
is arranged in descending powers of x, as 3, 2, 1,0, —3, —2, -5 are m 

descending order of magnitude [Art 26] And since 
and x* 6 =^, the same expression is equivalent to 


« s +2r , + r jx+3+-+-^+4 , 

v X s X B ’ 

this therefore is also arranged m descending powers of x 


' Examples CXXXI 

1 Find the value of x~°, 4n, ^7°, r'°y° and — r ° 

c 1 +x° 

2. Express vnth fractional indices 

s /r3 , %/t* , ({Jr*)* , V , {</(Vv 4 ) 3 } 6 

3 Express with negative indices 

_ 2 4 «V : 2I 2 Jl S /m r 

0 | i 

4 Express with radical signs 5« s , 3r**y*i 3 ~T~ 

3^ 



304 


THE liEW MATRICULATION AIiUEBRA 


5 Expi essl wAh positive indices 3ab ~ x , « -1 r 2 ,y' ! , 

/ 

Simplify 




b~K~- 


e 8 
6 T* 


20 


8 


18 


9 


(_ 5) s “ (-4)-* 

Simplify and express the result with positive indices 


(ir-t i) 


n-’ 


11 {(- Sr 2 )- 1 } 5 12 


(d*b- n \ -* 

W a J 

» {-^r - (^)-(r « {A}w 


21 1 ? Bearing m mind the meanings that have been found for 
ft actional and negative indices in Aits 213 — 216, we can prove the 
Inde\ Law to hold m all cases * 

To prove that a m x a" = a m+ " for all i dues of m and n 

This has already been proved foi positive integers [Art 44] 

Now let m=^, where p, q, r and s are all positive integers 

£ f y 5j 

Thu 1 , a m x a n =««x a* =*««• x ««* [Art 214, Cor ] 

x a*) 

pi+QT jj + r 

=«s JaP*'* IT— fi qt l 

Next let both m and. n be negative, and let ,n= -p, n*= -q , then 

1 1 / 1 

a™ x a n =a-P x — x — =— =crn-s= «m+n 
«p «i aP T « * 

Secondly, let one of m and n be negative,’ and let m=p and n--q 
Heie we have to consider two cases according as p > or < q 
(l) Let p > q } i e , let p — q be positive, then 

r p- 5 x <?« = fl p '<l + ? = C<P, 

ox ^= f , P -a*[Art 56]=c,Pxi [Art 58]=aPxa-<; 

a 171 x a " = x «"i = «p-r = ftw+n 
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(u) Let p < g, i &, let p - 2 be negate e, then 

a m xa n =oPxa-9=~x~=~^=aP-^a- 

Thus the Law is proved for all values of m and n 


21S As in Art. 217, the following index laws may he shewn to 
be true for all values of m and n 

( 1 ) a 1tt ~a n =a m ~ n , (n) (a m ) n =fl mn , (in) (aS) n =a B S“ 

The proofs of these are left as exercise for the student 


319 From Arts 217 and 218, we see that fractional and negative 
indices are subject to the same laws as positive integral indices 
Hence quantities with fractional and negative indices can be dealt 
with exactly m the same way as those having positive integral 
indices 


Ex 1 Simplify - y - - s'- 

(aZfV 3)* 

Given expression =(a~ 1 b^c 3 ) ^x(q5. J c" 2 ) 5 
= (Pb~~er- x aJlyZf? 

=ah*c=:a~ P * 

£ 

The result expressed with positive indices is —g, and with radi- 


011 n « aa m 


Ex 2 Multiply 3ar* — 

by 3g^+g^y“ + 2y" 
9d? 3 - 

+2xy i — 


Product 9je 3 +Har J y 


5. 3. JL 9s. 
+6 x*tr - 2a? J y +4y 3 

» > 4 

J + 4yZ 


20 
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Ex. 3 Divide a+b by <£+$ 

a i + a+b (ffi-a^b^+b* 
a+cfib^ i 

—a^b^+b 

n 1 j n 

— a^6 J — a J b~ 

tfip+b 

t^P+b 


Examples C XXXII 

L Add together 

4 {$—t>a c +6($, 3a B — 8a — 4a 5 , a%— 6a z +7a^, and4o ff -3«^ 
2 From 6x~^ — 3 x~^a~ J +4 take - x~^ — 2k 


Multiply 

i 1 1 £ 11 

3 r J -af*y J +y" by x i +y i 

6 2« - 1 i" 1 - 3a~ B by 3n _4 J 2 — 2a _ " 

6 Ja^x' 5 - ~b~~y by ^a^ir'+lb-^y 


4 4*-+2b\ v—x'- 


m m n n m m n n 

7 a-—a 7 V i +b- by o 2+0*6* + 5- 
Divide 

8 « 5 +i- by o-+6- 9 27-a - * by 3-o~* 

10 «-2*- + l by *^-2*^+1 11 **+*-*+1 by * s +#' s +l 

12 x+y—s+3 by x^+y^—s^ 

Simplify 






SURDS 

Simplify 


/ «\ SOT+1 

19 

18 (--) 


\ a/ 

k V> 


20 r—if i 

r&— ai 2m+1 

21 

\a-bf ' 

U-y7 ' 


*a+J j;0+i 



22 -s-x-j*- 

X_ ^2o 
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Resolve into factors 
23 * 3m -r/ 2n 


24. x 




25 Extract the squaic root of rt* J r" 2 — 2a“ 1 *~ 1 +3~ 2a*+o 3 j; 9 
Reduce to a simple form 
1 2 

f<r* + ‘ 3 f g- 3 +l>- 2 ) “ s 

27, \a-CT- 9 } {«-*-&-*/ * 


28 


28 


30 


4 -s" ]0 -3 

JL+i. 

2* 2+ 4'i 

5 * 


4 2 £ 4 

x 3 + v i i/‘-+y t ' 


29 


.,j53! + (r *_ e X_l 


31 If ■c 2 =y , J shew that +(^) **x^+y~^' 

. (a n+ *— a*) x (a H — o’ 1 '*) 

32 Evaluate { 0 W+i_ a *) 


CHAPTER XX 


^ SURDS 

220 Definition "When any proposed loot of a quantity cannot 
Toe obtained exactly (« e , m any finite number of terms), it is called 
an Irrational Quantity, or a Surd Thus ^2, ®/3, N /a, ®/a s -f fr% 
&c , are SurdB * , 

A 6urd is expressed eithei by means of the radical sign as above 
or by means of its equivalent the fiactional index [Art 213] Thus 

jtF+p=*(a*+b*)\ sj~(a~bf=(a-b)% &c. 

(Hence surds are subset to all the Laws of Indices [Arts, 210 and 21 1] 
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221 We have 

2 £ 

(!) x=*v = Jai=s™= m Jx m =&e 

( U ) a -je=(a-j)5= = n J(» ~ *T = & c 

Thus a rational quantity may be reduced to the form of ft given 
surdi hf raising it to thepowei whose root the sffld expresses 

£22 We have 

(i) 3 v /3=> N /3\/3 = x /3' 7 x3= v /27 or -3^ x3-=3- = s /3' ! 

(u) ajx=a% X x-=(« a )-tf- =(« 8 *)^ [Art 211]= s / n 3 x 

( m ii X 

(m) * "/(« - *)“ = *’"(« -*)«={ - *)“ }“ 

Thus <o introduce a coefficient of a surd under the radical, i educe 
the coefficient to the form of the surd and then multiply the quantity 
so reduced by that under the radical 

Examples C XXXIII 
Introduce under the radical, the coefficient of 
1 5 n /2. 2 3 3 /4 3 lOjaiP 4 a 8 *V«£* '6 g*f 3 ”l/q*r* 


223 

0) 

( 11 ) 

(ill) 


It is easy to see that 

n /18 = „/9x2 = n /3 3 X 2= 8 N / 2 

N /(a 3 j: 4 )= s J{a' 1 ax’ 1 x' 1 )=ux i Ja 


H>-S)} Wfi-gr- J 





Thus any quantity may be made the coefficient of a surd, if every 
part under the radical be divided by this quantity raised to the power 
whose root the radical c presses 


Cor Hence a gnen surd may be reduced to its simplest form by 
first resolving into factots the quantity undei the radical and then 
removing from under the sign those whose indices are equal to, or are 
multiples of, the denominator of the surd-index 

Thus n /262=> s /9x4x7= s /3 3 x2 2 x7=3x 2 N /7=6 s /7 i 
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Examples CXXXIV 

Simplify 

1 v 'f2 2 5/1080 3 „'1036S 4 «/3 

5 N /2a 1 J+4(i 3 c-’+2«-j 3 


Addition and subtraction of Surds It is easilj 

seen that 

(i) 3 n /2+5 n /2=(3+5) n / 2«=8 n /2 

(li) 8 n '3-3 n ' 3=(8-3)J3=5 n '3 

(m). N /r =(a±l) s /ir 

(iv). 5«*/ r-3« x ;j-+rt^/ r*=(5a - 3a + a) s '* ■= 3n »/# 

Thus the sum of similar turds ts found by prefixing the algebraic 
sum of the coefficients to the irrational part 

Definition Similar or Iiilce surds are those which have the 
wme irratiO iial part Thus »/ x and 3 Jx are similar surds , so are 
a\fx and 2 3 /m s r, for 2\lm i x<=2m\Jx ; &c 


225 Multiplication and Division of Surds It is evident 
that 

(») * jw , 3=5-x 3-=(5 x 3)^ [Art S11]«(16)-- A /1G 

i i i 

(u) m Ja x n Jc — (a)' n [c) m «= (flc) ,n =*yae 

Thus if the surds haic the same index, their product is found by 
iaf ing the product of the Quantities under the radical and retaining 
the common index 

3 2 3 1 " 

(ill) x~ n xy™= (x*f'(g-)™ = (x^fi)' h = xfy*. 

Thus if the indices of the surds haio the same denominator, their 
product is found by taking the product of the pothers expressed by the 
numerators and affixing the radical expressed by the denominator 

1 1 1 1 
(iv) ”/ c n Jy=x m y*= x™ n y ,n " = ( = (x H y m ) 

(v) (a+x)‘(« -rfi~(a+r)\a- r)“={(a+xfify(a- r) 2 }* 

= {(o+r) 3 (o- v)-}*- %J(a +x)*(a - vf 

Thus tj the indices have different denominators, reduce them to a 
common denominator and proceed as m (in) 
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t J 

Remark Since to divide a by b is the same as to multiply a by ^ 

[Art 58], it, by 6 ml [Art 216], the rules of this Article will likewise 
at ply to examples of division of one Sard by another 

Examples OXXXV 


Simplify 


1 

J15xj3 2 (3 + 2„/5)(2 

-n'5) 

3. Jab*Y.*JaW 

4 

1 lab 2 *> tex* 

V * s * \f a s b 

5 

Jx i jx i x JJx 

6 

Jab+bcx Ja-+ac 

7 

Jax+x i x Jab-bx 

8 

^/54o T — J2a 

0 

JaPx—Jax* 

10 

(p-y)-(5^ + ''y) 

11 

/a s t « 

V v P 

12 

/54a 3 * /8x B 

'V x V 9a 

13 

(x+y)-kJx--y* 

226 

Definition A Quadratic 

Surd 

is that of which the 


m lex is 4 , as Ja, J(a+x), Ja s + 6®+c 9 , &c 


A Simple Quadratic Surd is that which consists of a single 
term , Jx, 1 Ojy, 5 ajx*, &c 

A Binomial Quadratic Surd is that which consists of two 
teems, one or both of which are Bimple quadratic surds , as «+ Jb, 
J x — 3 J y, &0 

Two binomial quadratic surds are said to be conjugate or com- 
plementary when they have the same terms connected respectively 
by the signs + and - , as Jx+ Jy and Jx— Jy 

227 Rationalisation of Surds To rationalise a surd is 
to multiply it by a quantity so as to give a rational pi oduct 

Thus Ja is rationalised when it is multiplied by Ja, for 
JaJa—a , Ja is rationalised by multiplying it by V« a , for 
Ja ^/a a =»{|/a s =a , &c 

Again Jx+ Jy is rationalised when it is multiplied by Jx- Jy, 
for (Jx+ Jy){jx — Jy)=x — y Bence a binomial quadratic surd 
is rationalised by multiplying h/ its conjugate 

To rationalise a J + &^, the multiplier is evidently + b*, 

for («^ 4- b^)(a^ — + b^)=a + b 

To rationalise Ja+ Jb+ Jo 
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I5JItiltipl> first by s /n+ N /&- Jc , the product is (,/«+ i/J) 2 “(n/ c ) 2 
=«+& — c+2j(ab), next multiply b\ a+b—c—2J(ab) , the product 
b, (d+J-c) s -(2 v ' a&) s «(a+Z»-c) 3 -4a& , thus the required mnlti- 
pheris {^0 + Jl- *Jc){a+l>—c- 2jiib) 

We proceed m this tray in the case of am othei surd 


22S Fractions with surd denominators The principal 
nit of the last article is to find without much labour the values of 
frictions having irrational denominator * This will be seen from 
the following examples 

Ex 1 Find the value of to decimal places 

181]= 2 -^-H5470. 

Remark If, instead of rationalising the denominator, «e hid found 
the square root of 3 first, and then diuded 2 by it, the operation would 
hat e been long and tedious 

/ o 

Ex 2 Find the value of — ~ • ■ to "» places of decimals, 

v 2 + 1 

Ulultipb the numerator and denominator bv the conjugate surd 
k ' 2—1 , thus 


n'3 


s./3( v / 2— 1) s tG-JZ 


a/2+1 U/2+1XV2-1) 2-1 


*/6- s /3= 71743 


Ex 


3 Simplify |±J>'3+|ZJ^2 
2~ n /3 2+ n /3 


(2- J3)8 


Given surd as— Silt + w > 

(2 - V 3)(2 + A) (2+ n / 3)(2 - N '3) 

_ (2+ N /3)S (2- s /3)-' 

4-3 "*■ 4-3 

=4+4*/3+3+4 -4 ^'3+3=14. 

2 1 K fx+ Jy 


Ex 4 Simplify 


Given expn = 


*A*y)-y *+ -Jtey) X'Jy-yJv 

2 i Jx+Jy 


s/y( six- sly) * / ar( s / ar + N /y) ^ (;ry)( N / a? - 
_ 2*jx{Jx+ Jy)- Jy(Jx- ^iy)-(Jx+ K fy)- 
»J(xy){^x+s, yX<s/*“<s/y) 

_ 2s+2\/(gy)_ J(xy)+y-x-y-2j(xy ) 
‘J(xy){*jx+ s'yK'Jx- ,Jy) 

JxUr-Jff) = 1 

Dnr A/VyU's+N/ylU's-i/y) sf(*y)+y 
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Ex 6 Provethat *Ja+ Jb+ Ja— >Jb= jZa+ZtJa*— b 
Let x= n/o + nj 6+ \fa— rjb , v 

®®b=b+ n/ 6 +n*" Jb+ 2 *JaP— 6 = 2 cs+ 2 \/ tfi—b , 

wlience T=«y2fl+2 N 'a J — b , &c 


Examples CXXXVI 

Rationalise the denominator of 


2J3 

n /3+1 


tj*l + \f 3 
5-J21 


l+2 v /3 

3-^2 


2 -J 3 

2 + s /3 


6 Rationalise the numerator of ***..* ~^ - ■ 

Ja+x- Ja—x 

Simplify 


6 


2 - ^ 3 ^ 3-2 J 2 


8< Jx+Jy Jx-Jy 

Js- >Jy f J^+ fjy 


a—*Jb a+JV 

9 $i$’‘ (8+wi6) 


n/2(2+s/ 3) m/2(2— v /3) 
V3(l + ^3) n /3’(^3-1) 

f a+x f a—x 
V a— * + V a+* 


14 s/x^-a* x— Jx*— a 8 

x—*Jx l — a s # + 


10 

12 


lL 

'13 


v /18 


V 12 


\/ 3 + 2 3 — \/ 2 

i i 


l- Ji-rf-l+*/T=P 


15 


16 


*/*-’+ 1 + , 7^1 , Jc'+l- N /g 2 -l 
s/^+l-^J 2 -! N /^+l+,yaM 

x- k /2x+v 3 


■v+j2x+% 


f\ / ( l ~ x+ v' 2 g+g a i _ 

'J V \l — 'c-^X/2*+a 3 J 


17 Simplify 


a 


a 


a- N 'n*~ r 3 a+ N /a 2 -s;3 


X/2*+s 2 

and find its value, 



SQUAT E BOOT OP SURDS 


313 


Find the value of 

1+^3 2+ J3 2J3+1 
1- n /3 + 2- n '3'" 2+ n '3‘ 


19 


2 (a+ v /x) 2(a- s / x) 


a 

fl 2 +X 


20 


x 2 +ax+h, when x 



2L -- ^—^henx^f/^l 

22 N /f — x-f J2#-Q s /l~4x, when x = £r. 

23 If^«=- t~ 7 ====? » stew that 2x=y +y -1 . 

*T V — 1 

24 Find the value of x 3 +y 3 +s s — xys, when x=fq— Jr, 
/“ Jr- Jp, r= Jp- Jq. 


229 Extraction of the Square 'Boot. In the present 
Article we shall shew how to find the square root of binomial 
quadratic surds by inspection. 

Ex L Extract the root of 5+2 N /6 

Here 2 N /6=2 N /3x2=2 J3 n /2 (i), 

and 5=3+2 =( n /3) , +( n /2) 2 (u) 

Now (i) is twice the product of two numbers, the turn of whose 
squares is (u) , therefore by Art 64, we have 

5+2 n /6«( v '3) 8 +( n /2) 2 +2^3V2=(n/ 3+ n /2 ) 2 , 

1 * square root required = J3+ J2, 

Ex. 2. Extract the square root of 4-2 s /3 

Here 2*/3=2x J2x 1, and 4«=3 + l , 

4-2 N /3=( N /3) a +l 2 -2V3xl=(^3-l) 2 ; 
whence required square root= J2 — 1 

Ex 3 Extract the square root of 2o+2 N /a 2 — x 2 

Given expression = (a + x) + (a - x) ± 2 s /(a+ x){a — x) 

~ { J(fl+*)± N /(a-x)} 2 , &c 

Remark Hence it appears that the sign before the radical determines 
whether the required root will he the sum or difference of the two quantities 
obtained by factorizing the quantity under the radical 
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Examples C XXXVII 


Find the square root of 
1 11 + 6^2 2 

4 19—8,J3 5 

7 9— 4 N /2 8 

10 2(a+b+ Ja*+2ab). 

12. l + Vl-« a 

14 ax -2a ,J ax- a 1 


14+6 V5 3 8 + 2 % '15 

9-4^6 6 30+12^6 

4J-5V3 9 2+^3 

11 x+y-2*J(x+l)(y-l) 

13 x+y+s-2jxy+xz 
15 a 3 +2xja 3 -x 3 


16 Find the value of * +a? ~ - + d llJ H ± 2 w hen x =~r 

Jl-x+1 Jl+x-l 2 

17 Express a/?+ ./(a 3 - 1)(/3 2 - 1) in terms of x and y, when 
2a=x+x~\ 2p=*y+y~ l [See App ] 


Examples for Revision (D) 

1 Put (a^+Sx+lS) 2 — (x 3 — 3x+15) 2 m its simplest form, and find 
its value when 2x=> — 5 

2 By how much does (* 2 -3*+l) 2 exceed x(x-l)(x-2)(a:-3) ? 

3 Simplify (2a + 35) s — (3a + 2 J) 3 + 3(a — 5)(3a + 2b)(2a +36) 

4 liax—by=e a find the value of n s x 3 — Saboxy — b s y\ 

5 Divide (a+l) 2 xS + ( fl , +1 j a . 3+B s( a _ 1 ^_ a G by ( a +l)x~ a s 

6 Resolve (a 2 — 5 2 )(* 2 —y 3 ) + 4 abxy into factors 

7 Extract the square root of 4(x— l)(*s _ 1 )+ 9 *> ' 

8 Simplify (8a-i5^(«Vi)(-2a&^)(n^6“-) 


9 Find the value of a 2 * a -&y, when x=2a~b,y=a~2b 

10 Simplify (x s +xy+y*)(x+y)-{x*-xy+y*)(x-y). 

11 Divide (6-c)(*-a) 2 +(c-«)(* - &) 3 +(a- &)(*-c) 3 by 

(&-c)(c— a)(a-&) 

12 Find the value of x ! ( - 3x~$)( - x%) x 5 v 1 

13 Prove that (x-y) a -(x-y)(x~z)±(x-s) 3 

- j{ (y - *?+ (*- *) 3 +(* -y?} 

14 Given p-j=a and p s — g s =J s } find m terms of a and b 

15 Find the square root of * 13 (# 0 -2) a +4(xB- n i)a 
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16 


17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 


34 


Find the relation between a and &, when 

_3 9 s!+b 

x—a x+a X s — n a 


If «=»], &<= 2, c= — ■J, d=0, find the value of 

a—b+c ad— be /IP a® 
a — b—o bd+ao \' a 3 c? 

Multiply a(x+y)+b[x-y) by a(x-y)-l(x+y) 

If x+y=a and *y=& 3 3 express x-y m terms of a and b, 
Facfconze (i) (ax 4- by)* -(bx- ay)* , 

(u) (x 3 -z 3 f-y\2x+y)\ 

Express (*4-3ffiX*4-5a)(*4-7a)(*4-9(0 as the difference of two 
squares 

If fl4*i4-c4-rf=0, show that 

a s 4- b*+c?+ dT»4-3(6 4- e)(e4- «X« + &) -0 
Find the coefficient ot X s in (x - 1 )(x 3 - x — l)(*s —Sr— 2) 

Shew that (21 ) n — l is divisible by 20 or 22, if n be even 


Find the value of a a 4-& 3 — e a 4-2a&, when n = 03, b—' 07, c= 10 
If lx=&4-c—2a, y=a+a — 2b } ;=a+b—2o, find the value of 
%a+b+ c)(ax + by+ cz) 

Divide a*-lP+a 1 bXa*—b*) by the pioduct of n s 4-& 3 , a--ab + b 3 , 
and a a 4-fl2>4-6 2 

Find the me F. of 3x 2 — (4a4-2&)*4-2«&4-« 2 and 

x 3 — (2a 4- b)x- 4- (2«& 4- a 3 )* - n s b. 

If x-y=2 and x 3 — y 3 =»14, find the value of x 2 — xy4-y 3 

Factonze (l) (ax 4- by) 1 4- ( bx — ay) 3 , 

(u) *‘ , (* 3 4-3a 3 ) a -a 5 (3a! 2 4-a 3 ) a 

_ , . /x9\ ) i+ r / , r \T+P /aP.P+a 

Amplify (-) x(-) xfe) 

Shew that 8 !n — 3 211 is alwajs divisible by 55 

Multiply 34- 01* by l — *, and find the* value of the product 
when x= 1 ' 

■Resolve into factors (l) x 5 ( r 4- 2y) - y 2 (2x -by) , 

(u) a s (x 5 -l)— *"(a G — 1) 
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35 

36 

37 

38 
38 

40 


Extract’ the 1 square loot of + 4(1 — r)(l + 4#) + Bx 2 (x — 1)(2«*»1) 

If *+-«2a, *--=26, y+ -»=2c, y— -=2c2 s find the value of 
x x y y 

, 1 

*V+— 

xy 


Simplify 


x , x . 1 

— — r + ■= 4.X 

S?+l X—l A 

9. “ 1 

2 + ^ 
X 


* 8 -l 

l £ 

Divide x~ s +y by * _a — arty* +y^ 

Find, the l c M of 2ab+a 2 +b s ~c% 3 «6c-a s -6 3 -c s and 
(6 + c)(c+a)(a + b)+abe 

If a+&+c=i+j+i=l, prove that one of rhe quantities a, b 
and c must be equal to unity , 


41 Find the value of 

42 Resolve (o 6 +l) 4 — 4 a 6 (a 6 + l) 8 -“ (a*— mto factors 

43 Extract the square root of -( 2 + -^— 2— -1 

jA yf X\ c! 

44 . Multiply ab' 1 + 1 + ba~ l by a fr 1 - 1 + bcr 1 
e 2 ** 3 + e 31 — afi — j 

45 "Reduce e sx tf 2 + 2 ^_^— gc* +~x^l to lts Iowesfc terms 

40 If h be the h c i of a and b whose l. o m ib l, piove 
that hi— ah 

47 If s = a + b + o, prove that 

<s - 2«)(s - 25) + «(g - 26)(c - 2o) + s(s - 2 e)(s - 2a) 

= (s - 2a)(s — 26)(c — 2c) + 8a 6c 

48 If /(x)=ax 2 +bx+c and <f>(x)=<t-bx+cx s find the valueiof 

/(o)- m 


49 Factorize and (a 2 +^)- (&2+|) 
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50 

51 

52 

53 


64 

55 


56 


Multiply a by a-^— 

Divide (4X 2 - 3a 3 x) 2 + (4y 3 - 3a ! y) 2 — n° by x 2 +y 2 — a 3 
If 5s+fJ3+o&=0, prove that (n + 6 + c) s =s« s +6 8 +c s — 3«6r 
Find then c f of (« s +a-2)x 2 +(2a s +a+3)x+f( a — 1 

and (a 2 + 4a + 4)x 2 + (2a 2 + a — 6)* + a 2 — 3a + 2 

Extract the square root of * 9 +^ 2 +4a^x+^+2(H-2a 2 ) 


Shew that 

(z-x\ 3 


S+C-Tr) 5 » “ u ”“ mtt ^rp+wC*-^)- 

Find the cube root of a'“-4 J -3^ar s +^— 5 


57 

58 

59 

60 
61 

62 

63 

64 


^Multiply a 2 — « 2 6+2a6 s by n 2 +a&+2& 2 

Divide (or 2 — <«y 3 +2&xy) 2 +(6y 3 —&x 2 +2axy) s by (x 5 +y 2 ) 3 

2 i 

What; term is wanting to make x 4 -2x 2 -* — +— a perfect 

square ? ' 

Find the product of i and a l ~ m b. 

Factonze x 2 — 2(a + l)x - «6(ct - 2)(6 + 2) 

If x+y+r=«, (y+=X=* u *)(*+y)=c> 


prore that 

Extract the square root of 21 - G v '6 
i i 


Simplify 


f(x m fx(x n }P"l f 

lV* p x’V* r J 


65 Multiply (4« 2 — 4«&+& s )+(2a - &)(a+&)+(« + 5) 2 by a— Zb 

66 “ Factonze (i) Im(x +y)(y -y) -xy(l+m)(,l—m) , 

(a) (1 +x)°(l +y 2 )-(l +x*Xl +y) 2 . 

67 Dmdea 3 (6-c) 3 +6*(c-o) 3 +e , ’(rt-&) 3 a 

b> (fi-c) 3 +(c-a)'+(ct-b)\ 
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68 

60 

70 

71 

72 


Extract the square loot of 

* fl +jo+ 6 ( fl!4+ ?) +1B (* 2+ i) +20 

s 

L a. 

Simplify ( rc ) ~(^) 

If a 2 - Zio=0, prove that 

i(e 2 — ab) ! +c(?» s — eo) 2 +2«(6 2 — «i)(c 8 — ab)—0 

gin gin | 1 

Simplify a . ll _ 1 - a ., 1+1 - r a . n _i + i;ll+1 
Fwdithe square root of n ! +2& N /M 2 — fc 2 


73 

74 

75 

76 

77 

78 


79. 


80 


If and find the value of x*+y° 

Multiply + — 1 by*^+^“^+l 

Factorize al[x +y) 8 ~(a+ Z>)(* 8 — y 2 ) + (x -y) 2 
Divide x^-x^y-xy^+y* by x*+xy+y\ and find the value of 
the quotient, when **=a 2 -a&+& 2 , y=*n 8 +a&+J 8 


Prove that 


(1-1 \ 2 | 4 -j( " +c 2\ s 

Va cl ’ 1 "(a+c) 2= \ ac ~ a+cl 


Simplify - == — — ' — 1 T 

o— is/o a — »* a+Jcfi-x* 

Shew that & 2 -«c is a factor of 

(2& 2 +o 8 - ac)(2& a + e 2 - ao) - 6 8 (a + c) 8 

and that the other factor is positive for all values of o, b and c 

If /(*) =3a 8 +5ff— 4 and <£(*)=!- 2* +3* 2 , find the lalne of 

1)“ 1) 


81 If #+y=l, prove that x*(y+l)-y*(x+l)-g+y=o 

82 Faotorize « 2 (« + 1) - xy{x -y)(a -b)+ y\b f 1) 

83 If o+Z>+c=0, shew that 

a 4 +6 4 +c*+(6e+ca+o&Xo 8 +& a +c3j =0 

84 Divide 1 by 1 - x to 5 terms What is the remainder V 
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85 Prove that 

\ mhfl witiJ \ dvjv mm j 

is a perfect square, and find its square root 

3 _j_ /17 g — f*j 

86 Find the value of g _ ^ Tj’ correct! to 5 decimal places. 

- 5 n+s 15 n+s 

87 Simplify g^i~ 23=5 r- 

88 If /(a:) =*2** -3® +5, find the value of fjx + 1) +f(0) —fix — 1) 

9 

CHAPTER XXI 

HABDER EQUATIONS 

' Equations in one Variable 

330 Literal Equations The method of solution is the 
same as that for equations having numerical coefficients and will be 
seen from the following examples 

Ex 1 Solve ax-b—cx+d 

Transpose , thns ax—cx=b+d, 

or (a— c)x=b+d, 

divide by a - c ; thus 

a — c 

__ _ , ax cx . 

Ex. 2 Solve -t* — j =1 
o d 

Here the i c d is l)d , multiply therefore by id ; thus 
adx—box*=bd, 

(< ad—bc)x=bd 

bd 

X ad— bo' 

Ex 3 Solve ^+^+5=22=0 
a 2a 3a 

Multiply by 6a, the l o d , thus 

6{o - *) + 3{2a - ar) + 2(# — 3a) = 0 

„ _ 6a 

7®=6a, or x=y 
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Ex 4 Solve j?-^+bx=j-b+(d+b)x 

Multiply b% abef , thus 

a s fx— bccPf+ab 3 cfx=abcex-ab' , cf+(d+ b)abofx, 
(a s f- abco - abcdf)x= bccPf-atfcf, 
£cf(d?-ab) 
aPf-abce-abcdf 


Examples CXXXVIII 
Solve the equations 

1 cx->rd=a-Zx 2. ax+bx-c*=x+bx-d 

3 (2m,-l)x-bx=bx+m{2x-a) 4 (a-b)x-mx=c-mx 

6. 2a*+(2+«X°”3)+4=>0 6 2(a+l)*-5=(2a-3)*+20. 

7 (to + n){m —x)=m{n—x) 8 (aar+3) z — (ax— 3) z =12 

g 10 . -+---=0 11 ~+—= ai+W 

e x e e bx ax 


a(d a +* 2 ) , ax 

~di + d 

a + bx c—dx 


7 I — mi yw 

bx ax 

x-a , x-b . 

— 7 — 1 — - — =0 

b a 
. bx ax—b 2 


-—I 15 ^+g= 9 x+h 10 «+^ = 


« a+ l-e-d ~ b a * 

tfj O O 

17 r+f- tt =-+2c 13 C 

XX X 

19 |a6+^ac-|c^«7Gic+2a&-6cj 

D O O 4 

__ a* car , 'Hi, ... 

20 21 ^ 

- shhhh _ ** ! 

24 (a+x){b+x)-a(b+c)= C Y+x- 

26 a x - C ?^- ab *= bx +^^- l *±^ 

a 2a 4 


ig a + £_£ = 5_ 1 + 


•> 3r — 1 g+3a 
C$5c ca ab 
ax—b bx-e dx _3 
to n + 2 m~p* 


J_+_J L _ 27 

a5— a* 5c— 5a? ac— ax' 

35a? x—b bx— o a , a? 

2« z ”a+6”o 3 -6 2 + 4n -0 


x+a 2x x s —x s a 
a x+a~ b 3 — aa? z 


28. 


'IS IH 
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231 In solving equations, much labour is sometimes saved by a 
suitable transposition of terms , as for instance by transposing 
all the terms having monomial denominators to one side 


Ex Solve 
Ej tramp , 


■whence 

or 


4*-5 10a?-3 12ar-ll 

3 + 20*+17 9 , 

10a?— 3 I2a?-ll 4ar~5 
20*+ 17“ 9 “ 3 

12a?— 11 12a;- 15 4 
9 " 9 ”9* 

9(10a; — 3) = 4(20x+ 17), 

10a;=95 , a; = 91- 


Examples C XXXIX 
Solve the following equations 


8 


7a;-*-16 *+8 a? 

21 4ar— 11~3 

8v+5 , 7*— 3 4a?+6 

-+i 


2 


4 


2* 3r+5 6a?+13 

5 + 5*-25 15 

10a?+l7 12a? +2 5*— 4 


18 


6 


14 * 6a?+2 7 

1 * 2 1 
a?-l a?+7 7(a?— D* 

2a?+8^ a? a?+16 7* 2-13* 

9 36 12 17a?— 32’ 

«fza +to+ !+>s_4_i*fc** 


lla?— 8 


9 


9v+20 4- — 12 , v 
36 5^-4 + 4 


1 J— 2a? 


24 


232 In certain cases, solution is very easily effected by the 
actual division of numerator by denominator 


Ex. 1 Solve 


2s? J +3a?+l 2a? 2 — 7-ff+'> 


a?+2 


x—3 


B> actual division, 


2i " 1+ 4-2“ Sa! - 1+ i§3l jlrt 1S7 J> 

3 2 

*+2 =S *— 3* Whence • Cs=13 


Ex 2 Solve 


*— 1 a?— 2_ a?— 5 a?-6 
a?— 2 a?-3 a?-6 a? -7 


21 



322 


TUB NEW MATRICULATION ALGEBRA 


By division, 1+^-1“ JT3= 1+ £~6'' 1 ''tf-7 t Arfc l3 ^’ 


1111 


x-2 x — 3 

x— 6 — x— 7* 

x-3-x+2 

x-7— x+6 

(x-2)(x-3) 

'(r-GXx-7)’ 

-1 

-1 


(x — 2)(x — 3) (x-6)(x-7)’ 
(x — 2)(x — 31 = (x — 6)(x — 7), 


•whence v=4£ 


Examples CXXXIX. ( Continued ) 


Solve the following equations 


9 

15x+8 25x— 62 
~'3x-7 5x— 21 

10 

11 

a 2 x 2 +Z> 2 a 3 x 2 +2a&x— 
ax — b ax+b 

^ 12 

13 

x 3 +2x s +l . 3 

x 2 +2x * + x+2 

14 

15 

"ax— 2 av-3 ax - 5 

ax— 6 

ax-3 ax-4 — ax-6 

ax- 7 


mx—a mx—c 
nx—b ~nx—<T 
ar 2 +6x+c _ ax+b 
px^+gx+^px+g 
x-1 x-9 ^_ x-3 x-7 

x-3 + X'-ll' = *-5 + t~9 


7x-26 4x — 21 9x-G8 6x-55 
x— 4 x — 6 — x — 8 c — 10 


17 

18 

19 

20 


x+2 x+5 _ x+3 x + 4 
x— 2 x— 5~x— 3 x— 4 
4x— 17 10t-13 8x-30 5x-4 

x— 4 + 2x — 3 “ 2x — 7 + r^T 
x 2 +5x-t-4 . x 2 +5x— 3 2x 2 +7x— 3 
x+3 x+4 x + 2 

x 2 +2x+2 t x 2 +8x+20 e 2 +4a+C , x 2 +6x+12 
x+1 c+4 ” «+2 + J+3 


233 Fractional equations aie sometimes easily solved by split 
ting a termunto partial fractions. 

a b 2 o 

*— 3 a x+3 b~x-ic 


\ 


Ex. Solve 
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2c _ a o 
*— 2c — *— 3c *— 3c’ 
a c __ c b 
x—Za *-3c~*-3c *+36’ 
(a—c)x ( 6+c)* 

(* - Za)(x - 3e) “"(* - ZcXx +36) 
x »— c 5+c 
*— 3c 5 #-3a =s a?+3b’ 
or (a - c)x + 36(« - c) = (b + c)x - 3ft(6 + c), 

te, *(a-6-2c)=3(6c-ca-2a6), 

3(6c-c« — 2a6) 
X ~ a- 6— 2c * 


Since 
we have 
or 

dividing by 


Examples C XXXIX. ( Continued ) 


Solve the following equations 


21 

23 

25 


_5_ + _8_=JL 

*+15 *—12 *— 9 
m + n _ 2p 
mx+a nx+a~px+a 

a _b a—b 

x+a x+b~x—c 


22 

24 

26 


27 


m+n to— 7i 2 m 
x+m+n^x+m— n~x+n 


11 13 20 

*— 33~* v+39 — *-30' 
*-l , v+3 *+2 

*+l + *-3 2 *-2 

ft 2ft 1 

6 , +«6* l+«6* «+6* 


334 In the following examples two or more of the 
methods are combined 


preceding 


Ex L 


Solve 


7*+l 35 *+4 , 

x-1 ~ 9**+2 +3 * 


"We may proceed m the usual way , or perhaps thus — 
By division, 7+— *-^+3j, 


or 

or 


8 

*— 1 


55 fl? -£i + 31 7 35 *+4 35_35 2 

9 #+2 + 9 *+2" 9 9*7+2’ 

4 35 

*-l 9(*+2)’ 

36(* + 2) =35* - 35, or *=- 107 
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or 


2 S».ve 

Fiom tlie givdn equations, we have 

^+6 v+a 

m(a-b) n(b-a) _ 0 
v+b v+a ’ 
dividing both sides by a — b, we have 

_”L — ?L=o 
■s-f-o *+fl 


01 


711 71 , 

whence i = 

v+o «+n 


7ib- 

m- 


, a?+3 r+4 , a ?— 6 » 2 — 2j;-15 

Ex 3 Solve x+l a . + 2 + a .„ 4 =£ **-9 

g+3 g+4 g-6 _ (j+3)(.r-5) _ 
*+l »+2 + a-4~ a* s -9 

r4-3 t+4 _ -g — 5 a: —6 

#+l'"*+2 t=: a:-3 r-4* 

v*™” 1 +!T-r 1 -4»“ , -i=i- 1+ : 

_1 l_ w __l 1__ 

ar+l”ar+2 a?-4 w— 3’ 

1 1 


or 

‘whence 

or 


( 3 ; + 1)(js + 2) ~ (a? - 4)(af - 3/ 
(ai + 1)(* +2)=(»- 4)(x - 3), 
*=1 


4a*-9 
x — - — - 

_ MCI 1X~2 , V ... 3 

Ex 4 Solve — + --llft= ' 6 5 

Multiply by 12, the l c d , thus 

Ao* — Ifl 

9x - G + 6* - 142 =2# - —=-^ - 60, 

I w « 

or l3*=88-~^, 

multiply by 3, thus ' 39 j?= 264-83?+18, 
whence x=G 


ma 
■n ' 


31 — 5 

%-i 


2_ 
x~A T 



TTABDFP EQUATI0J.3 


32b 


Es 6 [C«!, 1-K.2] 

By trans , we have 

6 +c c+« t i+b 1 

abcx-bc—cz-ab , nbcx-bc—c t-ttb , abcx— bc-ca- ah 
b+e 


-+ 


c+« 


«+6 


“0, 


OT (ote - + rfj) 


Thus either the first factor=0, or the second factor— 0 , but liie 
'Ccond fnctor cannot obviously be equal to 0 , 

abex—ba—ca-ab—O , 


whence 


fa+/yi+<i?i 111 

x«= 5 =>- + T +- 

•we » b c 


28 

30 


Examples CXXXIX. ( Continued ) 
Solve the following equations 

5=r( ,+ i»- # 


30-*-Gx , G0+8r , . , 4S 

Tfr + T+rr ,4+ iTi 


20 2—L—&JL 

29, v x+1 4 x+1 


31 


8 , + S ±!-8 + ?°^ 18 


4x+3 


2r + 3 


32 

34 

35 


Or+2 3x— 2 4x+36 
c-3 x+3 ** r* — 9 * 

25-£x 1 Gx + 4J r . 23 
x+1 3x+2 x+1 

G — 5x 7 — 2x 5 t l+3x 2x— 2 1 1 

15 14(x-l)“ 21 b + 105 


33 £~. 


4x 2 1 6^12 


~&-S) 


4x-17 3!?-22x 
3B - q 3j 


If —4 

33 V- 4 -^— 


8- 


x+4 


+2. 


37 


132x+l . 8x+ r > 

=r»2 
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Solve the following equations 
3r 81* s — 9 

rT 


40 4-- 


41 


42 


43 


0 3 2*2-1 57-3* 

=3*— - 


(3<--lJ(*+3) 2 * + 3 2 


*-*-6 *+10 2* 9 + 10* +49 
*+3 **+5c + 6 * 


3 -‘-2* 5+2* 
1+2* 7 + 2* 
1 . 2 


= 1 - 


4*°— 2 


7 + l6*+4r 3 
3 6 


*-10 *+15 *-I0 *-5 

44. _ (g+o)(*+rf) 

r+a+b *+c+d 46 

fj+«_/ 2*+«+c \2 

*+5 W+ft+c/ 

2* — 3 3r-l 
3 4 3 *2+2 

2 *-l 2 3*— 2 


46 


48 


47 


1 


a+J 


l+«* 1 — 6* l+a6* 
( c ~ a . 3 _ *-2a+6 
\x-bl ~ *-26+a 


49 


' *-"& -g-« ^ j(«— 6) 
*-a *-6 *-(a+6) 


50 


6 


51 


*+6'« *— 3« * + 2u *+b‘ 

«-«*( 1 -l) a=a(o+ ^ 1+ l)+ aS (i_I)_ fl 

52 -i44L4.1zg. & h J -5c 

J6+5 c 5c+a a+36~ d 

[Observe that 3 = 1 + 1 + 1 See Ex. 5 ] 


53 


i ^ w ( 5 *— e 

f+4+2^ + M^r+lfz, + £+T+ 2c + 3 = 0 tSeeEx5] 


t—b 


that™ wW'i> a ^ 10na ^ -An IrratioiiAl Equatio> is 

,n hlch one OT more terms are surds involving the variable 

tJ J?l pnnC1 ? Ie followed in solving such equations, is to reduce 

SSLVo ESELft" Thls ls done b y V 2 

SfSas‘& g repeatedtiFl 

° f these 7 ^tions are not ample 

beof’ f ;^ b ' n i' du fl Ced ^° V^onalform, the> wilt often be seel to 

that some^oF 1" t^ 6 ^ aV j bere £ iven a few examples to shew 

mat some of them can be solved as simple equations 



JIAPDEP EQUATIONS 


327 


Ex 1 Sol7e »/*- 2=3. 

Hero wo get nd of the radical by simply squaring , 
*-2=9, or *=11 

i 

Ex 2 Solve *jy3*+o=5 
Raise to the m th power, thus 
3*+<i=6« 

* *=^l”'-«) 

Ex 3 Rohe Vo a - s'mx+b*=c 
Square , thus a*— N /jn*+6 4 =e s 
transpose , thus s r mx + b* ~a Q c 1 , 

square again, «i*+& 4 =(a*— c s ) s , 

Ex 4 Solve £/*+l r >= 2 ^/* , 4-75*— 135. 

\ J 

1\ o hnVo (*+15) n =(* a +75*-135p , 

ru-e to 2 h«< power , thus 

i _t 

{(*+15)"} Sn ={(* 9 +75*— 135) sn } s, S 
, (*+15) 9 =* s +75*-133, 

w lienee t=8 

Ex 6 Sol.e Jl+x- Jx=l 
I3v 1 ramp , J 7 + * = 1 + N /x, 

squaring, 7+*=l + 2 N /*+x, ' 

2 <s / r=G, or*=9 

a 

Ex 6 Solve l + */l+*- A ^l+*+ ^/T^*=0 

'transpose, thus Vl+*+ N /T-* = l+ ,/1+x, 
square, 1 + v+ N /f^*=l + l+jr+2s/i+* 3 

or N /T^r=l + 2 N /l+*, 

square ag tin, 1 - * = 1 + 4(1 +*) + 4 s f 1+*, 

or -4 n '1+7=5*+4, 

16(1 +*) = 25* 3 + 40* +16, 
25*3= -24*, 

25* = — 24, or * = - f ~ 


divide by x , 
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/ 

Ex 7 Solve Jx+ s fx-a<= - =_= . 

*Jx-a 

Multiply by Jx-«i thus 

V e-— ax+x— fl=a, 

Jx i -ax=2a-x, 
x- — ax = 4a s — 4a v + x% 

3«t=4a s , or x=~* 

u 


Examples CXL 
Q olve the following equations 
1 k /5x^T—7 2 J3 

3 f j30+2x = 5- J2x 4 VZ. 

5 v i/3+ k >x— 2 6 T 'Js 


7 v*+ 12 , r . 

7 2 + 4 _1 

9 ^5 x /^+2= n /5j+2. 

11 Jx- ~= j \ - 9 
13 rtV*+«i=y:e+m 


2 J3v-a= k /2x 

4 3/3x+7-l=3 

6 T V8*-l= w v^h» 

2|/7?=6 3 25 
3 + 4~12 

10. x / a:+9 = l+ v /z 
12 fj -*=*Ja+x 

14 ^x+J3+Z=- B= 

JZ+x 


15 m Ja-X'= im Jiu*-6av+x* 10 ,/*_ V*+ N /T^T=1 

17 J^+gg-^+SS , D 


N /a:+4 s /a:+6 


18 \/l+a?+ VI — x=4^/l— 


19 V4a+»+ n /»=2^/1+j 20 — l+ '^ r ’~ 8 

» T“ . A * ft 


01 4*-9 „ , 2 ^*+20 

21 2 N /'c-3“ 3+ 5 

00 a#-js Jax-J) 

23 7S+i"~ — c 

25 Jx+Tjx- js-Jx-2 ( J. 


V 6# +3 2 

22 -^l-=4+^£±l 

\/3«- 1 2 

24 V#— Va— slax+x i!x s/ a 


2 V jr+^a; 
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Solve tlie following equations 


28 

27 

29 


f a+x f a-x lx 

^ \' x ~~ \r b 

- “/a+x+- ’Ija + l =~'ijx 28 


1.1 /l. ;£, 9 

i + a" V a'"*" V «***»*• 


Ja~ Ja-x 
Ja+ s la-x 


236 Examples of Irrational Equations m the form of the sum 
■or difference of two cube roots 

Ex Solve ^/4+5+s/4-a;=2 
Cube "both sides, thus 

4+a?+4— x+3 HJ16 — * s (|/4+a?+!|/4— #)t=8, 

8 +3^16 -a? 2 * 2 =8, ' X/i+x+y^-x^, 
yik— x-—0, 

or 1 G-:e*= 0, whence x—4 


Examples CXL (Continued) 

Solve the following equations 

30 V76+J+3/76^=S 31 s Ja+7T t+'Ja- s /x=*Jb 

32 \/x+u~Vx-u<=c 33 ty5x + 158 - ZJbx^TbS « 4 

' ! -V£i Exponential Equations Let a x ~o be an equation m 
which the variable x ' occurs as an exponent The student at once 
sees that these equations are quite different m nature from those 
which we have treated m the previous articles Of the constants 
i« and c, the former is called the base of x , and m solving these 
equations, the principle which we have to follow is to reduce a given 
equation to such a form that the two sides mag have the tame base 

Ex 1 Solve a x =~ Here— , =« s , «*= a\ whence x =3 

a~- a~ z 

Solve 2x4*=8 x ~ 1 

2x4*= 2(2 2 )* = 2 2 s * = 2 f * +1 , 

8* -1 = (2 s ) 1 " 1 = 2 s ** 3 , , 

2 2 * +1 = 2 Sz ‘ 8 , or 2^+l =3*— 3, whence x—4 


Ex 2 

Here 

and 
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Examples CXLI 
Solve tlio following equations 

1 ot« + 1 =1. 2 gg-* 3 

4 2 , ' 6 fl*' 8 =4 6 

6 *5 1 -'(25) 3 «3 1 * it 9 s 7 

fc 0-4 — 1 

8 <?(c x+i - e 4 ’ a! )=- — ; 4 - 9 

10 11 

« 

f 

■*238 Definitions The word expression has been defined before 
[Art 0 ] 

An integral expression is one in which no letter appears m 
the denominator of anv term, or has a negative index Thus 
x 3 +-bax+ 2 1> is an integral expression, but not so is 

ar s +i+o or x 3 +ax~ 1 +c 

x 

A rational expression is one in which the lottery are free 
from radicals or fractional indices Thus ax 3 —2abx 3 +c is a rational 

expression, but not so is ax i —2ajbx+yc 
An integral function of as h one m which v occuia in a form 

SC G 

having onh positive integral index , thns«* a + T +- is an integral 

b a 

function of a, but not of 6 or d 

A rational function of x is one m which x occurs m a form 
free from radicals or fractional indice-, thus ax 3 +bx 3 +cx+d is 
a rational function of x, but not so is ax + b ,/*+<;, where the second 
term is irrational 


er-er 

(jBx-Sm — JSi-Jm 
gn+2* fl 2x-3 = ga+K)/^ 

l+4*=2* +1 +9 

a to m ={(a i ') m } :r 


Reriark It is to be noted that these definitions refer ontv to the symbol 
of tefoence as x in th<- above examples, and therefore any one or 
more of the coefficients a, b, c, &c , may be surd or f actional , thus 


X* 

px" + — + i+j* 1 is a rational and integral fraction of t, though some 

of the coefficients are surds and fractions 


If two functions of a letter are equal to one another for some 
particular value or values of that letter, the equality is termed an 
equation [See Art 83.] 
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* 

■*83.) It is clear from the last article that we cannot ascertain 
the degree of an equation unless it is in a rational and integral form^ 
Eor though the equations 

-+c=0, 2 J*+3=0, i+*=0 s *4-2 J*4-l=0, 

X X 

appear to be of the first degree, some of them are m reality not of 
that degree Hence to ascertain the degree of an equation, we must 
see whether it is m a rational and integral form as far as the variable- 
is concerned If any proposed equation is not m a rational and 
integral foim, we must reduce it to that form and then ascertain its 
degree. ’ 

To rcduoG an equation to an integral form , we multiply by the 
denominator , thus *4 — =3 becomes * 2 4-2=3x, or x 1 — 3*4-2=0, 

X 

when put in an integral form 

To reduce an equation to a rattonal form , we transpose and raise 
to the power denoted by the index of the radical thus ax+bjx+c—t) 
becomes (a*4-e) 2 =6 2 *, ' or a 2 * 2 4- (2ac — 5 2 )* 4- e? = 0, when put in a 
lational form 

Hence we have the following 

Definition If after reducing an eqnation (if not already so 
reduced) to a rational and integral form with respect to the van- 
able, it is found that the term of the highest degree m the vanable is 
of onr, tir 0 , three, four or n dimensions, it is said to be respectively 
of the fret, second, third, fourth or n lh degree 

An Equation of the first degtee is common]) called a simple or 
linear equation , and an equation of the second degree is called 
a quadratic eqnation Thus # 


ax 4-6=0, «*/*4-5=0, -4-6=0, 

X 


.nc '■imph or linear equations, for when reduced to rational and 
integral forms, the last two become 


similar] > 


h 3 *— i 2 =0, and bx+a=0 , 


ax‘ 3 +bx+e=0, a*4-^4-c=0, «*4- x /*4-5=0, 


ire quadratic equations, for the last two may be reduced to the 
forms 


a* 2 4- cx 4-5=0, and « 2 * 2 4-(2'<5-l)*4-5 2 =0 , 


' and so oil 
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Examples CXLII 


Determine tlie degree of the equations , 

l x -l=a 2 x’ 1 -x i =c. 3 3 x+jx=<tj* & 

x , 


■+HQ General Form. A simple equation m one variable can 
be reduced to the general form ax+b = 0 
For when the equation has been reduced to a rational and 
integral form [Art. 239], the terms involving * may be collected 
together, when we nnj bracket the coefficients of ^ thus finding 
the a , nnd the constant terms being bracketed together, we find 


theft Thus - + 6--=*d becomes a + bx~c=^dc when we multipl) 

X X 

In x , then by transposition, it assumes the form (b—d)v-t-(a—c)=0, 
hence here ft— d is the «, and « — c is the 6 


Examples CXLIII 

Reduce the following equations to the general form 
1 5*-^#+3+==0 2 «x+b-cx*=d 3 


Sx-i*+3+|-° 


i+l+l-l 

x 2 x 


x— ■ 


ax—lfl 


U h —i= o 

COO 


0 1- 


x—2 v+2 

-6' == ~r* 


*341 Solution of Simple Equations We have seen [Ait 
240] that every simple equation m one variable can be reduced to the 

ft 

form «jc+ft=0 Thus the solution is x= — - 

We shall examine this solution when a or ft, or both a and ft, have 
the special value 0 

(i) When «4-0 but 6=0, then x= — -=-=0 

U (I 


Thus ichcn b=0, the value ofx is 0 

(li) When «=0 and ft=0, the equation takes the form 0r=0, and 
any value of x will evidently satisfy it 

Thus ir hen a=»0 and b=0, x map have any value 
(in) When «=0 and ft±0 


Let n be ver^ small, sa> j ^ , then x= ~~— ~ 10*6 =■ — 100000000ft, 
a ver} large quantity By taking a smaller than the value of x 
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\ 

4 


•will be seen to be still greater than — 10 3 Z> Hence as a diminishes, 
x continually increases m absolute vali'ie , and at last when « is equal 
to 0, x has an infinitely great value 

Thus when a=0, and b=f=0, the value ofx is infinite 


*•2455. 

more 


Theorem 


A simple equation has only 


i 

one root and no 


If possible, let the equation ax +6=0 have two different roots, viz , 
a and ft Now since « and p are its roots, they will severally satisfy 
it [Art 85] therefore 

, <ia + Z>=0 (l), 

afi+h—O (u) 

Subtract (n) from (i), thus a{a — p) — 0 Now either o= 0, or 
a — /i=0 If a =0, the given equation reduce* to 6=0, which cannot 
be satisfied by any finite value of x [Art 241] , therefore a is not =0 

Therefore a — p-0 or a=p,ie, a and ft are not two different 
quantities but one and the same quantity 


Equations in two or more variables 

243 Literal Equations The method of solution is the same 
as that for "equations having numerical coefficients [see Art 96], 
and will be illustrated by the following examples 

i* 

0 

Ex 1. Solve ax+y=a 3 +b ... . , (i), 

‘ x-by=a-b- (n) 

Multiply (l) by b , thus 

abx+b!/=*a s b + b 3 
And from (u) x-by=a-b q 

by addition, (ab+l)x=a*b+a=a(ab+ 1), 

x=a .. . (m) 

Prom (l) and (m), y=a-+b-crx-a i +b-a !3 =b 

Ex 2 Solve ax+by=c , (i), 

a'x+b'y=c' . . (a) 

Multiply (i) by V , thus 

ab'x+bb'y=b'c . . .. (ui) 

Multiply (n) by b , thus * 

‘ a'bx+bb’y=be' . (iv) 

/ 
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Subtract (iv) from Cm) , thus 

(ah' — a'b)x = b'c — bo ’ , 
, b'c-bd 

^ hence x= W^Tb 


Substitute m (1 ) , thus ' 

, a(b'c-bo') Ufi'a-ca,') 

bj/=e-av=c r; — *= —-r, r~ 

J ah’—ab ah— ah 


_ o' a — eg' 

y~ab'-a'b 


Examples CXLIV 

Solve the equations 

1 x+y-a, 2 x+ay-b t 3 bx+ay*=\ 

x—y—b ax — by=c ax— by— a 

4 ax+bg—c, 5 ax+by+c= 0, 0 (a+b)x+(rt -h)y=m 

mx—ny=d a’x+h'y+e '- 0 (a-b)x~(n + b),/^n 

7 a(x+y)+b(x-y)=a 2 -ab+b s , 

<i(*+g)-b(.x-g)=a 3 +ab+b 3 
[Put*-y=>M, *+y=i>] 

5 a(af-5r)-&(^+y)=c(a-y)-ci:(T+y) = 2. 


9 

x-y x+y 
a + b ~ c ’ 
x—y x+y 

10 

a*+Z#=l = 

bx- 

& o 


b a 





11 

a V — Z> 

12 


13 

« J 




H- 


±4.^_ 2 

3« G&'~3 

14 

a; »/ 

0 0 ’ 

15 

f+!- s . 

18 

# »/ 
7rrr m ' 


b+ a — 0<1 





vy~bxy 


ax-by^a 3 - 

5 s 

x . y 

Sa-” 
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"Solve the equations 

17 

j 3 

„ + ®!±2*U 3 o(,„ +I1 ) 


a + 5 1 7 

?+2- 1+ ? 
0 o « 


19 =5"i, 20 ~+-^-=l, 2L TX7+rT7=2, 

« £-« 5 6+c o+c o+c o+c 

g , -_. ?m 2x_ _|y 1 ,1 ag-tjr _ 1 

6 a— b 6+c a+c a b (a— 6)e 


22 (a 2 - i 2 )* -(a--ab+ c*)y =a(a-2b) -^jr, 


g y = Z« 
r«6 o*— 6 s 


Ex 3 Solve— +-=a (l), 

* ^ 

n m , , _ 

i y w 

Here we proceed-as m Art 101, Ex. 2, by finding the rmprocah 

•of the variables. 

Substitute « for - and t for - , thus we have 
g y 

mu+nv—a (m), 

nu+mv—l . . (iv) 

Then proceed as in Ex. 2 to find u and z, and therefore x 3nd y 

777- _ tji 2 miS m3 

Thus it will be found that x~- =, y— — =- . 

mo — no mo~7ia 

Another method of solving this equation 
Add together (m) and (iv) j thus 
(m + 7i)u + (, m+- n)i = a + 6 

, o+6 , . 

OT ” +,,= S+5 ' « 


ifultiplj (v) by 7i, and subtract from (lit) ; thus 

. ' 71 ( 0 + 6 ) ma—nb 

(rii-n)u=((- — , 

i ‘ m+n »n.4-7i * 


m+7i m+7i 

_ ma—nb 

U 
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Similar ly, or by substituting v in (in) or (iv), we can find v. 

A third method of solving this equation 

Multiply (in) by i and (iv) by a, and subtract , thus 

(mb~na)u+(nb-ma)v—O t 4 

t e , (mb -na)u— ( ma — nb)v , 

v> v , 

j 5=1 — 7 . suppose 

ma—nb mb-na 


Tims u=l(ma—nb) 3 x—l(mb-na) 

Hence from (in) and (vi), we have 

Lm(ma - nb)+ln(mb - m)=b , 

whence l——s - — ; 

m-— ir 


from (n), 


ma — nb 
U=a m?—n 9 


mb—na 

m?-n- 


(vi) 


Examples CXLIV (Conhnvcd) 
Solve the equations 


23 

41-1, 

x y a’ 

24. 

a 1 

* y 1 


1_ Z = 1 
x y = & 


l , & 

-+-=71 

« y 

26 

A + f,„ +i , 

ax b 

27 

o 5 

l+y~'aZ 


25 


»>28 


— f-6v=a s +& 2 
a? 


29 axy=c(bx+ay), 30 
bxy=c(ax-by) 


c d_ 

d-x~~c+y 

b.a+c 

— f-- — — in, 31 
x y * 

n-c & 


a b 
-+~=m, 
x y 

c . 

— I — >==71 

* V 

m ii 
— -=a, 
x y 


px=qy 


a—b a+b 
x + ~y 
a+b a 


—2 


a 2 + 6s 
a J -6 2 " 
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■When as m this example one of the equations [here (n)] is such 
that x alone occurs on one side and y t done on the other, the equa- 
tions are better solved as below 

Let , 

P~9 P+9 

thus z-1ip-q)-Trpg-, y=J[p +q)~p^q ... (m) 

Substitute for x and y m ( 1 ) , thus 

Hp-q)+pg* llp-rjD-jflq „ 0 

g " + p P + 2 > 

or ?P'<P~ ff)+pV+ ^ V + 9)-pY =pq(p- +2 9 ), 

whence r J-—P9 

from (m), z=pq'p - a) +pq- =p n q, 

y=pq[p+q)-p'q=pq i 


Examples CXLIV (Continued ) 


Solve the equations 



x -j *-r^=»«+6. 

1 rr c 


x+n 1 /- 4 - 2 & 
2't+b~ ci+b ’ 
bx^-ay=a s +b i 


35 


«Ti + S-°- 30 


x—mn mn — if 


m 


n 


37 


mv+vy*=m m +iT 


x— a a —b 

y-u~«+b’ 
v a 2 — b 2 
y~a z +b i 


844 The following are examples of litefal equations involving 
more than two variables. 

Ex Solve y+z=a. . . . (i), 

z+x=b (is), 

x+y=c . (in) 

Add the three equations together and from the sum subtract each 
in turn , thus 

(6+e-o), y-^c+a-b), z-i/a+b-c) , 

Othennw — Subtract (i) from (n) and then add (in) , thm- 
x=#b+c-a) 

Similar]} y=i{c+a-b), 

f ~y^ J rb~c) 


22 
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Solve tlie equations 
1 y+z=b+c-a, 
z+x=c+a-b, 

v+y=a+jb-o 

* 

4 x+y+z=a+b+c t 
?+a=*y+b=z+c 


Examples CXLV 

2 v+2y=a, 

2x+4s=3a, 
4y+5z=>5a 

5 y+z-v=a, 

-+ *—y—b, 


5 x+y+2z—Za, 
2x-y+z—6b, 
3x+2y-z—Ga 

6 bz+oy=a, 
az+cx—b, 
ay+bx—c 


v-t-y—z=c 


a b be c a 

— l--=in, — 1 — =7i, --f — = 

x y i y z z x 


8 cx+ay^a-c, ^^-jf~=cx+ay+bz==0 

4 

9 a(y+z)=lyz , b(z+v)=mzx, c(x+y)-=nxy 

10 vyz=a(zv+ xy -yz) =b(xy+yz-zv)= c(yz+zx - xy ) 


Various Methods of Solution 
•^245 Theorem If 

av+by+cz=z 0 
a'v+b'y+o'z=0 
x _ y z 

* ien to' — 5'c ~ ca' —c'a~ab'—a'b 

Multiply (1) hy c' and (2) by c and subtract , thus 
(< oo ' - a'c)x +(bo'— Ve)y = 0, 

transpose, thus (J)c'—b'c)y= *-(ac'-a'c);e=(a'< J-ao')*, 
te, (ca'-ca)x=(bo'~ b'c)y, 

x y 

0T bo'— b'c oa'—o'a 

Again, multiply (1) by a ' and (2) by a, and subtract , thus 

V _ z 
ca'—c'a ab'—a'b 
Therefore from (4) and (6), 

_ V z 


( 1 ). 

( 2 ), 

0) 


(4) 

(5) 


x 


I «, 
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Another proof by the Method of Indeterminate 
Multipliers 

Divide ( 1 ) and ( 2 ) bj thus 

o*+l?+ c= 0 , a'*+b'*+c , = 0 , 


or putting 
we have 


*=u and^=i>j 


(i)> 

(u) 


nti+bi +C =0, 
ti'u+l' i + c'= 0 , 

Multiply (i) bj X, and add the product to (it) , thus 
(Xu 4- a')u + (Xb + b‘)v + (Xc + c') *#>0 

Now since X is an arbitrary multiplier, we may so choose its value 
that the co-efficient of v maj vanish , that is, we put 

X&+6'~0, orX = -~ 

and therefore (m) reduces to 

(X/i + a')u + (Xc + c') = 0, 

Xr+c' 


(ill) 


(iv), 


whence 


u— — 


from (iv), 


«*= — 


X'»+a ’ 
h' , 

b C+G bo’-b'c 


b' , "ab'-H'b 
-i-a+o' 
b 

And by putting Xrt+«'= 0 , we get as above 
Xc+c* ca' — c'a 
V Xb+b'^ub' —a'b 

Now replacing u and v by their values, we have 
x_bo' — b'c y cu’—c’a 
~s~ab' —n'W 
* _ y _ c 

hc?—b'c ca'—c'(t ab'—a'b 
This Besulb is called the Formula of Cross Multiplication 

Remark. The following device will help the student in remcmbciing 
the relation ( 3 ) —It w ill be seen that 

x has for denominator a combination of coefficients oiy and e, 


or 
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we have said in the second line c and x, and not of x 
and i, for in forming the denominators out of the co 
efficients of x, y and s, these vie , x, y and a are to 
be taken as following one another in cyclic order, t e , 
x being followed by y, y by z, s by *, etc , as shewn 
m the annexed diagram [See Art 146 ] 

The combination is formed thus — 




For x— Begin at b under y m the second column, proceed diagonally 
from left to light to c imdei 2, in the second row, and take the product btf r 
then go from d to b', i e , go m a direction from right to left , and let this 
be a hint of affecting the next product with the sign - , to obtain this 
product, proceed from b' to e, again diagonally from left to right md take 
uie product b'c and put the negative sign, as we hare said, before it 
Similar!) for y and r 


Ex L Solve 2#+3y+ 9 «0, 

^+6y+ 13 =0 
We have 2a?+3^+91 =0, 

4r+5y+131=0, 

- -* y__ _ l 

3x13-5x9 9x4-13x2 2x5-4x3’ 

JL=JL L 

-6 10 - 2 ’ 


whence 



—5 


Ex 2 Solve ax+by+cxzQ, 

«'*+ty+ c'=0 [Ex 5, p 334] 
Since c=c 1 and c'=c' 1 9 we have here s==l, 


whence 


__ y l 

bc'-Vc ca'-c'a^aV-a'V 

.ca’-c'a 
ab'-a'b’ ,y ^^5 


two°varlahieS ^n a be P eafiily^olved^y the Formula of Cross NMfi 1 ? voI . v * ns 
Try b) this method some of [he eqt.aUoV. pS before. 
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Ex 3 Solve 

3x+ y — 5s=0 

(<*), 


7r-3 y— 9s=0 

(b), 


5x-3y+13--=12~ 

tc) 


From (a) and ( b ), -we get 

• V = - 

l(_q)_(_ 3 ;(_*); -Bx7-(-9)x3 3(-3)-7Xl* 

r ♦/ r 

° r -24“ -8 -16’ 

3 , l~'J=i= L ®.'i 

.* z=>%l, y — l) :=%L (d), 

Substitute these values in (c), thus 

15/-3l+2Gl=125, 

whence 

from (d), x=l >#=£>=*=£ 

Ex 4 Solvo x+y+r»fl+&+e (a), 

fiT+5y+c;«=?»<!+co+a6 (b), 

(b— c)x+(e— «Jy+(a— b)z*=0 (c) 


We cannot applj the theoiem here, unless two of the proposed 
equations are reduced to tho forms (1) and (2) 

From (6), (ax— cn)+(by— ab)+(cz— &c)=0, 

or a(x— c)+b(y-a)+c(z— Z>)=0 (d) , 

and froth («), (x-c)+(y-a)+(s- b)—0 (<.) , 

from (d) and ( 0 ), we have 


or 


x— c y-« 

/>xl-lxc“cxl-ly« 

x— c y-« s— 6 

- — «= — . 

b—c c—a a—b 


z-b 

nx 1- 1 x&* 
I suppose. 


whence v=c+i(6~c), y=rt+f,(c-o), r=6+i(«-&) (/) 


Substitute these values in (c) , thus 
(&-c){tf+£( 5 -e)}+(e-rt){rt+/.(c-a)} +(«-£){&+'/[(«- &)}«=(), 
or i{(6— e) 2 +(c— a) 5 +(a — &) 2 } =« 2 +& 2 +c 2 — bo— ca— ah, 

■whence X = i, 

from ( f ), x = + c), y = J(c + o), r*l(o + 6) 
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Examples CXLVT 


Solve the equations 
1 4v+3 y+2s=0, 

3r+6y+4£=0 } 

2*+ f/+3:=54 

3 $v— gy+ijS=0> 

3 y _s r _.o 2=0j 

A*-Asr+V*+itt-o 

5 x+y+z+(J>-c){c-a)(a-b)— 0, 

rta?+6y+C2=0, a a ^+&^+c s 2=0 


2 3a? +4^-162=0, 

5«-8y + 10s=0, 

2*+6y+ 7s=62 

4 *4-y+2=sO, 

(&+c)a?+(e+a)y+(«+&)s=0» 
bcv+cay+abz=* 1 


6 a?+y+c=0, 

&cr+ cay+abz + (6 2 - c 2 )(e 9 - fl s )(« 9 - & 2 )— 0 

7 v+y+s=a*+&y+c2=0 J 


8 tf+y+s— a+6+e, Jjf4-cy+fl2=ca;+ay+6s=ci 3 +& 2 +c 2 

9 cv+oy+62=5t+cy+as=0, , 

ax+by+cz^(b- e) 2 + (c - «) 2 + (a - b)- 

10 x+y+z—a+b+c, ax+by+cz=a s +b 3 +c 3 , -+^+-=3, 

’ a b c 

11 av-t-cy+bz*=cx+by+az=bx+ay+cz=a 3 +b 3 +c s -3abc 

12 (b-c)v+(c-a)y+(a-b)z= 0, , 

«(6 2 - c 2 )* + b(o s -a 3 )y+ c(a J - b 3 )z = 0, 

«(i - c)y + b(o -a)g+c(a — b)z—(b- c)(c - «)(« - 6) 

13 r«+6y+C2=0, -+f+~=0, =0 

« o c * b-G c-aa-b 


tm? 40 *. application of Cross Multiplication 

Ihe method of bolntion will be illustrated by the following examples 

Ex 1 Solve v+2 y+ 32=14 (1^ 

3*+4y+12*=47 _ (2)* 

2s+7y+ 5:=31 (3)’ 

Eliminate 2 ? between (1) and (2), i g , multiply (l) by 3 and subtract (2) , 

tlm3 2y-3z=-5, or 2y-3s+5=0 (4) 
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Again, eliminate x between (1) and (3), % e >' multiply (1) by 2, and 
subtract from (3) , thus 

3y— z=3, or 3y-z-3=0 (5) 

Hence from (4) and (6) by Cross Multiplication 

y g _ 1 

(-3)(-3)-(-l)x5~5x3-(-3)x2 2(-l)-3(-3)’ 
y z 1 

° r ' i4“2l~7’ 


whence i y=-\&=2, and z = = 3 

Substitute y and z m (1), thus 

*4-2x2+3x3=14, whence *=1 


Ex 2 Solve 2x+3y+6z=l 

■IBB t BSBs(l), 

5*+2 y— z — 3 . 

(2), 

3*- y— 5z=4 i 

.... (3) 

Multiply (1) by 3, and subtract (2) , thus 

*+7y+192=0 

B B • B (4) 

Multiply (1) by 4, and subtract (3) , thus 

5x+13y+29z=0 

# •••••• i (5) 


Hence from (5; and (4) by Cross Multiplication 
x y z 

247 - 203 “29-95“35 — 13’ 


CC V 

or -=-^=r=I suppose , 

2 “O 

thus | * ~™ 2l, y sa - *~3l>, 2 ” Ju ii ■ bb • (6) 

Substitute m (1) , thus 

4X — 91 + 6^=1 , 

whence L—\ 


from (6), *=2, y= -3, z=l 

These examples are sufficient to shew that we may apply the 
Formula of Cross Multiplication to solve three linear equations of 
the form 


«i*+& 1 y+c 1 s=d], a 2 x+l) s y+e a z=di, a 3 x+b 3 y+c s z=d, ) 

(l) bj eliminating any one of the variables x, y and z as in Ex 1 , 
or (2) by eliminating all the constants d lt d 3 and d 3 as m Ex 2 


^247 Method of Indeterminate Multipliers In Art 
100, we have pointed out the advantage of this method We shall 
further illustrate it by solving equations involving three variables 
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Ex. 1 Solve x+2y+ 3s=14 (1), 

3.r+4y+12s=47 ...(2), [■ [Art 246, Ex. 1 ] 
3,£+7y+ 5-=31 (3) J 

Multiply (1) by X and (2) by /», and add to (3) , thus 
(X+3/i+2)*+(2X+4/«+7}y+(3X+]2/t+6) 

=14X+ 47/1+31 ... (4) 


To find x, let such values be given to X and // as "Will cause y and 
to disappeai from (4), ■which is done by putting 

2X+ 4u+7=0 \ 

=0 J 


and 3X +12/i+5= 

Thus (4) reduces to 

(X+3/i+2)«=14X+47/t+31 , 
14X+47/1+31 


( 5 ) 


whence 


8 —- 


X+3/1+2 


( 6 ) 


Thus x is found m terms of X and /t whose values can be deter- 
mined hom (6) By Art 245, we have 

X _ /i 1 

4x5-12x7 7x3 — 5x2 2x12-3x4’ 

whence X=-^, an< ^ Jlt== Tl 

Substitute X aud a m (6) , thus 


„_. 14(— g§)+47x j-j+31 , 
-It +3x^+2 


Similarly by pnttmg the coefficients of z and x equal to 0 } we get y, 
and by putting the coefficients of x and y equal to 0, we get s. 

/ 

Ex 2 Given at +by +cz =m (1), 

a 2 x + b 2 y + c~z = m? . ( 2 ), 

, a s x+a*y+c*z=m? - (3), 

to find x \ 

Multiply (1) by X and (2) by n, and add to (3) , thus 
n*(X + /ia +« a ) + by(X + /i6 + W) +cz(X+fic+ o a ) 

=m(X+/tm+m a ) (4) 

To find x t put 


and 


X+ it5+5®=01 
X+ftc +( ,! e=o/ 


• • |MIMM 


• • • 


( 5 ) 
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Thus from (4). rt(X + /tfl +( , S) 

Now from (5) by Art 245, 

X _ /i 1 

bcP—bb b 1 — c s o—b i 

whence X = bo and y=-(b+c) 

Therefore from (G), 

m{bo — (b+ c)m +m 3 l m(wi — 6)(wi — c) 

. . ...(G) 

* 

\ 

o(5u— (6+c)a+« 3 } a(a-iXa-c) 

Remark, From the symmetry of the equations 

m{m-e)[m -fll tn[m - a){m — b) 

6{6-c)[b-a)’ ~ c[c-a)(c—6) 

The student will however do well to findj' and s directly 


\ 

Ex 3 Solve <t l x+big+c 1 z=d l 

(1), 

(inx+b^y+CoZ—do 

(2), 

•*T,x+bjy+e z i*=d s 

Multiply (l) by X and (2) by /<, and add to (3) , thus 

(?) 


(\«!+ fta s + a s )x +(.\b L +ub a + b a )y +(Xc 1 +|tc 3 + c s )z 
s=\d L + fidi-t d a 


Now proceed as m Ex 1 To find x, put the coefhcients of y and 
z equal to 0 , to find y, put the coefficients of z and x equal to 0 , 
to find z, put the coefficients of x and y equal to 0 The student is 
'recommended to find the values of x, y and z 

x _ di(b a c a ~ b a Cy) + — l>ic,) 4- d^ b^p — b £ Cj) 

tijfhoCg— b t c «) + « 2 ( ^8 c i ~ ^i c s) + a z[b l c a + JjCji) 

Similar values for y and z 


Examples CXLVII 


Solve the equations 


G- 


V H 4-P+3 " 3 _ 5 


x 

* + 4 




=35 — 


[See Art 231 ] 
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Solve the equations 


3 4a;- 


ny-l 

17 -3a; 


= 20 - 


103 -8a; 
2 ’ 


8 ^ = 50 -i« 

5a;- 10 3 


[See Art 231 ] 


3 j+ 1 ,_ 4 ^ ? ) +3! — ^ ^ 

(a+7)(y-2)+3=2xy-(x+l)(y-l) 


«y+ 3 y= 2 o, 
Gy— 4=2xy 




ir-rrlH)-’ 


* _a?+y 

2+jr 2+y 2^ ’ 

x x-yjj 
y x x 


y~z 

x 


y-~ 

X 


3a;+5^+ 7z+ «=48, ' 
7a;+6 j y+ 5s+4« = 53, 
g+2,y+ 3z+4u=27, 
5a;+8y+10z-2«=65 


10 


11 

12 


19a;-3«=42-7y=7a;-3y=lls-7«=l 


2«+5a;=8, 
g+2y= 9, 
7s+ u=G, 
3^+4z=14 


14 


3*-4y=7, 

4y+ 11=12, 

3z—5v=4, 

5v-2x+5=0, 

7»+3w-4z=7 

x-ay+a s s=a 3 , 

x-by+tfz=b\ 

g-cy+c 3 2=c 3 


15 


13 9ar— 2z+ «=41, 

4,y — 3a;+2«=5, 
3y-4«+3v=7, 
7 y- 5 z- ^= 12 , 

7s— 5«=ll 

cx+(a-{-b)y+(a—b);=(/, 
a x+(b+c)y+(b-c)s=b, 
l>x+(c+a)y+( c -a):=c [4pj 



HAltDEK EQUATION 


347 


Solve the equations 

16 (b+c)x+by+c:={c+a)i/+c 2 +(tx=(u+l)z+ax+ty, 

gy : -(c+a-b)yz~(n+b-c):x-{b+c-a)xy 


„ « s +6 5 +e* 

-^(a+b+cf 


UPP] 


17 


18 


20 

23 


•tx+by+cz—Q, 

<tx + &°y + c ^+ ( b - c){c - «X« -b)~0, 
n'x+l'ij+c s z+{b-c)(c- «K«- b)(a + b+c)=0 

M-W‘:e+<fy+ii 8 5+« 4 ==0» 19 (&+<?Xy ■** =)='«(*+ J )> 

. t+bx+b*t/+b'z+b l ^O, (c+a)(z+x)=b(y + l), 

u + cx+c'ff + crz+c i = 0, (u + &)(x-f-y) = c(-+l) [Agp ] 

tt+ds + d-y + cfo^d 1 = 0 


3^=27, 

4 r 3»=32 


21 


2*4 '=32, 



22 **=y l , 

x~-y\ 


«*y 

«*" x n‘ , - r+s =a i5 


24 3 sn +2’ =3 r », 

3 r + 2"* i *=41 


CHAPTER XXII 

HARDER PROBLEMS 

34S Problems Loading to Simple Equations m on© 
Variable In this Chapter we *>hall give a few examples of harder 
problems The student is here recommended to revise the problems 
m Chapters IX and X 

240 Problems relating to Digits As two or more vari- 
ables are required to bo found out in these problems, the} will in 
general lead to Simultaneous Equations [See Art 105 ] Some- 
times however b> virtue of the given relations between the digits, 
a problem ma> be solved b} an equation m one variable Of course 
it is to be carefull} borne m mind that even/ diqit in nick a problem 
hit* onbf an absolute talvc and never a local value 

Ex The digit m the tens’ place of a nnmbci of two digits 
is i of the digit m the units* place, and if the sum of the number 
md *5 bo divided b} the number formed b} inverting the digits, the 
quotient will be ^ , find the number 
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Let a:= digit m the tens’ place, 

then Zx— units' . , 

10a: + (3 v)= required number, 

10c+(3*)+5=sum of the number and 5, 
and 10(3v)+«= number formed by inverting the digits, 

lOg+Ctal+’S _1 
10(3 *)+ x I* 

13r+5 1 . 

or = 2 J wlience * =2 ’ 

. required number = 10 1 -h (3 !>) — 1 3® = 26 

Note Here the relation that the tens’ digit is % of the units’ digit 
enables us to solve the problem by means of an equation in one variable. 
It is however always easy to solve these problems by simultaneous equation^ 
thus — 


Let 


and 


and 


• •• • •••• 1 


(iv) ; 


v~ digit m the tens’ place, 
y— units* . , 

1 Ox +y— required number (j) f 

(10r+y)+5==sum of required number and 5 , M (n), 
1 Qy+ * = number formed by inverting the digit8..,(iii) 
By the first condition of the problem, we have 

or y=3v . 

and by the second condition, we have from fix) and (m) 

(10v+y)+5 1 

lOy+a: ~2 • • ( v ) 

Solving (iv) and (v), we get t=2, y=6 , 

required number =26 

Examples CXLVIII 

1 A number consists of two digits, that in the tens’ place bem* 
gieatei than the other by 3 , if 13 be added to the number, the sum 
is 65 Find the number ’ 

T j ie j 5U “ °, f *e two digits of a number is 14, and the quotient 
of the one divided by the 'other is $ , find the number 

* the dlglts of a number is 10, and if 36 be 

subtracted fiom the number the digits are leversed , what is the 
number ¥ 

digits of a number 10 be subtiacted 
« 4 -^ 1 ' e V5i. 2 ’ and number formed by reversing the digits 

is equal to 4 of the number, increased by 56 , what is the number ! 

I 
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5 The difference between the digits of a number is 2, and if 3 
times the units* digit, which is the greater of the two, be added to 
the number, the digits are inverted , find the number 

6 The tens’ digit of a number is twice tho other, and if 3 ' times 
the greater digit together with 12 be taken from the nurnboi, the 
remainder is the number which is formed by interchanging the 
digits what is tho number V 

7 A number consists of 3 digits of which the middle one is 0 
uid the sum S , the number formed bj interchanging the extreme 
digits is greater than the number itself D\ 193 what is the number ! 


230 Problems relating to Work, CistornB, &c If A 
performs a piece of work m 1 da\, it is clear that m odais he will 
perform a times a« much work , that is, the capacity of an agent 
•multiplied ly the time he i* employed on a woil , v> equal to the worl 
Hence if 


then 

And from 


0)» 


w=a unit or worl done m a unit of time, 
IJ’«= total work, done in t units of time , 
U'=irf 
W 


ir« 



w 


that is, capacity of agent = worl —time, 

•ind tuno^worl— capacity or agent 


( 1 ). 

( 2 ), 

( 3 ), 


Now suppose A and B, whose capacities for work arc w 1 and w„ 
(j ", the unite of irorl vlnch they rcrpcctivcly do in a unit of time), 
can together perform the work II' j required the time Here w is 
the sum of Wj and i*.., and from (3) 

inquired time=« ~ — 

?r i+ ?n 3 • 

Similar reasoning will applj to Problems on Cisterns 


Ex 1 A can do a piece of work in 5 hours and B m G hours 
in what time can tliei togethei do it 'l • ' 


Let 

and 

Now 


IP** whole work, 

J=ieqmred time, i c , number of hours, here 
one hour being the unit of time 
A does the whole work ll r m 5 hours, m 1 hour lie does 
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1th. of W,ie,~ Similarly in 1 hour, B doet Hence m 1 hr, 
ir IF 

A and B togcthei do g'+g" 


(Wr) 


ir, 


-+-=i 
5 + 6 ’ 


or dividing by Tl 7 , 
whence 

Ex 2 A cistern can be filled by 2 pipes in 5 and 6 hours respec 
tively, and emptied by a third in 10 hourt. , if all the three be opened 
simultaneously, when will the cistern be filled ? 

Let v= time required, m hours 

F F 

Now m 1 hour two of the pipes fill respectively — and jr, and the 

t) U 

jr 

third empties — , if V represents the cubical content of the cistern 

It is evident therefore that m one hour, the three pipes jointly fill 
F F V 
5 + 6 ~10 

\5 + 0 10/ 


Hence 

solving which 


|v«=F , 
x =32 lirs =3 hrs 45 min 


Examples CXLVIII ( Continued ) 

8 A man alone can reap a field m 10 days, and with the assist- 
ance of his son, m 6 days , how long mil it take the son alone to 
reap it ? 

9 A vessel can be filled by means of one tap m 3 hours and by 
means of another tap m 5 hours In what time will it be filled, if 
both taps run together l 

10 A can do a piece of work m 12 days, but when he has been 
at work for 4 days B is bent to help him, and they together finish 
it m 3 days , in how many days can B do the whole i 

11 A can do as much work in 6 hours as B can do m 8 hours, or 
at G can do m 10 hours , m what time will A and B together com 
plete a piece of work { of which has been done by C in 25 hours 1 

12 A man can drink a caBk of beer in 15 day s , after he has been 
drinking for five days, he is joined by Ins wife and they together 
finish it m C£ days more , how long could the cask last the wife 
alone ? 
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13 A rectangular bath can be filled by 3 spouts in 3, 4 and 5 
hours respectively , if 65 cubic feet of water be first thrown in and 
the 3 spouts be then opened together, the rest can be filled m 1 hour, 
find the volume of the bath. 

14 A leaky cistern is filled by 2 pipes m 15 and 20 hours respec- 
tively, if the leak be plugged , but if the leak as well as the pipes 
run together, the cistern can be filled in 12 hours , in what time can 
the leak empty the cistern when full, if the supply pipes be stopped V 

16. After A has done f ths of a piece of work in 15 hours, B joins 
him and the two together finish it m 8 hours , when could they 
separately do it ? 

16 Two pipes A and B together fill a tank in 20 hours , A runs 
alone for 4 hours, when B is opened and m 15 hours more fths of 
the tank is filled , m what time would each pipe have filled the tank 
separately ? 

17 A can do a piece of work in 15 days and B in 18 days , they 
work together for 3 days, when B leaves but A continues, and after 
3 days is joined by G, and they together finish it m 4 days , how 
long would it take G to do the piece of work alone V 

18 A, B and C together can fill a cistern m 4 minutes A alone 
•can fill it m 10 minutes, and B takes l£ times the time which G takes 
to fill it In what time can B and G separately fill the cistern 1 


251 Problems relating to Motion It is easy to see [see p 
106, For XIV] that A walking a miles per hour walks ab miles 
m b hours , that is, if d represent the distance passed over by a body 
m the time t at the rate of r per unit of time, then 

d=rt ( 1 ) 

hence distance— rate x time. f 

d 1 

From (1) r—~ ( 2 ) 


and 



(3), 


that is, rate-distance— time ; wad. time— distance— rate 


Again if A and B describe respectively the distances d, 
time t, t' at the rate,s r, r' , then 

d—rt and d'=r't', 

, d rt 

whence -/= rn 

d r V 


d' in the 


(4)‘ 


that is, the distances are proportional to the product of the rates inu 
the times. 
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If <Z=c?, from (4) p~,=l or ( S ) »■ 

that is, the distance being the same, the rates are inversely propor- 
tional to the times 

' I (6), 

that is, i/ifl being the same , t/ie distances are proportional to the 

times 

If t—t', from (4) |=^= r : (7), 

that is, the time being the same, the distances are ptoportional to the 
rates 

Remark In all algebraical problems relating to motion, molton ts aU 
-nays supposed to be uniform 

Ex 1 A messenger is sent to a town which is distant 80 miles . 
after passing the midway station, he doubles hiB speed , if the whole- 
time taken be 6 hours, what was his rate at first 1 

i' Ek a? =requrred rate m miles peT 'htrar, 


and 


40 

from (3), “—time taken to travel the first half, 
40 

g-=time taken to travel the second half. 


and these two times taken together =6 hours , therefore 

12+ 40 _ft 

* + £T 8 ’ 

whence *=10 

Thus the messenger at first travelled 10 miles per hour. 

Ex 2 Two persons motor from A to 2? m 2 hours and 1 hour 

on ® them travels 3 miles an hour faster than the othei. 
find the distance AB 

Let *— distance in miles from A to 2? 

X 

2 = rate of one man m miles per hr, 

* nd Tf” • other • • • 

second man is Zejs than that taken 
d} the first, his rate must be greater 

se v n , , 

, whence r=30 

Thus the distance A# =30 miles 



HARDER PPOBIiEJTS 


353 - 




33x 3 A tram, having to perform a journey of 300 miles, is 
obliged after going 60 miles to reduce its speed by one fifth, and 13 
thus 1 J hours late At -what rate n as it running at first 1 

Let . 2 = the original rate of the tram in miles per hr 

Now the late arrival of the tram is due to its performing the 
distance 300-60 or 240 miles at the reduced rate of f* miles per hr j 
that is, li hrs is the difference between the times the tram takes 
to run 240 miles at x and £x miles per hour 

240 240 ,, 


whence a? =40 

Thus the original rate of the tram was 40 miles per hour 


Ex 4. A train, 96 yards long, travels at the rate of 45 miles 
per hour It is seen to pass completely a station platform m 9 seconds 
.Find the length of the platform 

Let *=length of the platform, m jds 

The tram takes 9 sec to pass a distance equal to its lown length 
+the length of the platform 

Now the tram passes (96+*) yds at 45 miles, or 45 x 1760 yds per 
honr Thus the time taken 


96+* 

"45x1760 


96+*/ 
45 x 1760 


00 .f 

x 60 x 60 sec = — sec. 


But by the question, this time =9 sec , 


whence 


9B+* 

22 


9 


r=102 


Thus the length of the platform is 102 yds 


Ex 6 A man ndes one-third of the distance from A to 2? at 
the rate of a miles per hour and the remamdei at the rate of 25 miles 
per hour If he had travelled at a uniform rate of 3c miles per 
hour, he could have ndden from A to B and back again in the same 
time. Prove that 

H+ ,e89 J . 

Let 3*=distance, m miles from A to B , c 
then since he ndes * miles, at the rate of a miles, 2* miles at the- 

23 
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late of 2 6 miles, and 6* miles at the late of 3c miles per hour, we 
have 

x 1 

time in hours, taken to ride -zAB) 
a -■* 


2x x_ 

T7 0^ 7— • ••••• • 

26 b 
6x 2x_ 

and r— or ~~ ■ — •• •• ■ 

oc c 


3 

... \ab , 

. 2 AB, 


and the first two times are together equal to the last , therefore 


divide by x, thus 


2x xx 

?.l+i 

cab 


Examples OXLVUI (Continued.) 

10 Two cyclists start from the same place and reach a town m 
3 hrs 12 mm and 2 hrs 40 mm If one of them goes lj miles per 
hour quicker than the other, what is the distance of the town from 
the starting place ? 

20 A person walked to the top of a mountain at the uniform 

rate of 2$ miles au hour and down again by the same way at the 
rate of 3^ miles an hour, and he was 5 hours m going and returning 
How many miles did he walk ( , 

21 Two persons started at the same time from A , one lode on 
horseback at the rate of 7 & miles an hour and aruved at B 30 mm 
later than the other, who travelled the same distance by tram at the 
rate of 30 miles an hour Find the distance between A and B 

22 Walking atra uniform late a man can perform a journey in 
10 hrs , but when he is half-way he increases his speed by 2 miles 
an hour, and thus reaches his destination an hour and a quarter 
earlier Find the distance travelled and his original rate 

23 A and B start at the same time to go to a certain place , A, 
who walks miles au hour, takes ^ths of the time which B takes 
to reach the place , find the rate of B 

24 A man can walk a certain distance m 4 hours , if he were 
to reduce his rate by one-sixteenth, he could walk one mile less m 
that time , what is his rate i 

25 A person after walking the firot half of his journey, quickens 
his pace by one-fifth, and thus arrives at his destination 35 minutes 
■earlier , how long does he take to walk the whole distance 1 

20 A and B walk over the same ground, going out one way and 
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■coming home the other , they start at the same time in opposite 
directions, A walking 3f miles and JB 4 miles per hour A wants £ 
of a mile of being half-waj when he meets B Required the length, 
of the walk and the tune each was out 

27 A person walks to Baitsbite at the rate of 3 mile3 an hour, 
runs part of the waj hack at the rate of 8^ miles an hour, and walks 
the remainder in 1 hoar and 5 inmates , he is out 2 hours 44 
minutes , find the distance he ran and that to Baitsbite 

28 A student is allowed just 3 hour, and 20 minutes for exer- 
cise , how far can he walk at the rate of l£ miles an hour so as to 
come home m time, riding back the distance at the rate of 10* miles 
an hour / 

29. A railway tram after running for sometime meets with an 
accident after which it proceeds with 2^ s of former rate , had 
tip accident occurred 3(5 miles further on, it would have arrived at 
the terminus 25 minutes sooner. Required the rate of the tram 

SO A and B start to run to a flagstaff 450 \ards off 1 , and backs 
A returning meets B 30 >ards from the flagstaff, and arrives at the 
starting point half a minute before B How long did A take to run 
the whole distance i 1 

233. Problems on Relative Motion. When two bodies are 
moving (for instance two persons ore walking), it is clear that if their 
rates of moving be not the same, the interval between them will vary 
at the end of each unit of time. Thus in Ev 12 [p 114], the original 
-distance between P and Q is diminished bj (4+5) mile, every hour 
Hence if the original distance between two objects, which are moving 
towards each other {ue, in opposite directions) at the rate, of m and n 
miles an hour, be d miles, then 

d~(m+n)/i 

will represent the distance between them at the end of h hows and if 
che% meet after x hours, this distance vanishes , therefore 

cf-(m+n)s«=0 , 

t d 

whence s= m 

771 +71 v ' 

Thus when the motions of two bodies are m opposite direction *, the 
time of meeting ^distance-?- sum of the rates 

Again, if Rand Q start at the same time from A and 0 respectively 
to proceed towards B, and if the distance AO^dy then evidently d 
is diminished every hour by (m— «) miles , hence 

d—(m—n)h 

i will represent the distance botireen P and Q at the end of h /tiers , 
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•uid at the instant when P overtakes Q, this distance Will vanish 
Therefore if r represent the time of meeting of P and Q, 

d-(m-n)x—0, 
d 


or 


x—- 


m—\ 


- hours 


( 2 ) 


Thus, when the motions of two bodies are in the same direction, the 
time of meeting— distance — difference of the rates 

Ex 1 A Goods tram which runs 20 miles per hour, starts 6 hours 
before a Mail-tram which runs 28 miles per hour , when and at what 
distance from the station will the Goods-tram be overtaken ? 

Here d— 20x6—120 miles , therefore from (2), 
time of meeting hrs =15 hours , 

and required distance =(28 x 15) miles— 420 miles 

It is always well, however, to solve these pt oblcms fi om the principles 
explained above, thus 

Let A represent the station, B the position of the Goods-train at 
the end of 6 hours, and C the place where the Goods-tram i» 

overtaken 

A B 0 

Let £=time when the M will overtake the G , 
then 28ar= distance run by the M, m x hours = AC, 

20x~ . .. G. .. . =BC, 

and AB =20 x 6 = 120 mile 3 , , 

hence, since AC-AB+BC, we have 28x=120 + 20x, 
whence a =15 hours , 

and therefore required distance=28x 15=420 miles 

Otherwise —As before, let A represent the station and C 
place where the Goods-tram is overtaken 


the 


Thus 


and 


AC 
20 
AC 
28 = 


=time in hrs the G takes to run AC , 




But the G has a start of 6 hrs. , therefore the first time is greater 
than the second time by 6 hrs 


AC AC 
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Hence if r= distance m nnles "where the 6. is overtaken, then 
st— AC 


Thus 


x 

20 



Solving this we get t=420 , i e , the G is overtaken at a dibtance 
of 420 miles from the station. 

And tune taken hy the M to overtake G =(420—28) hrs =15 hrs. 


Ex 2 A railway tram 84 yd long, going at the rate of 48 miles 
per hour, meets and passes completely m 4 seconds another tram 
going-at the rate of Ali mile* pel hour What is the length of the 
latter { 


Let jr=the required length m yds 

In 1 hour the two trams together pass over (48+42) miles 
=90 miles 


To pass each other completely', they have to go a distance of 
(84+ yds Hence the time taken 


84+o? 

a— hr 

90x1760 


84+or 
90 X 1760 


x60 x 60 sec = 


84 -rX 
44 


sec. 


But by the question, they take 4 sec to pass each other 


84+0? 

_ 44~’ s 


whence a? =92, 


Thus the length of the second tram is 92 y ds 


Ex 3 AB is a railway 220 miles long , three trams (P, Q , R) 
travel upon it it the rates of 25, 20 nnd 30 miles per hour respec- 
tively , P and Q leave A at 7 A it and 815 am respectively, and 
R leaves B at 10 30 v M Whon and where will P be equidistant 
from Q and It 1 [ Cal , 1870 ] 

Let t=time after 11 leaves B, when P is equidistant from Q and 1L 

Let the figure represent the positions of the trams at the required 
time 

A B 

Q P 11 

Now to come to their respective positions, P takes (3^+o?) hours, 
Q takes (2j+x) hours, and R takes v hours , thus 

A0=(2J+t)x 20 miles, AP=(3i+r)x25 miles, and BR = 30j? 
miles, 

and therefoie AR=AB-BR—( 220-30r) miles 

And from the geometry of the figure, we have 2AP=AQ+AR , 
therefore 2(3*+a?)25=(2£+x)20+(220-30r) , -whence x=l± hours. 
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Hence P will be at itf> pi esent position 1J hours after R staifcs, re, 
at 12 o’clock, and at a place whose distance from A 
1 / =ylP=(3^+H) 25 miles =125 miles 

Examples GXLVIII ( Continued ) 

31 B has 13 hrs , start of A, but only travels at the rate of 3 mile3 
an hoiu, while J travels at the rate of 4J miles an hour , at what 
distance fiom the starting place does A overtake B ? 

32 A steamer tunning 14 miles an hour, descries another 21 miles 
off, going at the rate of 11 miles an hour , how many miles will the 
latter have mu before she is overtaken ? 

33 A and B set out at the same time from P and Q , after 
5 hours A meets B who walks 4 mtles an hour, .and reaches Q m 4 
more hours , find the rate of A and the distance between P and Q 

34 A person staits from Ely to walk to Cambridge, which is dis- 
tant 16 miles, at the rate of miles pel hour, at the same time that 
another person leaves Cambridge for Ely, walking at the rate of a 
mile in 18 minutes , find where they meet 

35 A is sent on an errand and travels at the rate of 5 miles an 
hour , 1 hour 24 minutes aftei, B is despatched to call him back , if 
after the first hour, B increases lus pace by and overtakes A m 
4 more hour-., find the rate of B and the distance where he meets A. 

38 A constable m pursuit of a thief at a uniform pace finds by 
inquiry that the thief is travelling H miles per hour quicker than 
himself , he therefore doubles his speed after the first 4 hours, and 
takes the thief at the end of 6 hours 20 minutes from the time of his 
starting Given that the thief had a start of 1 hour, and never varied 
. his speed, find the rates of travelling of the parties, and the distance 
wh4re the capture took place 

37 A and B are two railway stations 60 miles aparc , two 
minutes after a Passenger tram has left A for B at 24 miles per hour, 
the station master of B sends a Pilot engine to repair a disabled 
bridge 18 miles off The Pilot takes 1 hour 4 minutes to repair the 
bndge, and then starts back at f of its former rate and reaches B just 
in time to avert a collision What was the original rate of the L’llot, 
and how for was the Passenger tram from the bridge at the time 
when the Pilot first reached the bridge '\ 

38 A tiam leaves B at 9 a m and runs to G at the rate of 15 
miles an hour, and another train leaves A at noon, and running 
through B to C at 25 miles an hour, arnves half an hour later than 
the tram from B , if the distance AB be 15 miles, find the distance 
from A to C 

39 A tiam starts from a station 2[ at midday and arnves at Y 
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at 4 r. m. Another tram starts from Fat the same time and ai rives 
at Fat 3 30 p, jr They meet 28 miles from'X Find the distance 
from X to J . 

40 The express leaves Bristol at 3 r. m and reaches London at 
fir if , the ordinary tram leaves London at 1 30 r m. and arnve3 at 
Bristol at 6 r m If hotli trams travel uniformly, find the time 
•when the> meet < 

41 Two persons, ■who •walk at the rates of 3 and 4 miles per 
hour respectively , started from two places 70 miles apart , after 
pissing each other they continued their journey , reached the places, 
turned back immediately , and met again , when and where will the 
second meeting lake plnce ? 

233 Problems relating to Motion on Streams Suppose 
a boat his an initial velocity of a miles per hour, ic,a velocity of « 
miles per hour m still water 

It is clear that when the boit is on a stream winch flows at the 
rate of b miles per hour, it has a velocity of («+&) miles per hour 
when it aoci doifti the stream, for then the boats’ initial velocity' is 
increased b> the velocity of the stream 

Similarly when the boat comes up the stream, Its velocity is (a — b) 
miles per hour, for in tins case the boat’s initial velocity is dimim- 
hed b> the velocity of the stream 

Thus ingoing down a stream, the stream's velocity is added and 
in coming up, it it subtracted. 

Note Evidently when the boat comes up the stream, a>b 

Ex 1 A boat goes 17 miles down a nver m 6 hours , if the 
liver flowa at the rate of 4 miles an horn, find the rate of the boat m 
still water 

Let a:— the required rate of the boat in miles per hr , 
then (a+4)«=tlio rate of the boat m miles per hour when it goes 
down stream. 

by Art 251 <1), G(* + 4) = 57 , whence * = 5} 

Thus the rate of the boat is 5^ miles per horn 

Ex 2 A boy, who can row 5 miles per hour m still water, 
takes 6 hours ^40 mm to come 10 miles up a nver At what rate is 
the nver flowing ? 

Let a: = rate of the river m miles per hour , 

then 5 -£= rate of the hoy when he comes up the river 
Hence (5-a?)x83=10 , whence *=»3* 

Thus the nver is flowing at 3J miles per hr 
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Ex 3 If the number of the crew be doubled in. coming up a 
nver, a boat takes the same time to come up as to go down , the 
nver flowing at the rate of miles per hour Find the rate of the 
boat 

In going down, the rate of the boat=its own rated- rate of 
rtver 

Again, in coming up, the rate of the boat == its own rate— rate 
of nver 

Let #= required rate of the'boat m miles per hour , 
s+3J=the rate of the boat m going down, 
and 2*-3|= . .... coming up 

Therefore, the distance and the time both being the same, we 
get from Art 251 (4), 

i 

2*-3$ ’ 

whence x =7 

the boat goes 7 mi.„s per hour 

Examples C XL VIII (Continued) 

42 At what rate Bhould a crew pull in still water in order to 
row with a stream flowing 5 miles an hour 3 times as fast as 
against it ? 

43 A crew, which can pull at the rate of 9 miles an hour, 
finds that it takes twice as long to come up a river as to go down , 
at what fate does the nver flow ? 

44 A man rows to a place 48 miles distant and back m 14 houis. 
He finds that he can row 4 miles with the stream m the same time 
as 3 miles against it. Find the rate of the stream 

46 Against a stream, which flows miles an hour, a man lows 
6 miles m an hour and a half JSow long would it take him to 
row 5 J miles with the stream ? 

40 A steamer takes 4 hours less time to travel from A to B 
than from B to A If its rate m still water is 15 miles and that 
of the stream 4i miles an hour, find the distance from A to B, and 
the time taken m each journey 

47 A cyclist, who ndes at the rate of 7 miles per hour, takes 
4 hours to go a certain distance with the wind and 7 hr 12 mm 
to come back against the same wind At what rate was the wind 
blowing 1 

48 A and B can row respectively 6 and 8 miles per hour m 
still watei P and Q are towns on a nver which flows from P 
towards Q A starts from P and in 4 hours meets B, who has started 
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from Q 6 hr 40 mm. before, at a place midway between P and Q 
Find the velocity of the river and the distance between P and Q 

49 A and B aro towns on a river 12 miles apart If it takes 
a man 1 hour longer to row from A to B and back than to row the 
same distance m still water at 8 miles an hour, what is the rate 
of the river ? 


254. Problems relating to Watches and Clocks The 
chief peculiarity of these problems is that, unlike other problems, 
one of their conditions is generally understood In solving them 
therefore the student should carefully remember this condition, viz-, 
that the minute-hand moves 12 times faster than the hour-hand , and 
if the second-hand be also on the same axis as the other two, that the 
second-hand moves 60 times faster than the minute-hand and 720 times 
faster than the hour-hand 

Two hands of a watch are said to be (1) together when there is no 
interval between them, (2) m the same straight line, when the interval 
between them is 30 minute divisions, and (3) at right angles, when 
the interval between them is 15 mmute-divisions, and this last happens 
twice during the same hour 


Ex At what time between 1 and 2 o’clock will the hour-hand 
and minute-hand of a watch he m the same straight line V 

Let x = number of minutes after One, when the two hands aie in 
the same straight line 


Then if AQB represent their position, it is 
easy ter see that OB representing the minute- 
hand, has moved for x minutes, ? e , the arc 
NB described by it represents x minute-divi- 
sions , and OA, which represents the hour- 
hand, and which has moved also for v 
minutes, has described an arc of ^ of v, i e , 
* 

tbe arc IA represents — But 

arc NB = arc Nl+arc IA+arc AB 
and arc NI —5 mmute-di visions, 
arc AB=30 , 





whence v * a: =3 8^ , 

i.e , two hands will be m tbe same line after 38^ mm. past One 
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Examples CXLVIII ( Continued ) 

50 At -what time between 1 and 2 o’clock will the two hands of a 
watch be, (1) together, and (2) at right angles 1 
61 At what time between 6 and *7 o’clock will the hands of a clock 
be, (1) together, (2) m the same straight line, and (3) at right angles ? 

52 At what time between 3 and 4 o’clock are the hour-hand and 
minute-hand of a watch (1) exactly m the same direction, (2) 
opposite each other, and (3) at right angles to each other ? 

63 Find the times between 10 and 12 o’clock at which the two 
hands of a clock are exactly togethei 

64 "When between 2 and 3, will the nunnte-hand be exactly (1) 
one minute m advance of the hour-hand and j(2) 7 minutes behind it ? 

66 The hour-hand of a clock is between 6 and 7 , the minute 
hand is 14 minute spaces apart What is the time 1 

66 If the hands of a watch between 3 and 4 o’clock are 13 
minute divisions apart, what is the time i 

67 It is between 8 and 9 o’clock, and the hands of a clock aie 
18 minute spaces apart Find the time 

58 A watch lias the second-hand on the same axis as the other 
two and the hands are all together at 12 o’clock , find when the 
minute-hand and the second-hand are next together 

59 A man, who went out between 5 and 6 and returned between 
and 7, found that the hands of Ins watch had exactly changed places 

When did he go out l [Punj 1894] 

60 It is between 2 and 3 o’clock , but a person looking at the 
clock and mistaking the horn-hand for the nunnte-hand, fancies that 
the time of day is 55 minutes earlier than the reality , what is the 
true time i 

355 Problems relating to Mixtures If 5 mds of one 
land of rice is mixed with 3 mds of another kind, then the mixture 
evidently contains (6+3) mds , or 8 mds and the quantity of the 

first kind of nee m the mixture is of (5+3) mds or -g of 8 mds 

and the quantity of the second kind is of (5+3) mds or g of 8 
mds 

Thus generally if one ingredient m a mixture is x and the other 
ingredient is y, the quantity of the mixture is x+y , and the first in- 
gredient = -—■ of tile mixture and the second ingredient®*— ' 

*-ry , ° #+y 

of the mixture 
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Q tesitoji A mixture contains 12 gallons of spirit and 4 gallons of water , 
another mixture contains 10 gallons of spirit and 2 gallons of water If 
S gallons arc taken from the first mixture and 6 gallons from the second to 
form a new mixture, what are the quantities of «me and water in this 
mixture ? 

* 

Ex 1 In wliafc proportion mnsfc tea which cost HI Sa per lb. 
lie mixed with tea which cost El per lb , so that the mixture mnj 
be worth El 5 1 per lb 1 

Let ,r= quantity m lb , of the first kind of tea , 
then since the mixture is to be of 1 lb , 

1 — r= quantity, m lb , of the second kind of tea 
rxRl 8" + (I— x)xRl = Rl 
or 3*+(l-*) t =li r j> 

whence x—g " 

Thus 4 lb of the fir-,t kind is to lie mixed with j* lb of the second 
kind to form tho mixture 

Ex 2 A cask A contains a mixture of 12 gallons of wine and 
1*? gallons of water , another cask 2? contains a mixture of 9 gallons 
of wine and 3 gallons of water , what quantity muse be taken from 
A and B respect! el), so that thetr mixture maj contain 7 gallons 
of wire and 7 gallons of water i 

The quantity m J=(12-t-lS) gallons*=39 gallons; therefore, since 
A coutanu 12 gals of wine, 3c or \ of the mixture m A is wme 

Pimlarl) or " of the mixture m B is "Wine 

Xow the quantity of the rew mixture is to be (7+7) gallons =» 14 
gallons Therefore if 

s«=quantifc\ of mixture, in gallons, to he taken fiom A, 

then 11 ™ c 1 • • im « • M • in mi 1 B , 

therefore m the new mixture 

•Sx"=quantit) of ntic m gallons, drawn from A, 
and 2(14— *1-)^* • tattfiMi •«•••• # B , 

5a -1-2(14 J 'x)=a7 , whence t=10 

Thus 10 gallons arc to be taken from A and 14—10 or 4 gallous- 
from 2?, to form the requned mixture 

Note The student will do well to sohe this problem by equating the 
quantities of water 
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Examples CXLVIII. ( Continued ) 

01 How much tea worth 2< Gd per lb must be mixed with 9 lb 
of tea worth 3» lOi per lb, that the mixture may by worth 3» 
per lb i 

62 A mixture of 35 seers, worth 4a 6p per seer, is formed of 
two hinds of sugar at 4« 4p and 5a 2p per seer respectively Wjhot 
quantity of each was taken i 

63 A dealer buys wine at 16s a gallon, and after adding water 
to it, sells the mixture at 18s a gallon If his profits are ? ths 
of the cost price, how much water is there iu a gallon of the 
mixture 2 

04 In what proportion must two kinds of oil at 8a 6p and 10« 
per seer be mixed, so that by selling the mixture at 9a 9 p per seer a 
dealer may gain 12^ per cent on his outlay i 

65 A hundred gallons of liquid contains 70 per cent of wine and 
the rest water How much wine should be added to the mixture to 
raise the proportion of wine to 80 per cent ? 

60 A vessel is filled with a mixture of spirit and water m which 
there is 70 per cent of spirit , 19 gallons are taken out, and the 
vessel is filled up again with water , the proportion of spirit u now 
found to be 56 7 per cent Find how much the vessel contains 

67 A milkseller mixes 28 seers of milk with 7 seers of watei , 
he also mixes 30 seers of milk with 6 seers of water What quantity 
must he take from the first vessel to mix with 12 seers from the 
second to make a mixture containing 18 seers of milk I 

68 A vessel contains 42 gallons of wine and 28 gallons of watei , 
a second vessel contains 35 gallons of vine and 21 gallons of water 
If a mixture formed by drawing the same quantity of liquid from 
each vessel contains 31 gallons of water, how much is drawn from 
each vessel and what is the quantity of wine in the new mix ture I 

a 

69 One cask contains a mixture of 12 gallons of wine and 18 
gallons of water , another cask contains a mixture of 9 gallons of vine 
and 6 gallons of water , how many gallons must be drawn from 
each cask so as to produce a mixture containing 7 gallons of wine and 
8 gallons of water 7 

70 Two vessels contain mixtures of wine and water , m one 
there is twice as much wifie as water and m the othei three times 
as much water as wine Find how much must be drawn off from 
each to fill a third vessel of 15 gallons, so that its contents may be 
half wine and half water 



HA.'EDEP PEOBLEMS 


365 


256 Problems relating to Squares Let there "be a 
number of men arranged in a solid rectangle as m the scheme below, 
where a star stands for a man 

* * * * ~ i - 

J. ^ -X. — J- * JU 
" jc. a x. a. Jff x. 


In the front row there are 7 men, and as there are 4 snch rows, 
the total number of men=7 x 4 And generall} if there are a men 
m the front row and b rows, then the total number of men=a x b 

Thus to ascertain the number of men m a solid rectangle, we 
multiply the number of men in the ‘front” by the number of men in the 
“dspih » 

Similarl} we see that the nnmber of men m a solid square is 
the square of the number of men forming a tide, for m a square the 
number in the front is the same as the number m the depth. 

The phrase “four deep" means that there are four rows of men including 
the front tow 


having 11 men in the 
men are arranged, the 


"We shall now explain how the number of men m a hollow 
square can be found. "We proceed b\ taking a numerical example 
though the reasoning is perfectl} general 

Suppose there is a hollow square, 4 deep, 
front The annexed scheme shews how the 
stars representing the men actuall} form- 
ing the hollow square and the dots the 
men wanted to fill up the hollow at the 
centre Thus the stars and the dots 
together form a Bolid square equal m area 
to the hollow one It is clear that the num- 
ber of men m the hollow square = the num- 
ber of men m the solid square minus the 
number filling the square hollow at the 
centre Now this square, as the dots shew, 
has a side containing 3 men=(ll— 2x4} 
men Therefore the number of men., m 
the hollow sqnare=(ll) s — (11 - 2 x 4) 2 =I12 

Reasoning similarly we see that the total number of men in a hollow 
square 


* *■ 
* * 


X. X. X. 


* v — - * *■ 

r- * -r -* — * ~ 

*• • * * 

****•• * * -r «■ 

u. X- — x- ^ 

*-*- + * + + ^*-*- 


— a-— {a— 2b) 2 , 

where a represents the number of men in the front, and It the number 
of men forming the depth 

Ex. An officer can form his men into a hollow square 5 deep, 
and also into a hollow square 6 deep, but the front m the latter 

formation contains 4 men fewer than m the former 1 — 

of men [Cat , 1887]. 
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Let 2 =number of men m the front of the first square , then 
bythequesbon 8econd . , 

a s -(^-2x Sf-total number of men required 
_ 4 ^- (a - 4 - 2 x 6 ) 2 = total number of men required, 

•whence x ~ » 

required numbei of m en = (35) 2 — (25)- =(354* 25)(35 — 25) 

= 60x10=600 


Examples CXLVTII (Continued ) 

71 An officer can form the men m Ins battalion, numbering 
1152, into a hollow square 12 deep , of how many men does the front 
consist 1 

72 A numbei of men can be formed into a hollow Bquare 8 deep 
and also into a hollow square 4 deep, the side of the latter sqnaie 
containing 16 men more than the aide of the former Find the 
number of men 

73 A detachment from an aim} was marching m a regulai 
column, with 5 men more in depth than m front, but upon the 
enemy coming m sight, the front was increased by 845 men, and by 
this movement, the detachment was drawn up m 5 lines Find the 
number cf men m the detachment - 

74= On drawing up a regiment into a solid square, it is found that 
40 men are left over On drawing up the same regiment into a ( solid 
column, it is found that there are 6 men more m the front and 'i men 
less m the depth than the number of men m the side of the square 
Find the number of men in the regimeut 

75 A regiment can be drawn up into a hollow square 6 deep , 
and with the addition of 140 men to its ranks, it can be drawn up 
into the same square, the depth being now increased by 1 , find the 
i number of men iu the regiment 

78 A regiment can be formed into a hollow square 8 deep, and 
if 260 men were to go away , the rest can be formed into a hollow 
square 7 deep with 5 men fewer in the front How many men me 
there m the regiment I 

77 A company of soldiers was drawn up into a hollow square 
having 30 men in the front , another company was drawn up into a 
solid square having twice as many men m the front as there are men 
in the depth of the hollow square If the total number of men 
in the two detachments is 1440, find the number m each 

78 A general wishing to draw up his regiment m the form of a 
hollow square found that he had 50 men over when it was 4 deep, but 
that he wanted 50 men to complete it when it was 5 deep, the number 
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of men m the front being the same m both cases Find the num- 
ber of men m the regiment. [Cal , 1903] 

79 At a review of an army, the troops were drawn up m a solid 
mass 40 deep, when there were just one-fourth as many men in front 
as there were spectators , had the depth, however, been increased by 
6 and the spectators were drawn up m a mass with the army, the 
number of men m front would have been 100 fewer than before 
Determine the number of men of which the army consisted 


237 The following are additional problems 

Ex 1 A wall costs Its 300 when brick sells at Es 8 a thousand, 
end it costs Es 365 when bnck sella at Es 10 a thousand , find the 
cost of labour m building the wall 

Let 3?=required cost m rupees , 

then 300— v= price of brick, m rupees, by the first supposition , 

and 365— 3?= . second supposition 

Since Es 8 is the cost of 1000 bricks, 


300—j: 


— g — = so many thousands of bricks required for the wall. 


similarly 


365 — v 
10 


i •« ••«•••••• 


300-1? 365—a? t 
8 10 8 
whence x =40 

Thus the cost of labour is Es 40 


Ex 2 The expenses of a family are Es 72 a month when nee 
is at 10 seers a rupee, and Es 75 a mouth when nee is at 8 seers a 
mpee , if other expenses remain constant, find these 

Here the quantity of nee consumed every month is supposed to 
be constant 

Let 3?=tlns quantity in seers 

iC " 

Then =pnce m rupees of 3? seers at 10 sr. 


Also -=pnce m rupees of x seers at 8 sr J " 

O 

Thus by the first condition of the problem, „ 

other expenses=Rs ... .(i) 

and byithe second condition, 

the same expenses#=Es. (75 — 



. H .(u) 
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Hence 72-^=75-|, 

whence a: =120 

Thus the quantity of nee consumed every month is 120 seers , and 
therefore from (i) or (u), the other expenses can he found 

Thus from (l), the required expenses 

=Es(72-? 0 )=Es (72-12)=Bs 60 

Hx 3 The expenses of a family are Rs 60 a month when rice is 
14 seers per rupee, and Es *57 a month when nee ib 21 seen, per 
rupee, other expenses remaining the same , what will they he when 
rice is 18 seers per rupee ? * 

The problem will he solved if we find (l) the quantity of lico 
consumed every month, and (n) the constant expenses 

As m the last example, we shall find 

(i) the quantity of nee consumed every month =126 sr , 

(li) the'Constantexpenses=Es 61. 

Hence the expenses required=Es -? X ^-+Es 51=Es 58 
The solution of this Example may he better put in the following form. 
Let *= quantity m seers, of nee consumed every month, 
and y= other expenses m rupees 

Then hy the first condition of the problem Es g- i 3 the pneo 

of the nee consumed every month 



n + * =60 • • • 

i 

• ft) 

Similarly 

gj+y=57 


and 

expenses reqd to he found 

(m). 

From (i) and (n), 

t 

^sTT 6 0-57, 


whence 

*=126 


from (i), 

y=60-^=51. 



Hence from (in), expenses reqd =j|+y=Rs, (7+51)=Es. 58. 
Try Example 2 in this way. 
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Ex 4 A iaTe is 80 of her own leaps before a greyhound , she 
takes 4 leaps for every 3 that he takes, but he covers as much 
ground in one leap as she does m two How many leaps will the 
haie have taken .before she is caught ? 

Let *= required number of leaps, 
and a = length of ground covered by one leap of the hare ; 

thus, since the hare takes 4 leaps for eveiy 3 leaps that the grey- 
hound takes, 

J*=number of leaps, the greyhound takes m the same time that 
the hare takes * leaps, 

and £rt=length of ground covered by one leap of the greyhound, 
80«+*a= distance of the place of capture from the place where 
the dog first was, 

and J* x 2«=the distance the dog had to run to overtake the hare ; 
now these two distances are the same, [sep Art 252, Ex 1] , 

therefore SOa + *« = J* x 2a, 

divide by a , thus 80+*=S*; whence *=160 

Thus the hare takes 160 leaps before she is caught 

Ex 5 A peacock perched on the top of a tower 9 cubits high 
saw a snake approaching its hole at the foot of the tower from a 
distance equal to 3 times the height of the tower He immediately 
swooped down and caught it at a place equally distant from the top ' 
of the tower and the spot where the snake had been first seen Say 
quicklj at what distance from its hole the snake was captured. 
(Zilavati) 

Let A be thejop of the tower, B the hole, O the spot where the 
snake was first seen and P the . / 

place where it was caught 

vThen A 2? =9 cubits, BC=27 
cubits 

Let BP—x cubits <■ 

Thus (XP=(27— *) cubits = A P, 
by the question 

Hence from the right-angled A A BP, we have 
(27— *) 2 =* S +9 S , 

whence *=12 

Thus the snake was captured at a place 12 cubits from its hole. 

24 
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Examples CXL VTII (Continued) t 


80 Thera are 10 coma m a hag, crowns and half-crowns If 
the number of each hind were reversed, the value would be dimmish- 1 
ed by 5 shillings Find the number of each kind 

81 A and B were employed togetkei for 50 days, each at 5s a 
day, during which time A by spending 6 d a day less than 8, had 
saved 3 times as much as B and S*- days’ pay besides What did 
each spend per day l 

82 Find the number whose fourth root is equal to ^ its cube 
root 


83 A boy, selling oranges, sells half his stock and one more to A, 
half of what remains and two more to B , and three that still remains 
to C How many had he at first i 

84 Find a number such that if you divide it by 13 or by 14, 
the remainder would be 1 and the diffeience between the quotients 1 

85 A grocer buys a number of egg= at 6< Qd per hundred He 
sells all but 69 of them at the rate of ll foi a shilling, and then finds 
that he has received 30? more than he gave for the whole number 
How many eggs did he buy / 

86 Wishing to buy a certain number of railway shares, I found 
* “ bought them m the E B Railway at Rs 400a share,! 
should invest all my money , but if 1 bought them m the E 1 
Railway at Rs 450 a share, I should not have money enough by 
[Rs 2400 How much money had I to invest ? 

8 Z -£, tra desman buys an article and sells it at 12 per cent 
profit If it had cost him Rl more than it did and he had sold it 
for Kl more than he did, the rate of piofit would have been 10 per 
cent What did it cost him ? 1 


88 A tradesman, after expending 1001 a year, augments the 
remainder of Ins property by one thud part of it, and at the end 
of 3 years his original property is doubled , what had he at first '/ 

89. A and R began to pay off their debts with different sums , 

t of « btl6 affcer A bad 

S3? and f £1 more than t ths ot ^ was found 

that £ had only half as much as A What had each at fir a t ? 

wW ®\ etin S Trib $ beggars, gave to the first a of 

whS ?! ft? 7af ? ls 5°P^ 6fc and then 1 ni P ee mora > t0 fcbe second \ of 

ft? lf i tben one ru P ee more . to the third £ of what he 

is?- ^Sss.'iaiErjKir"’ ’*"’*■* he tai - 

e ^V.^d three numbers, differing in order fiom one another by 

eoual tha th ® P r ^ l ! oti the greatest and least may be 

equal to the square of the sum of the three numbers. 
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92 A garrison o£ 4000 men had provisions for 20 da's , after II 
da%s it was reinforced and then the provisions •were exhausted in 
dais , find the number of men m the reinforcement 

93 A besieged garrison had provisions for 70 da}s, after 10 

da's a parfcv of l&OO men made a sail) and escaped, and the allow- 
ance per head being now reduced to Sfchs of what it was before, the 
garrison held out for 100 da}s more, wbat was the number of men 
m the garrison at first / * 

94 The expenses of a family when nee is 12 seers for a rupee 
?re 30 rupees a month , when rice is 14 seers for a rupee the expenses 
are 4S rupees a month (other expenses remaining unaltered) ; wbat 
will the} be when nee is at 16 seers per rupee l 

85 A b3g contains sixpences, shillings and half-crowns, the 
amount expressed b} eacb kind is the same , if the total number of 
coins m the bag be 119, find the number of each 

90 A man wished to enclose a piece of ground with palisade.,, 
and found that if he set them a foot asunder, he should have too 
few bv 150 , but if he set them a }ard asunder, he should have too 
many b} 70 How man} had he 1 

97 A debt which might have been paid exactl} with 5x half- 
sovereigns and x half-crowns, was paid out of a ten-pound note and 
the change was to be equal to 15 r half-crowns and x half-sovereigns 
Find x and the amount of the debt 

98 Her Majesty Empress Victoria was born Ha} 24, a.d x, and 
Prince Albert was born August 26tb m the same year , their nmted 
ages on the 26th August, IS 19, amounted to 3* times the age of 
Prince Albert on the birthda} next preceding his marriage, which 
took place February 10, 1840 In what } ear was each born 1 

99 A certain number of sovereigns, shillings, and sixpences 
together amount to £8 6- 6d , and the amount of the shillings is a 
guinea less than that of the sovereigns and a guinea and a half more 
than that of the sixpences Find the number of each com 

100 A farmer bought equal numbers of two kinds of sheep, one 
at £3 each the other at 4,4 each , if ho had expended bis mone' 
equally m the two kinds, he would have had 2 sheep more than he 
■did Find how mam of each kind lie bought 

101 A fruiterer sold a certain number of oranges for £6 10* If 
he had given 2 more oranges for a shilling, the same quantit' would 
■oul} have realised 17* How man} oranges did he sell 1 w 

102 If 18 tolahs of gold weigh 17 tolahs m water, and8tolahsof 
silver weigh 7 tolahs in water , find the quantities of gold and silver 
in a compound of gold and silver, which weighs 100 tolalis m air and 
90 tolahs in water 

103 A and B agreed to reap a field for Es 20 If tbe> had 
worked together e\ery day, the field would have been reaped m 15 
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tK , , t ufc a t the end of 7 days, A left off working for 4 day s , and it 
mnseauentlv took 16 1 - days to reap the field In how man) days 
couldA alone, and mliow many days could B alone have reaped 
the field ? .And what share of the Es 20 ought each to receive foi 
the work he actually did i 

104 When flour costs 7* a bushel, the baker sold a loaffor 16d , 
when it rose to 10? 6d , he sold a loaf of the same weight for 21d , 
the price of baking being the same m each case, find that puce 

105 The duty on salt being raised 8 annas per niaund, it is found 
that the consumption has fallen one-eighth, but the revenue, instead 
of increasing, has remained stationary , what was the duty at first 

106 The annual rent of a paddy-field consists of Es 55 and a 
corn-rent , when paddy sells at Ee 1 12 as a maund, the landlord 
<r e ts at the rate ot Es 3 per bigha , when it sells at Es 2 pel 
maund, he gets at the rate of Es 3^ per bigha Required the 
imonnt of the coni rent and the area of the field 


107 The expenses of a tram-car company are fixed, and wheu it 
onlv sells three penny tickets for the whole journey, it loses 10 pel 
cent. It then divides the route into 2 parts and sells two-penny 
tickets for each put, thereby gaming 4 per cent and selling 3300 
more tickets every week How many persons used the cars weekly 
under the old sy stem ? 


108 A carrier charges 3d each, for all parcels not exceeding a 
ceitam weight, and on heavier parcels he makes an additional' 
chaige for every 7 lb above that weight The chaige for half a 
cwt is Is 3d, and the charge for 9 Btones is 5 times that for 1 
quarter What is the scale of charges { (l stoue= 14 lb ) 

100 A fraudulent trader has two weights, one as much over one 
beei as the other is under it , by using the heavier weight, he 
bought 6 maunds of an article at 8 annas a seer, which he sola at 
the same rate by using the lighter weight, thus gaming Es 16 
What were the weights I 

110 In a certain tank, the tip of a bud of a lotus was seen a span 
above the surface of the water , forced by the wmd it gradually 
advanced, and was submerged at a distance of two cubits , tell me 
quickly, O mathematician, what is the depth of the water 
( Lilavati ) 

*111 Emd a number such that if it be divided by a or by b, the 
remainder will be e, and the sum of the quotients will be c, 

112 There are two kinds of com, of which a and b pieces res- 
pectively are equivalent to £1 , how many pieces jcf each kmd must 
be taken so that c pieces together may he equivalent to £1 ? 

113 A labourer is engaged for n days on condition that he- 
receives a pence for every aay he works and pays b pence for every 
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day he is idle j at the end of the tame he receives m pence , how 
many days does he work and how man) days is he idle ? 

114- A person lias just a hours at his disposal , how far may he 
ride m a coach which travels b miles an boar, so as to return home 
in time, walking back at the rate of c miles an hour ? \ ^ 

115 Two persons set out at the same time to meet each other , 
the one walking a miles per hour meets the other, who walks b 
miles per hour, at a place which is c miles from the mid-station of 
the road Required the length of the road 

116 . -A merchant buys an article, subject to a duty of a per cent , 
and sells it at a loss of b per cent. , but if he had sold itforRs c 
more, he would have gained d per cent on his bargain. “What was 
the price of the article i 

117 If a -men or b boys can dig m acres m n days, shew that the 
number of boys whose assistance will be required to enable (ti—p) 
men to dig (771 +p) acres in {n—p) days it> 

pb f .a m+nl 
a \ ^ m n—p J 

238 Problems leading to Simple Equations in two or 
- more variables 


Ex 1 A number of 3 digits is such that if 198 be added to it, ft 
the dnpts are reversed , but if the tens’ digit be subtracted from 5 j 
times the hundreds’ digit the difference is, the units’ digit If the/ 
sum of all the digits is 6, find the number * 

bet x, y and a represent the hundreds’, tens’ and units’ digits 
respectively Then the required number is 100*+ lOy+z 

By the first condition, 


100*+ 10y+s+19S= 100s +10 y+x, 
whence s-*=2 , . . 

By the second condition, 5 v—y=z 

and by the third condition, x +y +s=6 

Add (u) to (m) , thus 6* =6, or *=1 

Hence from (i), s=3 , and from (m), y= 2 
Thus the required number =123 


(i)» 

fa), 

(in) 


. Ex. 2 A and B can finish a piece of work m 10 days, B and C 
in 15 days, and G and A m 18 days , how long would they take to 
finish the work together V 

Let x. y, z he the number of days m which A, B and G respective- 
ly can finish the work. 

Hence if IF represent the whole work, then in 1 day A does 
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1 of w, B does 1 of W and G does - of W But by the question, A 
x V s 


(0 

(«)» 

(m) 


''O — 

X If ' " 


11 1 

or 

5 y“l0 ‘ 

Similarly 

jr + * 15 * 

and 

ill 

z^x 18 * 


From (i), (u) and (m) by addition we have 


1 . 1.1 1 
— 4- — 4* — sss — 

x y z 9 


t e , A, B and C do $ of the work in 1 day 
. they do the whole work in 9 days 


(iv) , 


Ex. 3 In the last example, find how long would each take to do 
the work separately 

Subtract (n) from (iv) , thus -=~, whence x =22^ 

Thus A takes 22i days to do the work 

Similarly we get y = 18 days by subtracting (ui) from (iv), and 
z=90 days by subtracting (i) from (iv) 


Ex 4 Two passengers have together 7 maunds of luggage, and 
foi the excess above the weight allowed free, one of them is charged 
I&3 3 and the other Rs 5 If all the luggage had belonged to one 
passenger, he would have been charged Rs 11 What amount of 
luggage is each passenger allowed free of charge and liow much 
luggage had each passenger ? [Bom , 1900 ] 

Let *= weight m mds , allowed free of charge , 
and y= ... the first passenger had, 

7-y=. second 

Since the passengers are charged Rs 3+ Rs At orRs 8 for excess, 
the excess charge on (7 - 2x) mds is Rs 8 , 

O 

the excess charge on every md =Rs ~ — . (i) 

7-2* w 

Similarly Rs, 11 is the excess charge on (7— v) mds , 

* 7 7 

the excess charge on every md.=Rs — — - . («) 

7 — x ' ' 
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Also the first passenger paid Its 3 as excess charge on (y—x) mds , 

3 

the excess charge on ever} md *=Rs. - — - . .. (m) 

8 11 3 

Thus fiom (i), (n), and (m), we get 

I ™ I j •“ T , 

Hence from the first equation, wo have * = 1^, and from the 
other equation y=3 

Tims 1^ mds is allowed free of charge , the first passenger had 
3 mds and the second had (7 — y) mds or 4 mds 

Ex 5 A boat goes 52 nulea down a river m 8 hours and 42 
miles up the river in 12 hours Find the iate3 of the boat and tho 
liver 

Let rate of the boat m miles per hour, 

and . . river . 

Thus m 1 hour the boat goes (x+y) miles down the river and 
(x—y) miles tip the river 

52 

Hence — ; — =time in hour*, the boat take* to go 52 miles down, 
x+y b 

4 ° 

and = ... . 42 .up 

x-y * r 

152 42 

by the conditions of the problem, =8 and =12 

1 x+y x—y 

Solving these we have r=o and y= 1* 

Thus the required rates are 5 miles and H miles per hour 

Ex 6 A boat goes up stream 30 miles and down stream 44 
miles in 10 hours , it also goes up stream 40 miles and down stream 
r n miles m 12 hours , find the rate of the stieam and of the boat 
[Gal, 1830] 

Let r=rate of boat in miles per hour, 

and y » . stream.. ... . , 

30 

then =time of coming up the stream , 


x-y 

44 

x+y' 


. going down . . . , 

aud since these two timos taken together =10 hours, we get 

*10 

* 

r jf> 


Similarly 


30 44 

x-tjx+y' 

=13 

x-y x+y 


( 1 ). 

( 2 ) 
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Multiply (1) by 4 and (2) by 3, and subtract, thus 

■iL=i,oi *+y=ll (*) 

• #+y 

Again multiply (1) by 6 and (2) by 4, and aubtiact, thus 

-^-=2, oi v-y=5 (4) 

x-y 

Add and subtract (3) and (4), thus r=8 and y — 3 


Ex 7 A challenged B to ride a bicycle lace of 1040 jards 
He first gave B 120 yaids start, but lost by 5 seconds , he then gave 
B 5 seconds start and ■won by 1 20 feet How long does each take to 
ride the distance 1 [Gal , 1881] 

Let x—A ' s rate and y<=B’a rate, m yards per second , 

”, ~~ =time (in seconds) Vhtch A takes to run 1040 yaids 


and 


920 

y, 

1000 

y 


B 


• • • 


B .. 


920 . 

.1000 


How by the first condition of the problem the time which A tikes 
to run 1040 yards is the tame as B takes to run 1040—120 (or 920) 
yards +6 seconds, theiefore 


1040 920 
a? y 


+ 5 


(1) 


Again the time which A takes to run 1040 jards is, by the second 
condition, the same as B takes to run 1040 yards less 120 feet (z,r , 
1000 yards)— 5 seconds , therefore 


1040 1000 
x y 


-5 


Subtract (1) from (2), thus 


.(2) 


r> Substitute y m (1), thus 


1000 920 „ „ . 

— -10 =0, whence ^=8 

•/ *7 


1040 920 
x 8 


+ 5 , 


whence x=~ 

O 


Hence the time A takes to ude 1040 jards = sec =120 sec 

s' 

1040 ' 


sndi mu 


■ • Ba im 


• i i •* • 


8 


sec =130 eec. 
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Ex 8 The price of a passengers ticket on. a French railway 
is proportional to the distance he travels , he is allowed 25 kilo- 
grammes of luggage free, but on every kilogramme beyond this 
amount, he is charged a sum proportional to the distance he goes 
If a journey of 200 miles with r )0 kilos of luggage cost 25 francs, 
and a journey of 150 miles with 3 P > kilos cost 16^ francs, what will 
a journey of 100 miles with 100 kilos of luggage cost ? 

Let x francs = price of a ticket for each mile, 
and y francs ==fare charged per mile on every kilo of excess luggage, 
thus 200x+200x(50-25)y=25 ) or :r + 25y=£ (1), 

150*+150x(35-25ty=16l or *+10^=*^ (2), 

and 100jr+100x(10^-25)y=srequired cost in francs (3) 

Subtract (2) from (1), tlius 

10y=£-<i.y c , ory=™W 

Substitute y m (1), thus 

r+25 x or *=& 

Substitute x and y m (3), thus 

< cost require d=(l 00 x*\j + 100 x 75 x francs =17^ fiancs 

Examples CXLIX. 

L A and B play together , fiist A loses Es 10 and then he has 
1^ times as much as S nett B loses $ of what he had at first and 
one rupee more, and he has now half as much as A What had 
each at first? 

2 A and B being at plaj severally^ cut packs of cards so as to 
take off more than they left Now it so happened that A cut off 
twice as man) as B left, and B cut off 7 times as many as A left. 
How many cards did each cut 1 

3 A certain number when divided by another gives a quotient 
4 and a remainder 3 If twice the firofc number be divided b> three 
times the second number, the quotient is 2 and the remamdei 20 
Find the numbers 

4 A sum of money put out to simple interest amounts m 8 
months to £207. 1 2* , ■ and in 1 )car3 months to £306 j find the 
sum and the rate of interest per cent per annum 

6 A tradesman Bells 2 articles togethor for Es 46, making 10 
per cent profit on one and 20 per cent on the othei If he had 
bold each article at 15 per cent profit, the result would have been 
the same At what pnee does he sell each article ? 

6 A grocer gams 20 per cent by selbng at 2* a lb a mixtnie 
’formed by mixing with 7 lbs of a common tea, 2 lbs of abetter 
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kind lint if lie had mixed 7 lbs of the latter with 2 lbs of the 
former kind, he would have lost 20 per ceut by selling the mixture 
At that price What did each kmi of tea co3t him pei lb ( 

7 A, B and G are 3 villages connected by straight roads , from 
*4 to C through 2?, the distance is 61 miles , from B to A through C, 
the distauce is 74 miles , and from G to B through A, the distance 
is 30 miles Find the length of each road 

8 Divide Rs 90S among A , S and C, so that the shares of A and B 
togethei may exceed the share of G by Its 300, and the shares of 
B and G together may exceed the share of A by Its 278 

9 A gentleman gave away in charity <i certain sum of money , 
In l there been 3 more beggars, each would have received Is less 
than he did , but if there had been 2 fewer, each would have 
received 1* moie Required the number of beggars and the amount' 
each received , 

10 A boy at a fair spends his money m oranges , if he had 
received 5 more for his money, they would have averaged a half- 

E ennj each less, but if 3 less, a half-penny each more , how much did 
e spend and what was the number of oranges he bought ? 

11 A number consists of two digits When the number is divided 
bj the sum of the digits, the quotient is 7 The sum of the reciprocals 
of the digits is 9 times the reciprocal of the product of the digits 
Find the number 

12 A certain number of 2 digits is equal to 7 times the sum of 
the digits If the digit m the units’ place be decreased by 2 and 
that in the tens’ place by 1, and the number thus formed be divided 
bj the sum of its digits, the quotient is 10 Find the number 

13 There is a number the 3 digits of which are m descending 
order of magnitude and differ from one anothei m succession by the 
same amount If the number be divided by the sum of its digits, 
the quotient will be 48 , and if from the numbei 193 be subtracted, 
the digits of the difference will be the same as those of the original 
■number but m reverse order Find the number 

14 There is a number of 3 digits whereof the hundreds’ digit is 
£ of the number formed by the other digits , if 45 be added to the 
number, the units’ and tens’ digits interchange places, and if the 
hundreds’ digit be taken from the last digit, the difference is twice 
the tens’ digit What is the number i 

15 The united ages of a mail and his wife are six times the united 
ages of their children Two years ago their united ages weie ten 
times the united ages of their clnldien, and six years lienee their 
united ages will be three times the united ages of their children 
y How many children have they t _ 

10 A) B and G sit down to play , in the first game, A loses to 
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each of B and G as much as each of them has , in the second) B loses 
similarly to A and G , and in the third, C loses similarly to A and 
B , and now they have each 24s "What had the} each at first 2 / 

17 If A and B togetliei can do a ceitam piece of work in 8 days, B 
and (7 together m 10da>s and G and A together m *)' days, in how 
many da} s would each do the work if he worked by lumself^? 

18 A cistern holding 1200 gallons is filled by 3 pipes A, B, G 
together m 24 mm The pipe A requires 30 mm more than C to fill 
the ciht°rn , and 10 gallons less urn thiough G pei mm than through 
A and B together Find the time in which each pipe would fill the 
cistern 

19 A cistern is filled by 3 cocks, two of which aie exactly of the 
same dimensions , when they are all open T *Vths of the cibtem is 
filled in 4 hours , and if one of the equal cocks be stopped Jths of 
the cistern ,is filled m 10 hours and 40 minutes In how many hours 
would each cock fill the cistern l 

20 A man rowing against a stream meets a log of wood which 

is being carried down by the current He continues rowing m the 
same dn ection f or a qnai ter of an houi longer 'and then turns and 
rows down the stream, ovei taking the log 1+ miles lower down than 
the point where he first met it .Find the late at which the cuirent 
flows l 

21 A person walks a ceitam distance in a certain time , had his 
rate been half a mile an horn fa9tei, he would have performed his 
journey m *tlis of the time , and had it been half a mile an hour 
slower, he would have been 2^ hours longer on the road Required 
the distance and his rate of travelling 

22; A and B stait together from the same point on a walking, 
match round a circular couise Aftu half an hour, A has walked 
three complete circuits, and B four and a half Assuming that each 
walks with nmform speed, find where B next overtakes A 

23 At 7 40 A m an ordinary tram starts from P, and leaches 
Q at 11 40 a ar , an expiess tram, which starts from Q at 9 a ar, 
arrives «at Pat 11 40 am , if both trains travel at a uniform speed 
without stopping, find the time when the} meet 

24 A Rhine steamer sails up the stieam 40 miles and down the 
stream 48 miles m 8 hours on another occasion she sails ‘up the 
stieam 56 miles and down 96 miles in 13 houio Find the late of the 
steamer and that of the nver 

25 A and B start to run a race to a certain post and back again , 
A returning meets B at 90 yards fiom the post and arm es at the 
starting place 3 minutes befoie him , if he had le turned, immediately 
to meet B % he would have met him at one-sixth of the distance be- 
tween the post and the starting place Required the length of the- 
course and the duration of the lace 
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-» 28 A railway tram after running for half an hour meets with an 
accident, after which it proceeds with f ths of its former rate, and ib 
thus 1 hour 10 minutes behind time , had the accident occurred 30 
miles further on, it would have arrived 25 minutes earlier Required 
the rate of the tram and the length of the line [See Ex 29, p 355] 

27 The fore-wheel of a carriage makes 6 revolutions more than 
the hind-wheel in 120 yaids, hut only 4 re\ olutions more when the 
circumference of the fore-wheel is increased one-fourth and that of 
'the hind-wheel one-fifth Find the circumference of each wheel 


28 Two passengers have together 5 cwt of luggage, and are 
charged for the excess above the weight allowed 5* 2 d and 9s 10c? 
respectively Had the luggage all belonged to one of them, he would 
have been charged 19s 2 d How much luggage is allowed free of 
charge and what amount of weight had each passenger ? 

29 In a quarter of a mile race, A gives B a start of 22 yards and 
beats him by 2 seconds Iu a 300 yaids race, he gives B a stait of 
2 seconds and beats him by 10J yards Find the rate of each 

30 A and B run a mile race In the first heat B receives 12 
seconds start and is beaten by 44 yaids In the second heat B re- 
cfeives ( 165 yards start, and arrives at the winning post 10 seconds 
before A Find the time m which each can run a mile 


31 A mail coach runs between two places A and B, and back 
again A traveller, who staits walking from A 5 hours before the 
mail coach, is overtaken by it half way between A and B He then 
doubles his late of walking and meets the mail coach on its return 
journey 3 miles from B The traveller then goes to B at the same 
Kite and returns, and by the time he comes ngnin midway between 
A and Z?, the mail coach reaches A Find the distance between A 
and B and the rate at which the mail coach runs 


, ® rft tlway tram travels from A to C passing through B where 
it stops 7 minutes , 2 minutes after leaving B, it meets an express 
■tram which started from <7 when the former was 28 miles on the other 
side of B , the express travels at double the rate of the other, and 
performs the journey from CtoBia 1* hours , if on reaclung A, it 
returned at once to O, it would arrive 3 minutes after the first train 
imd the distances between A, B and C, and tbe speed of each tram 

oR^rJL 22 oxen eat 33 acres of grass m 64 days, and 17 oxen eat 
f 8 a< i n 84 ?, ays » how , maD y oxen will < at 40 acres of the 
■SXSTf [SeE ?' sf supposed a Hen. to grow 

20ot.i, an? °” d S ! JS™ Klt 2 i “ ra of Brass hi 18 weeks, and 

30 a . Cres of grass in 27 weeks » and 41 oxen 
a ™L 2 ® eat 50 acres of grass m 60 weeks , how long will 40 
acres of the same grass last 35 oxen and 14 cows, the erass being 
supposed m all cases to grow uniformly 1 [See Ex 8] g ° 
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35 A letter-earner lias a hours allowed to him for going from 
A to B and back again, including o hours for rest at B But he 
finds that he can get b hours for rest by going d miles an hour faster 
each way Find his ordinary speed, ana the distance from A to B 

36 Two trains, one a feet and the other 5 feet long, move with, 
uniform speed on parallel rails , when they move m opposite direc- 
tions they pass each other m m seconds , but when the} move in the 
same direction, the faster tram passes the other in n seconds Find) 
the rates of the two trains 

Ex. o=125, &=115, Jn=3, «=30. 

37 A waterman rows a distance of a miles on a nver and back 
again m t hours, and finds that he can row b miles with the stream 
m the same time that he can row c miles against it , determine the 
times of going and returning, and the velocity of the stream 

Ex. o=39, 2 = 16, &=26, c=6 

38 To complete a certain work A requires m times as long a time 
as B and C together , B requires n times as long as A and C together , 
aud C requires p times as long as A and B together Prove that 

- 1 , * , * . 
m+1 n-\r 1 jp+l 


CHAPTER XXIII 
EATIO AND PEOPOETION 
Batxo 

h 

339 Definitions There are two ways of comparing quantities of 
the same kind with respect to magnitude (i) by finding by how much, 
one is greater than the other, and (n) by finding how many times one 
is contained m the other Thus 4 feet and 12 feet are compared by 
- observing that one is greater than the other by 8 feet, or by ascertain- 
ing that one is 3 times as big as the other In the first mode of 
comparison, we take the difference between the quantities, and m 
the second, the quotient of one divided by the othei It is with the 
latter mode that we are concerned m ratios Hence we have the 
following definition of Batio 

Batio is the relation between two quantities of the same kind 
m respect of magnitude, the relation being ascertained by consider- 
ing how many times one is contained m the other 

Since a ratio expresses a certain numbei of times, it must necessarily 
be an abstract number, whether the quantities compared be- 
themselves abstiact oi concrete 
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As- we are unable to make a comparison between two quantities 
f /iifforput Vmds as for instance between a line and an area 01 
» cart, ,t is clear that rtere u» U « ra lK 
between concrete quantities of different kinds 
The notation “ a V ' expresses the ratio between a -and & The 
quantities a and b aie called the terms of the ratio, and the fii-t 
\ Z) a , is called the antecedent and the second, nz,b, the conse- 
quent of the ratio 

If the antecedent of a latio is equal to the consequent, the ratio 
is termed a ratio of equality , if greater , a ratio ot greater in- 
equality or of majority, and if lets , a ratio of less inequality 01 
of minority 


Note In finding the ratio between two concrete quantities of the same 
kind, we must be careful to reduce bolh } of them to the same denomina- 
tion Thus the ratio between 5 rupees and 12 annas is not 5 12 but So 12, 
for 5 rupees=(5 x 16) annas =80 annas 


260 A ratio is expressed as a fraction We have seen 
f Art 2] that every quantity whether abstract or concrete, is expressed 
by a number We have also seen [Art ISO] that a fraction expresses 
the quotient when the numeiator is divided by the denominator 
Thus the quotient when 4 bighas is divided by 5 bighas is | Heiice 
4 6 is the same as £ 

Thuh the ratio between 4 bighas and 5 bighas is 4 5 where 4 5 

expresses the numbei of times 6 is contained m 4 and is obtained 
by dividing 4 by 5 

Hence « ratio is expressed by c. fraction, whereof the numerator is 
the an f ecedenl and the denominator the consequent of the ratio 

Thus all the propositions regal ding \ Fractions will apply to Ratios 
Ror example, since 


a am a — ni 

b km b—m 


[Art 181], 


•we have the Theorem — If the terms of a ratio be both multiplied, or 
both divided, by the same quantity, the ratio 1 emams unaltered 

Since a ratio can be expressed as a fraction, we can compare ratios 
as we compaie fractions ' 

Thus the ratios 4 5, 5 S and 7 9 aie compared by comparing 

the fractions £ and £ 


261. An important principle We see that 

H)4_13x8 8 
117 13x9 “5* 

ie, 104 is the same multiple of 8 that 117 is of 9. 
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Seasoning similarly we may generally conclude that if-=p 

then x is the same multiple of a that y is of b 

Hence if “ = we can legitimately assume that x—ha and y~Lb, 

where Jc is the constant factor common to x and y 

Bx 1 If 5.r+2y=Sy-3r, find the ratio x . y 

x C 3 

By transp , we have Br=6y, or - = 

y o 4 

Otherwise — Divide by y , thus * 


5 (|) +3=8 - 3 (f), 


whence 

Ex 2 
Since 

' Thus 


0 [X . x G 3 

8 -1 = 6, or - = -=- 
1 « S 4 


r X i 

i = (i, or - = _ 

'y' y S 

If v y be equal to 2 3, find the ratio Gjl -y 

# y=2 3, we have x—2l and y=3l 

Gv- 7, \2l-1l _ q/ 3 

3x+2y 61+61 12f 4 


!c+2y 


Otherwise 


g(- 

6 x-y Vr 

;)-! exf-i 

3 

3v+2y „/< 

;)+2 3x1+2 

“4* 


Ex 3 If 2t 2 -lla:y+lliy 3 =0 > find the ratio v 
Divide by y- , thus we have 

2-*— II- +15=0, 


y- 


or 

ee, 


y 3 y 

ai*- in+ i6=o. if-=I, 
’ y 


(I - 3X21- 5) =0, 

either 1=3, or 1 = ^ 

Thus the requited ratio is cither 3 1 or 5 2 

Ex 4 What number must be added to [the terms of the ratio 
5 7 to make it equal to the ratio 13 14 '( ' 

Let ar=the number required 

nit 6 + X 13 , 

Thus — =tt, whence 2=21 

i + x 14 . 
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Ex 6 Find two numbers m tbe ratio 2 3, such that the sum 

of their squares is 1053 • 

Let a and y be the numbers 

Then since the} are in the ratio 2 3, we have x=2l and y=27 

B) the question, * 2 +y a =1053, 

,c, (2l) 2 + (3l) 2 = 1053, 

whence 13^ 2 — 1053, or L — 9 

Hence required numbers are a? =21=18, y =21=27. 

Examples CL 

What is the ratio of 

1 E 3 to 15a ? 2 1 md 10 sr to 2 mds * 

3 2 jd 8 m to 2 ft ? 4 £8 to 5 lb ? 

6 Compare the ratios 3 4, 5 6 and 2 3 

6 If 17x-3y=24y— #, find the ratio v . y 

7 If $rij = ra’ findtheratl0a 6 

8 If {v+yf=a{x— y)\ find the ratio x y 

9 v y=2 4, find the ratio 2x+y 5y—2x 

10 Ifv y=m «, find the ratio 2y—x 2 x+y 

11 If 4 x-y 2x+2y=\ 4, find 5 x—2y 2z+3 y 

12 If 4a: 2 — 3,y 2 2a: 2 +5/ J =12 19, find * y 

13. If 12® 2 -7oy=12^ 2 , find the ratio * y 

14 For what value of x will the ratio x+2 5-xbe equal to tut* 
Tatio 5 6 1 

16 What number must be subtracted from the terms of the ratio- 
53 l 67 to make it equal to the ratio 3 4 i 

16 The ratio 11 18 becomes 2 3 when a certain number is- 

addeddo its terms , find the number 

17 If the ratio a b remains unchanged when x and 2x are added 
to a and b respectively, find the value of a . b 

18 Two numbers are m the ratio of m n , and if c be sub- 
tracted f 10m each, the ratio is a b , find the numbers 

19 Divide 135 into two parts which are the ratio 4 5 

20 Find two numbers m the ratio 5 7, such that the sum of 

their squares it 1184 

21 Find two numbers in the ratio 3 4, such that the difference- 

of their squares is 252 <5 

" ‘ % 



RATIO AM) rnoroPTIO.S* 


383 


22 A number of two figures is altered in tho ratio of n * m, if 
its digits be interchanged , shew that tho digits are to each other 
m the ratio of 10m -n to lOn-wi. 

2G2 Composition of Ratios If the antecedents of n«v 
number of ratios bo multiplied together as also tho consequents, the 
ratio of the two products u said to be a ratio compounded of tho 
given ratio Thus acc bdr is the ratio which is obtained b> com- 
pounding the three ratio3 <i l, c . rf, and c . /. 

When two cqml ratios are compounded, tho resulting ratio ia 
called the duplicate ratio of the given ratios Tii .s if « . b and 
« b aro compounded, tho ratio »«* ?»* is tho duplicate ratio of 

»i b 

When thn: equal ratios are compounded, tho new ratio is called 
the tnplicoto ratio of the given ratios Thus if a b, n b and 
u b are compounded, wo obtain the ratio n* l b * which is called 
the triplicate ratio of a , b 

The ratio of tho square root, of iho terms of a ratio is called its 
sub-duplicato ratio Thus Jh is the sub-duplicate ratio 
of n b Similarly %]a XJb is the sub-triplicate ratio of a . b , 
and '■o on 

The ratio a- * is called the sesquiplicate ratio of a ' b. 

Note The duplicate, triplicate, sub duplicate, &c., ratios are some 
times called respectively the djuble, trifle, half, &>c ratios , hence 

* ^ | 
a" . b* is sometimes termed the -th of the ratio a , b. 


Examples CLI. 


Find the ratio compounded of 

1 2 3,5 . Sand 12 * 25 2 3 4, 2\ 3andl5,l_g 

3 3or 4by } a 1 -*® . c 5 * 7 8 -*®, bc+lx n 2 +rur and c-x . a-x. 


t. 


4 1 - * 5 , 1 +y, 1 * *+** and 1 + 

1 — x 

5 „ 'JjnZ d0 v n J lho , dui>llCatc 271110 of 1 \ the triplicate latio of 
2 , and the sub-duplicate ratio of 2"0 * 36 1 , and of 507 ; 588 . 

0 If 2*+3 5*— 2 in tho duplicate ratio of 2 3 , find x 

7 If *-3 2 + 7 * in tho triplicate ratio of 1 .2, find <r. 

8 If m * n xn tho duplicate ratio of «+ r «-*, ahow that 

m+n 

2\* o/ m— n 


25 
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9 If a b ln the triplicate ratio of x-a . x-b, shew that 

X s -3 abx+ ab{a + &) ■= 0 

10 If x y m the duplicate ratio of m to n, and in to n m the 
sub-duplicate ratio of p 2 +v 2 to p 2 -y\ shew that 

p s xy*=t+y x-y 

11 If x has to y the triplicate ratio of a to b, and a to b, the 
Bub-tnphcate latio of c+x to d+y, prove that x y*=*c d 

12 If a+v a—x equals the duplicate ratio of o+ 6 a — b, then 

x-b a—v—b(fl+b) a(a-b). 


26J Change of Ratios Theorem— A ratio of majority ts 
diminished, and that of minority is increased by adding a positive 
quantity to both terms of the ratio , and conversely, a ratio of majority 
is increased and that of minority is diminished by subtracting a 
positive quantity from both terms of the ratio 

Let a positive quantity x be added to the terms of the ratio 


| , thus the new ratio is 


We have 


a+x 

b+x' 


ax—bx 

b(b+x)~ 


x(a — b) 
b(b+x) * 


a (t 4* sc 

now a, b, x being all supposed positive, is positive or 

negative, if is positive or negative, le, if a> or <6. 


Os 0^*0* 

Therefore j> or <5+^ according as a> or <b [Art 26] 

C 

The proof of the converse is exactly similar to the above proof 
Cor From this theorem, it is easy to see that as x increases, the 
ratio continually approaches to unity , and by taking x suffi 
ciently large) the difference between and unity may be made 

smaller than any assignable magnitude Therefore when x is infinitely 
great, the ultimate value of the ratio is said to be unity Hence we 
obtain the following important 


Definition of “Equal to ” Two quantities are said to be equal 
when their ratio is unity Thus if ^=1 when x Is infinitely large, 
a+ *=&+*, where a and 6 may be unequal. 
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2G4 Definition! When the ratio of two quantities u exprewed 
iv the ratio of two trigger*, the quantities aro termed Gommon- 
aurablo quantities Thus 8* miles and 10 miles aro common* 
surnble quantities for their ratio is ft . C 

When tho ratio of two quantities r xnnot be expressed by the ratio 
of two integer t, the quantities aie termed incommensurable 
quantities Thus the diagonal of a square and its « do aro 
incommensurable quantities for their ratio i» */2 l 1 , tho height of 
an equilateral triangle and its tid; arc incommensurable, for their 
ratio is JZ * 2 , S.c But although m those cases wc cannot find tho 
exact ratio, \cl wc can find it to a sufficient degree of approximation 
that nm be'ncccv-ar) . 

Proportion 

SC.p Definitions Four quantities aro said to bo propor- 
tionals when the first has the same rvtto to the second, that tho 
third has to 'tho fourth , in otlior words, Paoror.'iov t» the cqmluy 
of tiro ratio » Thus 4, G, 10, 1ft are proportionals for 4 * 0«=lO . 1ft , 
a, l, c, <f are proportionals if ti b**c . d 

It was usual formerly to use the sign . for tho sign of equality 
The proportion « .b\. e d, or its equivalent « . c . d, la 
read thus “a is to b as a is to <L” 

The two terms n and d nre called the oxtremos, and the two 
terms b and e the moans , also tho term cf is called a fourth, 
proportional to a , b and c 

Four quantities are said to be inversely proportional, wh<m 
the first and second are proportional to the reciprocal/ of tho third 
and fourth Tims a, b, e, d are micracly proportional, if 

a ’ h=- j This is eqimalent too b—d c, lienco four quanta 

ties are in inverse proportion, when the first has to the second tho 
same ratio as the fourth has to the third. 


2GG Proposition I If four qmntitin a, b, c,d be propor- 
tionals, thc_ product -Of.Jhc_jc xLrj.Mcs~As~£auaL«tatU.Lti prodnnt r "gf t\a 

mwiw f 

Wo have 


« 


b<=c 


d, that m 


a c 

’i~dr 


jHultiply both sides b} Id , thus ad>=bc 


REMArK If four concrete quantities arc in proportion, they need not * 
all be of the same kind It is sufficient that the first two be of one land and 
the other two be of one kind , for in lorming thi. first ratio wc ha\e to com- 
pare the first with the second, and m farming the second ratio, ivc havi. ro 
compare the third with the fourth 
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Hence 2 ft. 5 ft =Ps 4 Rs. 10 is a correct proportion, but not so is 
sft. Rs 4=5 ft Rs 10 

267 Proposition II If the product of two quantities he equal 
to the product of two other*, the four are proportionals , the extremes 
icing the factors of one of the products, and the means those of the 
other 

This proposition is the converse of the Proposition of Art 266 

O 0 

Let ad=bo, dmde by id, thus j ° r a 0 l I 

Similarly by dividing by ae,ied and al respectively, we shall obtain 
three other proportions. Thus if ad— be, we get the following four 
proportions 

a . b=c * d (1), 

i a—d 0 (2), 

a c—b d (3), 

and e I a=d b (4) 

Hence if any one of the proportions be true, all the others are 
true for any of them will give ad*= be 

Cor It is evident that any three of the four quantities a, i , 0 and 
d being given, the fourth can be found 

268 Proposition III If four quantities a, b, c, d, be propor- 
tionals, they are proportionals when taken inversely [Invertondo ] 

This is the same as (2) of Art 267 

269 Proposition IV If four quantities a, b, c, d be propor- 
tionals, they are proportionals when taken alternately [Alternando ] 

This is the same as (3) of Art 267 

Remark Fiona the definition of ratio [Art 259], it may seem that if the 
four quantities a, b, t, d be concrete, this alternation cannot take place 
■unless they be of the same hind But when once the ratios are obtained, 
the numbers representing them become abstract numbers, and then alter- 
nation may take place 


270 Propontion V If four quantities a, b, c, d be propor- 
tional*, then a+b b=c+d d [Componendo.] 


We have 


« b=o d, that is, 

2 , , 0 a+b e+d 

j+I- 5 +l.or-j T , 

a+b * b=>c+d . d 


•therefore 
that is, 
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07 I Proposition. VI. If four quantities a, b, c, d be prop or- 
tionahj then a — b 5=c— d! d [DiVid.end.oj 

We have a b—c d, that is, 

o „ <3 , a—b c—d 

therefore 5 “ 1 “ 5“ l5 ° r 1 d ’ 

that is, 6 =e-<£ d 


£72 Proposition VII. If four quantities a, b, c, d 6 e propor- 
tionally then a+b . a-b-c+d .c-d, [Componendo and Divi- 
dendo ] 


We hare 


o_c 

6~S* 


‘ 2 +H 2 +1 ’° 

0 + 6 

c+d 

r 6 ~ 

d 

. a . c a-b 

Again --l=--l | 0 r- r = 

c—d 

■ ^ ~ 11 1 * • •• 

from ( 1 ) and (u), 

o+5 

a—b 

c+d c-d 

b 

b " 

d d ' 

Thus 

a+b 

c+d 

a-b~ 

c-d 

t,e, a +6 a-b—o+d 

' c—d 


Cor. Hence 0—6 o+ 6 =c-d 

c+d , [ Invertcndo ] 


a—b 

c-d 


.(1) 

(n). 


•(ui) , 


that is, 


«+& c+tf 


• 11 11 


. (iv) 


273 The following results are important The student will 
have no difficulty m proving them 

(1) If a b=e d, then a a+b—c c+d. 

( 2 ) If a 5=e * d, then a o-5=c c-d [Convertendo ] 

(3) If a 5=c d and m.n=p g, then am bn^cp . dq 

Ex 1 The last 3 terms of a proportion are 4, 5 and 6 , find the 
first term 

Denoting this term by x , we have 

x 4=5 8 , whence 6a?=4x5, or «=3J 

Ex 2 Find the fourth proportional to 10, 12 and 15 

Let *=the required fourth proportional j 
then 10 ‘ 12=15 . x , whence Kte=180, or re =18 
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Ex 3 Find the number that is to be added to each of the 
numbers 3, 4, 15 and 18 to give 4 numbers m proportion 

Let a?=the required nnmber ' 

3+a? 15+a: , _ 

= Vc,- - whence *=3 
4+a? 184-a?’ 


Thus 


Ex 4 If 2x+3y 
4a? -By 4ar+5y. 


2*-3y=23 5, find (i) x y and (n> 


We have 


z e 


or 


2# 4-3 y 23 
2af— 3y~ 5 1 

(2s4-3y)4-(2:e-3y) _ 234-5 
(2a;+3y)-(2a:-3y; 23-5’ 

[Componendo and Dividendo, Art 272 ] 
2*_14 
3y“9 
sc *7 

-=- , this proves (i) 


Again 

thus 


x 7 4 ar__4 7 

F"8' 5*y~5*3’ 

4* 28 
~5y~15’ 

4*4-5y 284-15 43 rn , . _ . . _ 

4 ^ty == 28 ^lT =, 13 1 L Com P onendo and Dmdendo] 

CT^"S p,, ’' rta,do J 


a:— 3 2*4-1 


= 1 6 


Ex 5. Solve the equation 

M (I 

The product of the extremes = the product of the means 


thus 


a?— 3 2*4-1 , 

2 X6 “ 3 x1, 

9*- 27=2* +1 , whence *=4 


Examples CLII 

1 The first, second and fourth terms of a proportion are 2 3 and 

7 , find the third term * 

2 . The first, third and fourth terms of a proportion are 5. 8 and 
■2 ; find the second term 
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8 Find the fourth proportional to 

(i) 8, 10 and 12 , (u) and f , (m) 4« 5 , 36 and 4n 5 J j 
(iv) a?+* 5 , a -ax and ** - 1. 

4 What number must be added to each of the numbers 3, 5, 7, 
10 to give four numbers m proportion 1 

6 Find the number which must be subtracted from each of the 
numbers 8, 13, 18, 33 so as to give four numbers in proportion 

6 If 7(x—y)=3(x+y), what is the ratio of x toy ? 

7 If ax+by ax—by = m . 1, find the ratio x . y 

8. Having given b—a . 5+a=4u— 5 . 6a— b, find the ratio alb. 

9 If 5 x+4y 5x-4y=7 3, find (l) x . y , and 

(it) 3x—5y 3* +5 y 

10 If 7*-3y . 7z+3t/=13 . 43, find ( 1 ) x y, and 

(u) 8x+9y 8 x—9y 

11 If (a+6+c+d)(a— 6— c+d)=(a— &+e— d)(a+b— c— d), shew 
that a, b, c, d are proportionals 

12 Solve ^±f:^^=l4 5 


13 


Solve 


17-4*. 15+2* 
4 * 3 


2x—5 


4 


874. We shall further illustrate Arts 266 — 273 


Ex L If a . b=c d, thena+6 a—b—c+d'. e— d 


Let 


and 



a— lb, c~ld ; 


. o+& li+i i(Z + l) ^+1 

** 7^b~kb-b~ b{l -l)** l^i 

c+d = ld+d _ d(l+ 1 ) _ 1 + 1 
e—d Id—d d{l—l)~~ l—\ 


from (1) and (2), 


a+6_c+d 
a — b~~c—(£ 


This is another proof of the Proposition of Art. 272 


( 1 ), 

(2)J 


* This mode of representing each of the equal ratios by a constant (as t 
here) and then expressing the antecedent as the product of k and the conse- 
ntient is extremely useful in Proportion 
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Ex 2. If a b=o d, piovc that 

ma+no pa+qe=mb+nd pb+qd 

Let , thus a— lb, c~ld (1), 

XT ma+nc mlb+nld , ... l(mb+nd ) mb+nd 

N0W __ ^+&- = plb+Fld ir0m(l)= l (pb+qdr pb+jd 

Ex. 3 Ha. b~o d, prove that a o=l/ma 3 +nb 3 l 6 jm(P+ncP. 
(X c 

Let ^*=.£=1, then a=lb, c=ld, 

. ymcP+nb $ l/mF^+nb 3 a 

%/m<P+nd* ylml s d s +n(P <l\Jnil 3 +n d c 


Ex 4 ' “ 5“S« ,n,v,!tll! “(i+^-|fr3? t0 ' rf - 18S8 -l 


Assume 


a a 
b^d 


—L, then a=lb, c=ld , 


thus 

and 


(a+c)*_(lb+ldf Jc^+d) 3 „ 
(b+d) i= ( b+d js 

a(*-c)* UUcb-ld)* l*b(b-d) 2 

blb-d)* b[b~df 5 

• ( g+0 ) 5 a(«-c\ 

{b+df^ b{b — dy 


t 


Ex. 6 
Pat 


If £=4 prove that J^±4±fg= 

o cP r 2a 3 — a6+36 3 2e a -cd+3d s 

tl c 

b a ‘d~^ > ^ en a= ^> ii=H| 


and 


2q3+a& 4.3Z) 3 2lW+lb 2 +3b 3 2i 8 +I+3 
2a- i -a6+3& 2 2l J b*- lb 3 +6b 3=, 2l 3 ^ l +3 **“W» 

2c 3 +c d+3d 3 2,OT+/.d 3 +3d 3 2l*+/l+3 

2o2 - cd+M i=s 2kU i -kd i +6d i ~'2k 3 - 1 +3* ( u ) > 


from (i) and (u), 


2a a +a6+3& ? 2o 2 +cd+3d! 3 
2 a-»- a6+36 s== 2c s - cd+3d*' 
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•Ex. 6. If m : n-p q, prove that 

(™Z?}(?!z£)=( m +g)-(n+p). [Cal, 1859] 

in 

(m-n)(m-p) m 3 -m{%+p)+Kp j 

mm m 

=rrt-(«+p)+— ^ [ np=mg, Art. 266] 

= m - (n +p) + q ■* {m + g) - (n +p) 


Of coarse by putting 


m_p 

n q 


l , we can prove the above relation 


Examples CLOT 
If a b~c d, shew that 

1 a . a— c=b b—d 2 a . c=a+b e+d 

3. 3a+4b 3c+4d*=5a+6b . 5 c+6d 

4. 14a+19& 14c+19c?=6 3 c adr. 

* 5 . 7«— 5h 7a+5&=7e— 5d 7e+5d 
0 a s +& 2 . ar—lP^ac+ad . a e—bd. 

V ofl+lP e 3 +tP=(a — 6) s . (e— <f) 2 8 a 2 -J~c a . 5*+<Pa=flc , bd. 

9 a 2 +a& . c 2 +cd=ab—b 3 . cd—d 3 . 

10 ma—nb * m a+nb—me—nd mc+nd 

11 5 na+nb . mc+nd=*pa+qb po+qd. 

12 pfl 2 +g , c 3 * jpJ 2 +g'<Z 2 =j7ifl 2 — 7ic 3 mb 3 — lid 3 

13 a 2 +«6+& 3 o 2 --a& + 6 2 s=c 2 +ccf+(f 3 fi—cd+d?. 

14= («-+6-) 2 .(<£+<£) 2 =rt-& . o-d 

16 ma+nc . mb+nd=^a 2 +c 2 . Jb 3 +d=a . & 

18 a+Ja 3 +b~ a— */« 2 +6 2 =c+ fjo^+d 1 c— ^fc'+d 2 . 

17- V(3a 2 +4c 2 ) *]ChP-3c*)= Ji3b*+4cP) * \f(5b*-6d*) 

18 (o 8 +a s 6+5 s )(«+b) (c 3 + c 3 cZ + d’)(<j + <Z) = a* + &* . <*+<? 

275 Examples converse of those given under Art 27 4, are also 
■useful. 

Ex, L If 3a+4& 5 , i+65=3c+4d I 5c+6tfj then a I &=c * e£ 

[(7a?., 1887. 
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From the given proportion , we have 

(3a+46)(5e+6d)=(fla+66)(3c+4d) [Art 266]; 
or 15ae+205e+18ad+246d=15afl+186e+20ffd+24&d , 

whence 5e=ad, 

t c , a b—c d 

Ex 2 If 2fl+3c+26+3d 3a-4e+35-4d 

=2a+3c-66-9d 3«-4e-95+12d, then a . 6— r 1 xK 

From the given proportion, we have 

2o+25+3g+3d _ 2a-66+3c-9d 

3a+36— 4C— 4d 3 b — 96— 4c+12d’ 

2(a + 6)+3(e+d) 2(a— 3b)+3(c— 3d) 

or 3(a+6 c+2)“3(b-36)-4i.c-3c!) 

Put 7 )i— a+b t n=c+d,p=a-35, g=c— 3d, thus 

2m+3n 2p+3g 

we haVe 3m-4n~3p-4g' 

_ , , m p a+5 a— 36 

Hence as m Ex. 1, we get , * c , > 

» whence as before, we have 

Examples CUII ( Continued ) 

19 If3a+4o 5a+2o«36+4d 56+2c^then« 6=c . d 

20 If2a+36 2e+3d*=4a+5b 4c+5d^ then a . b—c I d 

21 If2o+c 26+ d=»3a— 4c 36-4d, then a 6=*c d 

22. If a 3 +5* « a — 6 s =ac+6d ac— 6d, then a 6«=c . d. 

23 If « a +c a a5+cd=a6+cd 6 3 +d 3 , then# 5=c . d 

T , 3a+4c+35+4d 3a+4c+66+8d , » 


ni TI 1 1 — ‘ 

5«+2c+56+2d 6a+2c+106+4d 5 
__ a+6+2e+2d 3a+36+4c+4d 


26 If 


2«— b+4e— 2d 6a — 3b + 8o— 4d* 


then « . 6=*c d 


then a 6=c . d 


3*C Theorem If then each of these- 


, fpa n +o , c n Tv« *r. j •• , 

ratios= \ p6»+gd’ r +»+ : — j * wlieic * 2> r> * are any 
quantities whatever. 


+re n +. 
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t 


Let 


a_e c _ 

V~dTf~ ' 

a=lb, c=ld, e=lf, . , 

c n =(J.d) n , e n ={lf)'\ . . . ; 

. pa n =p(lb) n , gc n =q(Ld) n , re n *=r(lf) n , . ... 
' pa n +gc n +re n + .. = L n (pl n + yd" + r/ frt + . . 

A 

. /j)a n +yc"+rc B + \ n _ 7 __a_c 
*• Vpb" +gi n +^+T“ ~ ) b~d~f~ 


In the particular case when «=»1, we hare 


). 


pa+gc+r<j+ 0 e_c_ 

j>6+yd+r/+ =3 ^ = 5 == 7 _ • 

The following three deductions from this theorem are very useful. 


Cor 1 If ^=^=j, then each=^2^- Here n**\ i p=q=*r 

t 

Cor 2. If then eacli=r 7 “j— t Here n=J, p—q<= -r- 

b d f o-f d— f r 1 

Cor 3 If n— 1, and p=g=r=. , it is easy to Bee that 

a c c a+C+e+ • 

S~ 3 “/“ ‘ ”&+<*+/+. . 

That is, j/any number of quantities be proportionals, as anyone 
antecedent is to its consequent so is the sum of all the antecedents to 
the sum of all the consequents. 

These results can of course be obtained immediately by the method 
emplojcd to prove the theorem 

Examples CLIV 

If a b—c . d*=e * f, shew that 

1 a b—mc—nc md-nf 

2 o+3c+2c . «— c=b+3d+?/ b— d 

3 a b*=>ma+nc+pe .mb+nd+pf 

4 c : d=ab+cd+cf b*+d 2 +f 5 

5 e fB*\Jm*a i +n i c l +p t t, i i Jm i b t +n*d i +p*/* 

Q (a 3 + b*)(ce + df)~ = (c 3 + d 3 )(ae +lf) s =(e s + f*)[ac + bd)) 2 

7 « 3 +e 3 +o 3 . ab+cd+ef*=ab+cd+cf . b 3 +d?+f*. 

8 (a 3 +ac+Cis/ac) 5 («c 3 +ce* )i /«e+c 3 ) 3 

=(6 3 +bd+A/bd) 3 ( bd?+dfjbf+f*)3 
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10 . 


1L 


9 pa s +gc i +re i pab+gcd+ref=lab+mcd+nef IW+mip+nf 2 , 
If * a=y b=z c, prove that 
la t +mb 3 i/+ncz 3 pa+gb+rc 
la s x+mby s +m 3ts px+gy+rz 
ax+by by+cz ez+ax 
b*+c* 


12 

13 


«*+$*" 6*+c3“ C J +«* 

(«■« + &.y + ca) 3 = (a* +b*+ J- £ 3) 

If* a=y . b=s c== , shew that each of the ratios 

x 

% m J r ymj r gnj r 




a m +b m +e m +. 


14 If ^ en ea0 ^ 1 °f these ratios < 


}" 


(a-b)f+(b~c)d 

¥=JT* 


if 


« c a+Z> 

y — -j then — — - = 

b d a-b 


271'. The Proposition, of Art 272 is verj usefol m solving equa- 
tions We shall put it in the following form 4 

c+d 

*c-a 

[Componendo and Dmdendo ] 
That iSj i */ two fractions be equal, the sum of the numerator and deno- 
minator of one divided by their difference, is equal to the correspond- 
ing expression for the other 

Cor Hence 

«+& fl+(f 

Remark. It is generally advantageous to use this formula, or the 
corollary when the variable occurs in one side onl) 

I Solve §^=5 
2*— 3a 3 

We have from the given equation 

(2*4-3g)+(2*— 3fl) r )+ g 
(2x+3a)~{2x~3a) =z 5~3 t 

[Componendo and Dmdendo} 

or — =_=A *s=6fl 


2 Solve 


6«“2~ 4 ’ 

3c + Sax 4a+5c 
3c—5ax~4a—5c 

(3a+5ax)-(3e~r}cix ) __ (4b + 5c) - (4a - 5c) 
(3c+5g?)+(3e- 5a*) (4a+6o)+(4a-5e)’ 

^ ^Componendo and Dmdendo } 


Sax Sc 
3c 4 o* 


*= 


4a s 
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3 Solve 


1 * 


Jx+Ja=x__ 
s /x-*ja-x 
Jxl- Jn—x _c 
Jx- Ja—x 
Ja—x c — 1 

~JT 

c— 1 \ 3 
V~\c+l) * 


c+l’ ^ orQ P and Dmd.] 


a-x / 


a . /o-l \ 7 * 9 10 2 (c 3 +l) 


#_ (<J + l) a 
« 2 (c' J +l)’ 


(c+l) s! 
’ 2 (^+ 1 ) 


Examples CLV. 


Solve the equations 

1 i{&± kj/ 5-9 

-s/4*+l- J4x 
3 «/jEj 1 

ijs+l+jx^l 3 


, 6 . 



A ~3* 
fl+£\- + 6 * 


5> n/ 5 ^- n/7-5j I 

' - x' 5 v+ jT^bx^ 

• Ja +o*J0~x _ 
ija-c*jb-x 


a Ja+x+Ja—x 1 

u« i 

Vfi+#- Ja-x 0 


7 Jx-,j5x+2 a Jx+*/a+b yVi- N /g-ar ^ 

a/x+ tJTx+Ta Jx-Ja+b *.'a+^a-x 

0 •J (l +bx*+ h Ju~bx n ^ 

*/«+&*“— fja^bx" 

10 ^«+-g+ ja-x ^ sla+x- Ja-x 

»Jx+b+ Jx-b Jx+b- *Jx-b 
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1-ax /1+6* 
1 • — V 1-6* 


Solve the equations 

11 ax+l + Ja a x 2 — 1 _ bx 

ax+1— Ja-ji— 1 S i-r 

The following equations demand greater s tall. 

13. x-l=2Jx+2 14 /®±f\ a -1+ ££ 

\a — Xj nh 


1 + 0 * 


15 


17 


a—j2ax—x a 
o+^2o*— * s 
x 


16 


ab 

a+x+ s /2ax+x i 

a+x 


18 1+f 


x 2 o s 

n/1+*+ Jl-x l-^/lI7i ^ SeS ^ 

n 


r = 3 


19 


* 

*+o 


5 2(1+ V1+*/ 

an l+\Z* a -l __ 

1+20^7*^! x*—2 21 V'» 4 -l+* v /* 4 -l=* 3 . 

22 Ja* -x*+x JtfZi =oVTZ7? [SeeApp] 

23 a/S+^V ^ 1 - 2 ^ 1 

24 ( g +g)^ l+a+ (a-*) N /T^=2A/^+P [See .dpp ] 

— 1±*~ ^^..W2+»+ a/* . 

’*-■ ~ [See App ] 


25 


26 


l+*+ v 2*+*® */2+x-J x ' 

(1+0 2 X1 + X 3 ) 1 (x a -I 
(l+o*) 2 “4\S + 7 + 2 / 


J” m '^^S^SSSSSS^S^. Tb,mm 

^ b ~d' > ^ en 63,011 fraotion=^i? or _ a>-c 

6+d b—d 

Cor Hence g = £±^_«-mc c mc 

0 6+md • 5=^5, [Art. 181] 
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_ . _ , x— a+B — c a — B + c 

Ex 1 Solve "vi; - 

s— p+j— ?■ p — g+r 

Each fraction = sum. of numerators— sum of denominators 

• g— 5 +o x—g+B— c+q— B+fl _ J 

* p-£+r — «-p+g-r+p-^+r «* 

a— B+c 

x=r — 

p-g;+r 

-r* 9 Solve in *- fft+6 > - ^- (g+C ) 

Ex 2 Solve , U5 _ (c+d) „*_(&+<*)• 

Each = difference of numerators— difference of denominators 
mx—ja+b) mx-(a+b)~mx+(a+e ) e—b 
7 i*-(c+dj “ 7 ix-(c+d)-ns+(B+d) — b—c^ ’ 


7 nx-(a+B)=c+<£-nx, 
(f»+«)a=a+6+<;+(^ or x= 
ax 2 +Bx+e ox+B r _ 


a+B+e +<2 
m+n * 


Ex 3 Solve ^ .T " T-" «;rp[B* 12, p 322] 
px~+gx+r px+q L ’ * J 

Multiply numerator and denominator of second member by x, thus 

gx 2 +Bx+ c ax 2 +Bx 

pj 2 + 5 rx+r~pz J + 5 fz * 


* by Cor, jgjj ^+fc+"-(«* a +fa) c 
px+q px*+qx+r-(px*+qx) r’ 


'whence 


Solve the equations 

1 4 *- 9 ^ 8 x +0 
3x+8“9x-8* 
^ 7 ns— q mx-c 
nx-b ~n x-d 


r(ax + B) «= e(px + g), 

«*-& r 
■ 1 

ar — cp 

Examples CLVT 


2x-G __ 5x- r > 
3x— 8 3s -7 


Gx+q 3x— B 
4x+6 2z— «’ 


•6 n x*-ax+ b x 8 — nx-o 

-Jbx-a Jbx+c ^-px+q^ x^-px-b 

8 4 ±Hil»£+i = * 5 +o»-l „ <x+„)(, +W (x+^x+d, 

«’’-ax* + ix + « x»-«x +4 - 9 “T+xx.,— L X&j* r J . 

(*-ff)(x-B ) x—a—h 
(x-c)(x-d) x-c-cf 


g J+fl r _ z+3a 
z+B^x+a+B 


x+«-»-B 


z+c+<T 


10 
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979 Continued Proportion Quantities are said to Item 
continued proportion -when the first the second = the second 
the third = the third the fourth =&c Thus, if a b=b . c=o d 
—d «=*&c, then a, b, c, &c are m continued proportion 

If three quantities a, b, o he m continued proportion, b is said to 
be a mean proportional between a and o , and c is said to be a 
third proportional to a and b 

The following properties of continued proportionals, should be 
carefully committed to memorj ° 

( 1 ) If a, b, a are m continued proportion, then 6 a — ac 

(n) Conversely if i a =ao, then a, b, c are m continued proportion 

(m) If a, 5, c are in continued proportion, then a c=a a . 

=& 2 c 2 


Proof 


(l) Since a &■=& . c, we have b-=ac [Art 266], 

&?_« c a b . . 

& 6 a . .. «a a a ? 


(m) Take thus , a ] 80 £ «J*J± 

° 0 hoc* b* c 2 c 6 3 c 3 *- 

Thus if three quantities are in continued proportion, the first is to 
the third in the duplicate ratio of the first to the second or of the 
second to the third J 

The last result may evidently be geneialised , for if a number- 
StJos^then 8 * *’ be m continued proportion, giving n 

X \b) -( 3 ) -«• 


Por let 


a 

¥ 

a 

r 


,6 = e 
c ~d~ 

II 

b c 
-X - X 
c d 

x-=, 

X 

a . i 

r«\H 

-=£’• = 
X 

S)h 


t , to n factors =X", 

Hence m the particular case when four quantities a, b, c, d are m 

continued proportion, we have ^=— =-=£!. 

d b s c s dP 

Thus if four quantities arc in continued proportion tit 
the fourth in the triplicate ntfu of thcfifstTZ loon/oronZ 
second to the third, or the third to the fourth, 1 ■* 
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Of the four quantities a, b, c, d, m continued proportion, b and o 
aie said to be two mean proportionals between a and cL 

Ex. 1 Find a mean proportional between 2 and 8 
Required mean proportionals *J(2 x 8)= N /16=4. 

Ex 2 Find a third proportmoal to 24 and 36 
Let *= required third proportional 


Then 


24 36 . 

— , whence *=54 
36 * 1 


Ex 3 Find two mean proportionals between 2 and 16 
Let x and y be the reqiured mean proportionals. 

2 x _V_ 
x’^y-'lb 

‘ f 


Thus 


Hence 

thus 


frv and 

x=4 and y — 8 


Ex 4 What quantity must be added to «, b and c to give three 
quantities in continued proportion '( 

Let *= required quantity. 

Since «+*, b+x and c+x are to be in continued proportion, 
we have 


whence 


(b+x)-=(a+ x)(c + x) 
Xr= a+a—2b 


x If a, b, g, d are in continued proportion, shew that 
n+2f', b+2c and c+2c? are m continued proportion. 


Let 


, n b c 

b = ~c~d’ 


Tlrnb by Art 270, (,), 


and 


c 2 d c+2d 


(«) 


Hence from (i) and (li), 


o+2& b+ 2c 


or 


t»+2c c+2rf 
a+2b, l+2c and c+2dare in continued proportion 

26 
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EX. e. If prove that 

(o& + 6e + erf) 2 = (« a + & 3 + o 2 )(J 2 + o* + d*) [Cal, 1887] 

Let each of the given ratios =1 , thus 

•' » ^s-R-srsrms i Art S7e - Cor v w 

, I \ j / 4 a6+5e+crf a 2 + 6 2 +c 3 
.. from (i) and (u), 6 a +0 , +<p -ab+bc+cd’ 

or («6 + 6e + fid) 3 =(n 2 +6 2 + c 2 )(6 2 + c a + d 3 ) 


Examples CLVH 

1 Find a mean proportional between 12 and 48 , also between 
x s y and xy 3 

2 Find a third proportional to 14 and 35 

3 If *— 1, x and ar+3 be m continued proportion, find x 

4 What number must be added to each of the numbers 1, 5 and 
13, and what subtracted from each of the numbers 2, 7 and 17, to 
give three numbers m continued proportion ? 

6. Find two mean proportionals between 3 and 24 

6. Given that a, b, c, d are in continued proportion, prove that 

« 5 s . * „ 3 ,-| 

d <r 

7 If «, b, c, d are m continued proportion, then also a+b, b+e 
and e+d are m continued proportion. 

8 If a, b, o, d are in continued proportion, then also (i) 2 a+b, 
2b+c and 2c+rf, and (u) a — 26, b — 2o and c- 2rf, are in continued 
proportion 

9 If a, 6, c be m continued proportion, then a has to c the dupli- 
cate ratio of a+6 to 6+c 

10. If y be a mean proportional between x and c, then 
x+y x-y=y+z y-z 

11 If a be to 6 m the duplicate ratio of a +x to b+x, shew that 
x is a mean proportional between a and 6 

12 If a 6=c d and a be a third proportional to a and 5, and 
y to 6 and c, prove that the mean proportional between x andy is 
equal to that between c and d 
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13 If a, b, e are m continued proportion, then ab+bo is a mean, 
proportional between ar+l 2 and & 3 +e 3 . 

* 14 If a, b, c, d are in contmned proportion, then S 3 +c 3 is a 

mean proportional between a 3 +J 3 and c 3 +a ^ . 

15 x . . z, find tbe simplest value of 

■tyKx+y+sY 1 
(t/3+zx+sy) 3 

18 If o * b—b c**c d, prove that 

a I d=pd i + gb 3 +rcP ’ pib 3 -\-q<?+rd? 


2S0 We shall conclnde this Chapter by working out a few 
•examples illustrative of the vanons methods employed m the solution 
of questions on Ratio and Proportion 

* 3L - 


s 


Ex. L If 
-shew that 


5+c—a c+a— 6 c* 

(6-e)x+(<j-a)y+(o-6)s=0 [(701, 1878] 

Let each of the given ratios = I , thus we have 

x«I(&+<s-a) ( 1 ^ 

y**l(e+a-b) ( 2 ;, 

s-=/-(a+&-c) ( 3 ). 

multiplying (1) by b-e, (2) by e-n and (3) by a -b, and adding, we 

£et(b-c)x+(c-a)y+(a-&)3 

=Z{Z» 3 — e 3 — a(&— c)+c 3 — a 3 — J(e— a) +a 3 — 6 3 —c(a— &)}*=! x 0=0. 

Ex. 2 Shew that if then 

* h " a b e 


Let 


by Cor. 1, Art 276, l 


c b a 

ay — bx ex—az bz—cy T 
c m b ~ ~a~ s= ' t ’ 
acir—bcx bcx—dbz abz— act/ 
c* = 

sum of numerators 


l [Art 181 ] 


sum of denominators - ^ 
hence each of the given ratios =*0 , therefore 
ay—bx=0, cx-az=0, bz-cy = 0 , 


whence 
Ex. 3 If 
then 
We have 


x y z 
a b c 

<t(y + s) - b(z + x) *= c(x 4 y)i 
V-Z s— x x—y 
o(6 - c; “ J(c - o) ^ c(a - 6) * 
o(y+s)=i(r+x)=c(x+y) 
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Divide by abc , thus 
y +2 


z+x x+y 


bo 


ea 


ab 


=1 suppose 


Now by Art 276, 


7. (a+y)-(a+x) ,_ y-z 
ab—ca a(b—c) 


Similarly 
and also 


(y+a)-(x+y) _ e-x 
= bo—ab b(o—a) ’ 

/ L ,_ ^ + ^~( y+g )_ X ~ V 
oa — bo c(a — b) 


Hence 


y—z _ z—x x—y 
a(b — c)~b(c—a)~c(y— b )* 


Ex 4 Ify 3 — 2 a yz—b—c arands 3 — x 3 zx—c—a y, 
then prove that x 3 —y 3 xy—a—b z [Punj , 1838 ] 

From the given relations, we have [Art 266] 
x(y*-z*)=y*(fi-c) 


or 


y (a 3 — x 3 ) = sx{o — a) 

Multiply (1) by x and (2) by y, and add , thus 
2 3 (y 3 — # 9 ) = xyz{b — a) 

Divide by 2 and change signs , thus *(x 3 —y 3 ) = xy(a — Z>), 

x s — y 3 a—b 
xy ~ z ’ 




x 2 -y 3 xy=a-b z 


( 1 ), 

00 - 


Ex 5 If alx+bmy+onz=apx+bqy+crz=ax 2 +by 3 +cz 2 *=0, 
prove that x(mr - gn) +y{np — rl) + z{lq —pm ) = 0 [Punj , 1887 ], 

From the first two equations, we have 
l ax+m by +n cz=0 , 
p ax+q by+r cz= 0 
Hence by Cross Multiplication, 

ax by oz 

mr-qn~np—r ~lq-pm? 
ax s by 8 cz 3 

x(mr - gn) ~y(np - rl) ~ s{lq -pm) ~~ su PP 0Ee J 

^ ax 3 +by 3 +oz 3 

~ x{mr - gn) +y{np -rl)+ *(lg -pm)' 
or x(mr - gn) +y(np -rl)+ z{lq -pm)}*= ax 3 + by 2 +cz 3 -0y 

divide by l , thus x(mr - qn)+y(np - rl) + z{lq- pm ) = 0. 
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Es 6. If a . b=e ; d, shew that 

4(«+b)(e+d)=bd?^+ C -^f [Cal , 1874.] 

Let each of the ratios = L , thus u — It, c = ld , 

. 4(rt+t)(c+d)«=*4(It + i / (Id+dl=4&rf(I + l) 8 

= &d{2(I+l)} s =M{(I + l)+(I + l)} 3 


Es. 7 


„ , ax+bi/ a+ax bt/+e: 

Solve — - — - — , — =x+y+z. 


62/ 




sum of numerators 


v, , , , » 111 ui muiiurivwLQ 

33y Art 276, Cor 1, s+y +s= — =2 

3 * * J sum 0 { denominators 


And 


or 


r»*+&y . , co+na? , , ty+co , , 
c: by ax 

. f<j+Z»/+cg _ «+gr4-liy fry-f rj+gg 
* * c: ~ by ~ ax * 

ax— by— Ci=l Buppose 

from (1), ig+|+ J) =2 , whence * 

from (2), * 2a ^ 


— t — ; ; — 

2>c+crt+n6 


( 1 ). 


( 2 ), 


Ex 8 A and B compared their incomes and found that A’s 
income was to that of I? ns 7 9, and thnt the third of A’s income 

was Rs 30 greater than the difference of their incomes. Find what 
each leceived [Cal , 1871 ] 

Let# rupees = A'h income, nndy rupees = ^s income , 

thus “=r (1 

y 9 v 

and \x={y— r)+30, y > x by In pothosis (2) 

From (1), x=ly , therefore from (2), 

hy gy=(y-$y)+ 30, Whence t 7=S10 

Aud from (1), * = 5y=* l y 810 = 630 

Ex 9 Two globes of gold whose radii are r, r, are melted and 
formed into a Bingle globe , find its radius, haring giren that the 
volume of a sphere is proportional to the cube of its radius 
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Let v, «' denote the volumes of the given globes, and V and E, the 
volume and radius of the required globe 

C irt * TC > Cor I], 

and F= v 4- v', ■we get R a = r s + r' s , or R = Vr s - r' 3 

Ex 10 If from a cask of -wine containing a gallons, b gallons be 
drawn off and the vessel filled np with water, and this operation 
be repeated n times successively , find the quantity of wine then 
remaining 

Let a It a a, a s , . , a„ denote the quantities] of wine remaining 

after the first, second, third, , n th , operation respectively , then it 
is easily seen that 

g a 1 =a a—b (1), 

but 6ince the wine ra the cask decreases every time m the ratio of a 
to a—b, we have 


( 2 ) 


Therefore compounding the n proportions in (1) and (2), we get 


«1 

« 2 = fl 

a—b, 

«a 

a.— a 

a—b, 


• « 

• * » 

n-i 

«n=a 

g-h, 


* (a — b) n , 


whence 


On= 


(a—b) n 

n" 1 


L 


2 

3 

4. 


Examples CL VI II 
If a . b—c d, prove that 

(1) ac bd=*(a+c)(a-c) . (b+d)(b-d) 

(2) (« a ~cW-<P) . , 


ma nb po~qd be p^n + mj' 

If a, b, o, d be in continued proportion,! shew that 

(1) (b+c)(b+d)=(c+a)(c+d) 

(2) («+<fj(6+c)— (a +c)(6 +<£)=(&— c) 2 
If a b=a d=>e f, shew that 

o* b' i =a{a+me)+neo ; b(fi+md)+nfd 
If «i . 3 b a =a s b 3 , prove that 

\f a ih+ fJ «3&a+ V («i+ o 3 + a 3 )(bi +b 2 +b 3 ) 
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T , b+c c+a a+b , lt , , 

If = ■ — , shew that « = &=c 

a c * 


6 

then 

7 

then 


If 


If 


st y_ £_ 

b+c c+a~a+V 
( b - c)x + (c - a)y + (a - &}s=Q 
V _ 


a[b—c) b(c-a) c(a-6}’ 
bc(b + c)x + ca(c +a)y+ab(a+b)z=0 

g jf * ^ _f _____ 

(&— e)(&+c— 2a) (e— «)(c+« — 2&) (a— &)(a+& — 2c) 

find the value of *+y +2 

0 jf £ y r 2 

a(&— c)(&+c— 2a) &(c— a){c+a— 26) c(a— &)(a + &— 2c)’ 

find the value of bcx+cay+abz 

10 If then — ^ — - — = 5 

0+0 e+a a+b y+z—x z+x—y x+y—z 

11 If* ax+by+cz—y bx+cy+az^=z . cx+ay+bz, shew that 
each of these ratios supposing x+y+z is not=0 

12 If a+b b+c=c+d d+a, it is required to prove that 

a=c ora+&+c+d=0 

13 If (a+6+c)*=(6+c-a)y=(c+a-&)se=(a+&-c)?ff, shew that 

1.41+1 

x y z w 

j£ d—a d—b_d—c a+h+c+d 

x~u~y-u~z-v~3(u+x+y+zf 

prove that « & c 


d 


u+y+z u+x+z u+x+y x+y+z' 

ic re bx oy cx — az s + y , , . ... x 

15 ' "5+? then each of these ratl0s =y* 
less &+e=sP l-dpp] 

16 If 


__ c a(b—c) b(c— a)_c(a— b) 

y+s z+x *+y ,T:Ue11 ys_ 2 a “7s-* 3 ~ 

17 If ft g+cy __ c,a?+qg gy+bx 

b—c c—a a—b * 

shew that (a+&+c)(*+y+ 2 )=a*+&y+c 3 . 
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18 If — — then eac j 1 0 f these latios. is 
-LO y+s-x z+x-y x+y-z’ 


equal to 
also to 


_t_e _ 
x~"y~l' 

5+c-3o c+g—85 «4-5-3c 
y+z-Zx~s+x-‘3y~ x+y—Zz 

-r- x' y' z' ,, , x v z 

19 If — prove that -7-7— -4= -rr. 

xy x* yz r *y *' a y'z' 

nr% -rc c ~a °-b H+b+c M , , a 

20 Ifr — 1 s *- — ;=^7—r — — prove that 


21 If 
shew that 

22 If 

prove that 


x-z y-z 2{x+y+zf 
la+mb ma—lb 


y+z z+x x+y" 


l m * 

(1) c!W+&*, (2) ac~ ft 2+&a. 

y+z ^ s+J _ x+y 
36-c = 3c-a 3a- 6’ 
x+y+z «+5-fc 
a*+ by+cz ~a?+b i +c T 


23 If a+d=mc and shew that « . J=c ^ and find 

the value of m in terms of a, $ and c 

24 If “=j=-j « s +^ 2 +s 3 =d J and a;c+&y +cz=f 3 i 

prove that (a 2 + 1»« + c 2 )d 2 =/* 

26 n H-?-* * 44 ^ 

shew that 2T j. 

a 2 6* o 3 j f ^+ i ,8 +a a 

28 RnWft a x+by — cz b>/+cz~ax cs+av—by 

6 8 +c J c 2 +a a « 2 +6 2 «+&+c 

c^a a & 

27. Solve L_ ==£--£« 

«+6+c a 6 c * 

28. Solve y+z . s+x . x+y*=a b cl 

(y+s) s +(s+a?)«+(*+^)8 ss i J 


29 


If * a—y b=s c, prove that i x+ V * s ) 5 

a 2 b 2 c s (a +&•$-<?/* 
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30 If 
shew that 


bx+ay—ez cif+bz—nx az+cx—hy 
«2+b* P+c 2 c 2 +a 2 * 

«+V+£_ a x+by+cz 
a+b+c~ab+bc+ca 


3L If 
•then 

32 If 

33 If 
terms of c 


y 


Uynb+nc—U) m(nc+la-mb) ntUi+mb-nc)' 

l m n fApp 1 

x(by+ez—ax) g(cz+ax-by) z(ax+by-cz) 1 * 

=-JL. determine the ratios a l b . c 
b a c-b’ 

b 1 — n s — c 2 6*— a*+c2 „ , ,, . . , , 

— — find the value of each ratio m 

b-c ~ - s 


fl + C 


34 If -4" =o, -4-= 5, 
y+a ’ a+a: 

c 9 • ,fl 


-== c, shew that 


x+y 

x* y* . 2 2 =a(l— bs) b{l — ca) c(l—ab) 

35 Find two numbers such that tlieir sum, difference and the 
sum of their squares, may be as the numbers 5, 3 and 51 

38 "What is the least integer that must be added to the terms of 
~the ratio 9 23, so as to make it greater than the ratio 7 . 11 * 


37 A’a age is 25 years and IPs age is 6 jears, find the least 
number of i ears after which the ratio of their ages will be leas than 
"the ratio 7 3 


38 A person buj s tea at G« a lb ,and also some at 4? a lb , m 
what proportion must he mis them’ so that by selling his tea at 
5s Set a lb , he may gam 20 per cent on each lb sold i 

39 The length of a certain rectangular field is to its breadth as 
'6 5 One-sixth part of the area being planted, there remains for 
ploughing 625 square yards What are the dimensions of the field t 

40 A bill before Parliament was lost on a division, there being 

600 votes recorded Afterwards, there being the same voter*, it wa* 
-earned by twice as many votes ns it was before lost by, and the new 
majority was to the former as 5 4 How many members changed 

their minds ? 


4L Two casks, A and B , contain mixtures of wine and water, 
A m the ratio of 8 3, and B in the ratio of 5 1 In what pro- 

portion must hqtnd be drawn from each cask to give a mixture 
containing wine and water in the ratio of 4 1 ? 

42 A packet, sailing from Dover with a fair wind, arrive* at 
"Calais in two hours , on its return, the wind bsiug contrary, it 
proceeds six miles an hour slower than it went When it is half-way 
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over, the wind changing, it sails two miles an honr faster, and reaches 
Dover sooner than it would have done, had not the wind changed, 
in the ratio of 6 7 Find the distance between Dover and Calais 

43 Having given that the illumination from a source of light is 
inversely proportional to the square of the distance, how mnch nearer 
to a candle must an object, which is now 10 inches off, be placed so- 
as to receive just 9 times as much light ? 

44 Given that the areas of plane triangles are proportional to- 
the product of their bases into heights, compare the areas of two 
triangles whose bases are as 3 and 4, and heights are as 8 and 7 

45 Three globes, whose radii are 3, 4 and 5 inches, are melted 
and formed into one , find its radius, having given that the volume 
of a sphere is proportional to (radius) 3 

46 If m shillings m a row reach as far as n sovereigns, and a-, 
pile of p shillings be as high as a rale of g sovereigns, compare the- 
values of equal bulks of gold and silver, having given that the volume 
of a com is proportional to the product of its thickness into (radius) 2 


CHAPTER XXIV 


MISCELLANEOUS THEOREMS AND EXAMPLES 


281 Theorem If the sum of any number of 
Quantities be zero, each of the quantities is severally zero 

Let A 2 + B 2 +C a +. . =0, where A, B, C, . 
quantities 


real positive 
are all real 


Now whether the expression for which A stands he, after reduc- 
iop, positive or negative, its square must always be positive , hence 
0 .Similarly B\ G\ are all essentially 
Ew gum of positive quantities cannot be zero, unless 

each of them be severally zero Hence A 3 =0, ^=0, C 2 =0 &c 
whence A— 0, B*= 0, (7=0,. . .. which pioves the Theorem 

Hx If a 3 +6 3 +c 3 =2a&, shew that a=b and c=0 
Ey transposition, we have 

(a— 6) 3 +c 3 =0, whence (a-&) 3 =0 and c 2 =0 , 
a — Z»=0 or a=b, and c=0 


Examples CLIX. 

If * 8 +y 3 +s 8 +« 2 +&2 + c 3 =2(a*+ty+cs), S h ew that 

x—a, y=b, z=c 
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2 If a a +b 3 +o 3 =iav+by+os=x 3 +y 3 +e 9 =l} 

x y z 

prove that -=>■=-= 1 

1 a o o 

3 If n 

(x - o ) 3 + (x - 6) 9 + (x - c) Q s= (« - a)(j? -b)+(x- b)(x —c)+(x— c)(x - a), 
find the relations between a, b, o 

f in 3 1 3 f ?i 2 i a 

4 If — J- + ^ — ~r =0, shew that x=m+n. 

6 Solve (l+a s +6 s )(l+aj 3 +^ a )t=(l+a* + 6 i y) a . 

6 Solve (a?-«) J +(y-6) 2 +(a a +&*-l)(« 2 +^-l)=0 


2S2 Theorem If XY—O, then (1) either X~0 or Y— 0, or 
(2) *1=0 and J==0 


For if 
or if 
and if 


X~a. J"=0l , „ 

x=o, r=z>} then Z7==0 J 

X—0, T= 0, then albO A!T=0 


Hence when nothing is Lnoion as to the values of X and Y, (1) iff 
the only legitimate conclusion 


Conversely, the product XY cannot be 0 unless one of its 
factors is 0 


Cor Hence if XYZU =0, one at least of the factors must be 
sero , and conversely, the product XYZU cannot be 0 unless one at 
le tst of its factors is 0 

Ex L If x s +y s -\rz 3 —3xyz=0 } then must a?+y+s= 0, supposing 
x, y and s all unequal 

Now x^+if+z^-Zxyz 

r) 9 +(*-y)*} [Art 155] , 

•* • |(»+y+«){(y“S) 9 +(2-af) a +(«-y) 3 }=o 

Thus either the first factor or the second factor is zero , if the 
second factor be zero, we have 

(y-a)*+( 2 -#) 3 +(ar— y) 9 =0 , 
whence (y-s) s =0, (z-#) 2 =0, (x~yf-=0 [Art. 281], 
that is y-s=0, s-x~0, x-y-Q, 

or x=y=z, 

which is contrary to hypothesis , therefore x+y+s= 0 
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EZ 2. Solve 47, p 326] 

Add 1 to both sides , thus 

(x-aF+Cx-bp 2r-n— & 


•whence 


(2x-a-b) ^ 




(x-b) 3 x—2b+a * 

f fr - «)- -(x- n)(x -b)+(x- b) 3 1 

(r-6) s x— 2b+a, 

or after slight redaction, 

(2x- a-b) =0 , 

v \x-b)\v-2b+u ) ’ 

therefore either the first factor =0, or the second factor— 0, but the 
second factor cannot be 0, for then (a- &) 8 would be equal to 0, te.a 
■would be equal to b, which la contrary to supposition , therefore 
2x— a— 6=0 , whence *<=^(a+5) 


Ex 3 


„ 11,1 
Given -+-+-= 

«« M ** 


V z v+y+i 


shew that /I+l+i) Sn+1 = I 

\X y Z! J 2,lT l + » / 2r.+l + s ai+l 

Multiplying out, we have from the given relation 
(x+y + z)(yz+ zx+xy)~xi/z=0, 
or (y +s)(z+*X*+y)=0 [Art 160, Ex 2] , 
hence one at least of the factors must beO Let «+?== 0. whence 

now 1 

'* y zJ \x z s/ XZ) “^5Tia 

l L_ 

® 5,1+x — 4 2ll+1 + s s,l+ l 1 + ^*’‘■*'1 + Z ~ n+ 1 


2S3 Meanings of O, - 


0 

0 


(i) Ordinarily 0 stands for the difference of two ennnl n nB1 . 
‘ i ntL? UantxtleS T hlch ,h evi( lently nothing There is, hoover 
pSse h Sup ' 

^vssrsr k tst 
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that of a, h may be made smaller than any assignable quantity - 
This is expressed by saying that the limiting value of the difference 
h, when a and x are made to dificr as little as ice please, is 0. 

(u) «, * e , an infinitely largo quantity 

In examining the solution of the equation ax+b<=Q, we have seen- 
[Art. 241] that when the coefficient of * is 0, the value of x, 

represented by is infinite Thus the result of dividing any 

quantity by 0 is an infinitely large quantity. Hence ^=cc, "where- 
oc is the symbol for infinity 

(m) is the symbol of an indeterminate form, * e , when 

an expression assumes this form for a particular value of any 
symbol, the value of the expression cannot be determined, as long as 
it has that form 

Eor we have seen [Art 241], that when the value of x assumes 
0 

the form q, the equation ax+b — 0 is satisfied by any finite value 
of x 


Ex Evaluate r= — — ==, when x=>0 

*J 1 +*- k 'L-x 

If at the outset, we substitute 0 for x, m the given expression, itr 
becomes 

0 0 
Ji+0- N /1^0 0* 

and we cannot find its value "We must therefore transform the 
proposed expi ession m'o another of equal value, such that for a given 



nationalize the denommatoi , thus the expression becomes 

x{J\+x+ J\—x) ^tl+x+>Jl— x 
2x 2 ' 

Now put x=Q, thus its value is 1 
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Examples CIiIX (Continued.) 

7 Evaluate when *=a 

x—a 

8 Evaluate ^f^^x-V ^ hen 

8 t 4 V -t)-Ily-~2)-i - wbm *° 1 ' 


384 The cases of the divisibility of i n ±o n hy x±a [Art 1421 
can he otherwise proved hy the method of Mathematical 
Induction 

i 

(l) To investigate when s n — a" is divisible hy x—a. 

TVe have x a —a n =x n ~ ax 1t ~ 1 + ax n ~ 1 — a n 


=x n ~ 1 (x —a)+a(x' t ' 1 — a"* 1 ) ; 


x n —a n 

s 

x—a 




x—a 


Now eince * n_1 is integral, a" will be divisible by x—a, 

if ■ ■ — — he integral, or in other words, if * n * 1 — o"" 1 be divisible 

by *-a , that is, if x-a divide a quantity which is the difference 
between any the same power ofx and of a, it will also divid • a quantity 
which is the dijference between the next higher power of x and of a. 
But we know that x—a divides a? 3 — a 8 , therefore it will divide 
sc 3 — a 3 , and since it divides x 3 — a 3 , it will divide x l -a i , and so on 

Hence 

x n —a n is always divisible by x—a 


(u) To investigate when s n +a n is divisible by x—a 
"We have x n +a ,l =s n -a n +2a n , 

• m n +a n x n —a n 20 * 

** x—a x—a x—a 

Now since x n -a n is divisible by x-a, * H +a n -mil be divisible hy 
■X—a, if 2a" ib so , but 2a n is never divisible by x—a, 

x n +a n is never divisible by x -a 

(ui) To investigate wh n s n - a n is divisible by x-ba 

From Art. 196, we know that (— a) n = +a" only when n is even ; 
therefore x n -a n =x n -(-a) n only when n is even and x+a 
=x-(-a). Hence from (i), 

x n —a n is divisible hy xA -a only when n is even. 
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(it) To investigate when #"+a n is divisible by x+ a ■» 

As proved above, (— a)"=-a" only -when n is odd, therefore 
je»+o n =* n -(~o)" only when n is odd , and ar+a=a:-(-a) Hence 
£rom ( 1 ) 

x n +a n is divisible by x+a only when ft is odd 

Note It is important to remember the form of the quotient in each 
of the above cases By actual division, we have 

(1) (*"-a“)-(* -a)=x"- l +ax"-*+a*x n ' s + +a n_l 

(2) (x n - «") — (* + a) = * n_1 — ax’* -2 + a V*" 3 — . . . —a" _1 ' 

(3) (x n +a n )-(x+ct)*=x n ' 1 -ax n - a +a 9 x n - s -. . +«»-* 

Mark that m (1) all the signs m the quotient are +, and m (2) and 
i(3) the signs are alternately + and — . 

Examples CLIX (Continued ) 

AO Shew that 8 n — 1 is always divisible by 7 
1L Shew that (23)"+ 1 is divisible by 24, if n be odd 
12 Shew that (21)"- 1 is divisible by 20 or 22, if n be even. 

13. Shew that (24)"-(19/‘ la divisible by 5 or 43, if n be even. 

14. Shew that 7*"— 1 is always divisible by 48 
16, Shew that 8 2 ’ 1 — 3 2n is always divisible by 55 

S85 Condition Of Divisibility From the Corollary, Art 137 , 
we have D—dQ+R, ie,^=Q+^. Now since Q is integral, D will 

"be exactly divisible by d, when is either an integer or 0 But — 

a* R 

cannot be an integer, for the degree of R being lower than 

that of -d, ^ is fractional Therefore ^=0, le, R=0 Hence the 

<onditionfor exact divisibility of cm expression by another is that 
the remainder shall vanish . 

If therefore the Divisor be of n dimensions and consequently the 
Remainder of n-1 dimensions, the Kemamder will contain m 
general ft terms [Art 133] and therefore ft coefficients of the symbol 
■of reference, which must each vanish identically if the remainder 
vanishes 
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Es 4. For what value of q will x-+5x+g have the factor *+8,, 
and what will be the other factor i 

#+8)* 3 +5 x±q (*-3 
g*+8x 
-3x+q 
—3a;— 24 
g + 24 

Since x+8 is a factor, the remainder vanishes , thus g+24=0 or 
q — — 24 Hence the other factor is x — 3 

Ex 2 Determine a and b in order that 3x*+22* 3 +a*+6 may 
have a quadratic factor * s +7s+8 
By division, the remainder will be found to he (a— 31)x+(5— 8) 

Now s s +7r+8 being a factor of the proposed expression, thife 
remainder vanishes f therefore each of the coefficients vanishes 
identically hence a— 31=0 and 5 — 8=0 , thus «=31 and 5=t. 

Examples CLIX (Continued ) 

16 Find for what value of x, the expression * 3 +4x 2 +7*+21 is- 
divisible by x J +3x+5 

17 Find the value of x foi which 2l* 4 -29x 3 +16.s 3 +14:i;-236 ls- 
dm&ible by 3** -6s +8 

18 Find the value of v for which x i +ax s + bx' 3 +cx+d is divisible 
bj x*+pv+q 

19 Find the relation between the coefficients p and q in order 
that x 2 +px+q may be a perfect square. 

286 Identity is satisfied by all values We have seen- 
[Art. 83], that an Identity holds whatever value be given to any of 
the symbols m it Thus the identity x 2 —(a + b)x+ab<={x—a)(x—b) is. 
satisfied when we put x or a or 5 equal 0, 1, 2, 3, Ac Hence as a 
particular case it is clear that an Identity is satisfied by any value 
whatever of the symbol of reference 

287 Theorem In an Identity the coefficients of the hlepovxsrs 
of the symbol of reference are equal 

Suppose A+Bx+ Cx 1 + Dx s + ...=a+&*+c* 3 +<frs+.... 

to he an identity Since this is satisfied by any value of x fArt 2861 
put x=0, thus A=o, and 

Bx+Gx 3 +Dx*+> =&T+e* 8 +dr 8 + .. . j 
now divide by x, and we have 

B+Cx+Z>x 3 + it =*b+cx+dx 3 +. .. , 
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hence, os before ( B**b Similarly it may shewn that C — c, 
I) =■<?, Ac. 

This theorem is known as the Ppiscirtn of Indeterminate Co- 
efficients 

Remark i. .4 and a may be considered as coefficients of x hating the 
sen power, for they may be « ntten respectively Ax* and ax 9 . 

Remark 2 In mean flete expressions, the coefficient of the absent poxosr 
is o Thus from the identity 

Ax 9 +Bx*-rCx+Z)=ax 9 +t>x- +d, 

we get Ax 9 +Bx 9 — (7x+D=flv 3 +£v*+ox+</[see Art. 133]; 

therefore Asia, B~b, C—o, D—d. 

Ex If ax JI +&x ; +cx+<7=(2x+l)(x s -4) for all values of x, deter- 
mine a, b, c and d, 

"We have 

asP+bx^+cx+d =(2x+lXx 5 -4) ident.cally =2x 3 +x s — 8x— 4 ; 
a=2, Jra], c — —8 and d*»— 4. 

Examples CLIX (Continued.) 

20 If flrx*+Z»x 3 +ex*+rfx-‘-fi=«3x 3 +2{x+lX*— 1)+7 identically, 
find the values of a, b, c, d and c 

21 If px 3 +gx 3 +rx+* be identically equal to 2(x— 1 )(x + 2)(x + 3), 
what are the values of p, g, r and r ! 

22 If x 4 +ox 5 +?>x-+cx+<7=(x 5 -rx- !Xx 2 +2x+3), shew that 

o+<7=0 and b— 4c=0 

23 Find the values of 0, b, c, d, when 

ax 3 + bx' + cx + d «= (2x 5 + 4 x + 1 X* - 2) , 
and shew that o+d=»0 

24 Determine 7, m, n m order that x 3 +7x*+mx+7i may be equal 
to the cube of x— 2. 

2SS We shall further illustrate Arts 285 and 287. 

Ex L For what value cf g will x ! +5x+g lmvo the factor x+8 
and what will be the other factor 1 [See Art 285, Ex. 1.] 

Since the proposed expression is a quadratic, it can have bnt tiro 
bvear factors therefore the other factor must be of the form x+a. 

Hence 

x 3 +5x+g*=(x+8X*+«)=x 3 +(a+8)x+8a , 

o+8*=5 and 8o=g 

whence o= -3 and q— -24, and therefore the required factor is x-2. 
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Ex 2. If £ s +5'e+a be the square of x+b f find a and 5 
We have £ s +5j:+fl'={:r+&) 8 s=£ 3 +2&j?+ 6 a , 

26=5 and 6 5 =a , -whence 6=| and a=-? 4 4, 

[Work this example by the method of Art 285] 

Ex 8 Determine a and 6 in order that 8* 8 +22* a +ax+5 may 
have a quadratic factor sf a -t-7r+ 8 [See Art Ex 2] 

Since the extreme terms of the given factor are r a and 8, the re- 

qmred factor, •which is linear, must be 3ss +| , whence multiplying out 

and equating coefficients, we get o= 31, 5=8 

Ex 4 If x 8 + asfl +6x+c be exactly divisible by x 3 +px +• q, 
shew that p(p~a)**q-b, qt^bq-cp 

The other factor must evidently be *+~ , therefore multiplying 
out and equating coefficients, we have 

P+' =0(1), and g+p r ~ =6 ( 2 ) 

From 0)*-~a~p , from (2), j+p(a- P )=&. The second re- 
lation at once follows from (2) 


Examples CLTX. ( Continued ) 

S rfV?'* 01 0i “ «“ °‘ b “ fMtaand 

^ **+?*+«-<*+«>’. «*d 
sndj H *" + * ,+ * ,I+ S 18 divisible by (*-!)(*_ 2), determine p 

tl?othe?^r 9X ’ + “*' 1Zb6e “ Ctlydl ™ lMeb y 4l+3 > fi ”4 o and 

•*^+to£££i< £’ b “ dlnal,le by 

rfM 'anfe + “ X,+ ij ' +0 b8 d ‘™ tbl » by find tie 

31. For what values of « and 6 will the expression 

„ „ f+^+^+to+tt be a complete square? 

32. If * +az +bx*+cx+d be a perfect square, shew that 

, c s o 2 

4 -+2 \ / ^=&* 
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<289. Symmetrical Expressions. An expression is said to 
Toe symmetrical -with respect to a pair of symbols, when tbeir inter' 
change does not affect its value and with respect to all its symbols, 
when the interchange of any pair does not ana affect its value 

Thus x+y+mz is symmetrical with respect to x and y, but not 
with respect to x and r, or y and z, for the interchange of x andy 
gives y+x+mz which is equivalent to the given expression, whereas 
the interchange of y and z gives x+z+tny which differs from the 
proposed expression. 

Agnm the expression bc+ea+ab is symmetrical with respect 
to all its symbols, for the interchange of any pair 6 and c gives 
cb+ba+ac which is the same m value as the given expression. 

The following are other examples x+y+z , a 9 +J s +e s — 3a&c, 
(b+c—2a)(c+a-2b)(a+b-2c) t &o 

It is worthy of note that the expression x+y+mz would be 
symmetrical with respect to x, y and s, if or if x and y have 

each the coefficient m Thus mx+m y+mz is the only general 
form of symmetrical expressions of the first degree m x, y, z, where 
m is independent of x, y and z 

Similarly it is easy to see that the expression 

ax z +by*+cz' l + dyz + ezx +fxy + gxyz 

would he symmetrical if a *=b=c, and d*=e=f , or in other words, 
if the expression assumes the form 

A* 2 + Ay 8 + As 8 + Bgz+Bzx + Bxy+gxyz 

It is needless to multiply examples, the above being sufficient to 
shew that m symmetrical expressions all the terms of the same type 
must have the same coefficient Thus m the second example x‘ 2 , y", z", 
which are of the type of x\ all have the same coefficient A , and 
yz, zx, xy which are of the type of yz, all have the same coefficient B 

Again from the nature of symmetrical expressions, it follows 
that the sum, product, or quotient of two symmetucal expressions 
is symmetrical Thus the sum, product and quotient of * 3 +y a +c a 
and a+b+c are respectively 

x s +y 7 +z' i +a+b+c, 

( x 3 +y*+z a )(a+b+c ), 

(v*+y”-+ 2 i)-(a+b+c) } 

which are all symmetrical, as the student can himself see We thus 
•obtain the following Laws of Symmetry . — 

(i) In a symmetrical expression^ all the terms of the same type 

must have the same coefficient. 
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(u) The sum, product or quotient of two symmetrical expres- 
sions must also he symmetrical 

Remark. The expression [y-s)ls-x){x-y) is also called symmetrical 
though by the interchange of a pair of symbols its sign is changed 

£90 Homogeneous Expressions In this article we shall 
give a more convenient definition than that of Art 49 A homo- 
geneous expression of the r th degree is such that when each of its 
symbols is multiplied by r, the expression itself is multiplied by r, 
the degree of r ", viz , n, denoting the degree of the expression Thus 
x t +xy+y*, (s 2 +i/ 3 )-(*+*/)i and (ar 3 + tf 2 + 2 s ) — (yz +zx+ xy) are 
respectively of the second , first and zeroth degrees, for when each of 
the symbols of these expressions is multiplied by r, we obtain 
respectively 

r^+xy+y\ 

*+? and r\x*+y*+z') _ x*+y*+z* 

r(x+y) x+y 5 r 9 (yz+zx+xy) r yz+zx+xy 

Thus though the quotients are not obvious m the second and third 
examples, yet their degrees are apparent We have thus the follow- 
ing Laws of Homogeneity — 

(i) If a homogeneous expression of the m th degree he multiplied 
hy another of the n th degree , the produot will he a homogeneous ex- 
pression of the (m + 7i) th degree 

(u) If a homogeneous expression of the m th degree he divided hy 
another of the 71 th degree, the quotient will he a homogeneous expres- 
sion of the (m—n) lh degree 

891 Factor Theorem If an integral function f(x) vanish 
when sc— a, then x-ais a factor off[x) 

Let Q be the quotient and R the remainder, when f{x) is divided 
by x -a Then as m Art 141, we have 

f(x)=Q(z-a)+R 

Now if f(x)= 0 when *=«, then also R-0. 

Hence fi*)-Q(x-a ) ; 

i c , x — a is a factor of f(x) 

This consequence of the Eemainder Theorem [Art 1411 is very 
useful m factorizing expressions J 

Ex. L Prove that (h-cf+(c-pf+(a-bf=3(b-c)(c~-a)[a-h) 

[Art. 155, Ex. 6J 

Put b—c, % e , suppose b-c=0 , then 

(6-c) s +(c-o) 3 +(a-6)3 = o+(«j-«) 3 +(a-<j) :i =0 , 
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b—o js a factor of (6— fl) 3 +(c— a) 3 +(« — 6) 3 Similarly it a: ay 
be sliewn that o— a and a—b are factors of the expression. 

Therefore (&-c)®+(c-a) s +(ft-6) s =*/l(&-c)(fl-a)(a-&) (A). 

Now since the proposed expression is of the third degree in a, b 
and c, l cannot contain a, b, c and therefore remains constant for 
any values that may he assigned to a, b and c And since (A) is 
an identity, we can give to a, b, o any value we please Suppose, 
then ««0, 6=1, e— 2, thus from (A) 

— 1+8— l«=lx — lx2x — 1 , whence i=3, 

(6 - c)®+ (c - af + (a - bf <= 3(6 - c)(c - a)(a - b). 


Ex 2 Factorize a®(6 +c)+ 6 s (c + a) + c\a + 6) + 2«6c 

Denoting for shortness the given expression by /fa, 6, c) FArt 1401 
we have, by putting 6«=— c, 

/(a, b, <J)=»c J (c+o)+c s (o — c)— 2nc s »=0 , 
thus 6+c is a factor /{a, b,c) Therefore from the symmetry of 
the given expression, we see that e+a and « + 6are likewise its 
factors 

Now_/far, b, c) is of the third dcgiee , therefore it has three linear 
factors, and consequently if it has any other factor, that factor muBt 
not involve a, b and c Hence 

/(«, b, c) — (6 + c)(c + ft)(n + 6), 

where L is some constant To determine L, pioceed as in Ex. 1 , or 
compare the coefficients of someone term on both sides 
jArt 289] Thns by comparing the coefficients a 2 6, we have l = 1 ; 

. given expression =(6 + c)(c + a)(a + b) 


Ex 3 Factorise a p (6 - c) + b 9 (c - b) + c"(a — b) 
Denote the given expression by /(a, 6, c) 

Put 6«c in f(a, 6, C ) , thus 


fia, b, c)=0+c-(c-«)+cXa-c)=0 , 

therefore 6— <i is a factor of f(a, b, c) Similarh it may ho shewn 
that c-a and a-b arc factors Now ftu, b,c ) is of the fourth 
degree, therefore besides the 3 factors 6— o, c—a, and a — 6, it has 
another linear factor , and /(a, 6, c) being sy mmetncnl, this factoi 

rTv ±V )Q ^ mraefcnoal m b and c > therefore it is La+lb+lo 
lArt. 289] Hence 


/(«, 6, c) =» (6 — c)(c - «)(« - b)(la +lb+Jc) 
<=-L(b-c)(c~ a)(a - b)(a + 6 + c) 
Compare the coefficients of a® b , thus l =- 1 Therefore 

given expression = -(&- e)(c - «)(« - b)(a +b+c) 
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Ex 4 Factorize a(b-c)*+b(c-a)*+c(a-bP=A«> M 
. v - o 5_c, c—a.a—b are factors of ./fa, &> c ) But /[a, 6, c), 
litm* of tie fourth degree 1 ms mother linear factor and ae M i, c) 
SLmctaeS m », Sand », <■» i fector mast also be symmetrical, 
•whence it is La+Lb+lc [Art 289] Therefore 

/fa, b, c)=(b-c)(c-a)(a-b)(La+lb+lc) 

=i(b- c)(c - a)(a - b)(a +b+c) , 

■whence companng the coefficients of ab\ we get l — l , 

given expression =(b— c)(c — a)(a — &)(«+ b 4- c) 

Ex 5 Factorize ( ■» +# + 2 ) 3 - (y + s - #) s — ( 2 + a? — y) 3 •- fa + y — 2) a 

=/fa, y» c> 


Put *=0, thus /fa, y, 2 ) = fa + 2 ) a - fa + « )“ - [*- V? - fa- z ? - 0 , and 
from the symmetry of /fa, y, z) , it is clear that /(a?, y, £) heebies zero, 
■when y=0, z=0, thus x, y, z aro factors ol Rv,y,z) Therefore 
since /fa, y, z) is of the third degiee, we have 
/fa,y, z)=lxyz 3 

where £ is some constant Companng the coefficients of xyz, we obtain 
£=24 We might obtain £ as in Ex. 1 above Put v=y=z=], thus 

(i+i+i) 3 -(i+i-i) s -(i+i-i) 8 -a+i-ir=i in, 

whence £=24 


Examples CLIX. ( Continued ) 

33 Prove that 

(be + ca + a&) 3 - ( bo P - (cap - (abp = 3a6cfa + c)(o + a)(a + b) 

34 Prove the identity x(x+y-z)(x+z-y)+y(y+z— x)(y+x-z) 

+z(z+x-y)(z+y-x)+(y+z-x)(z+x-y)(x+y-z)=*4xyz 

35 Shew that x n -nx+n-l is divisible by (x — l) 3 , if n be a 
positive integer 

36 Shew that (1 — vp is a factor of 1— a?— a? n +a? n+1 , n being 
any positive integer 

37 Shew that (x- 1) 2 is a factor of 7W n+1 — ( n+ 1)3?*+ 1, wher6 n 
is a positive integer 

38 If n be a positive luteger, shew that 

(«&)’* — (&c) n + (cd)" — (da) n is divisible by ab—bc+cd—da 

r 

8S>8 To investigate Tvlien cc-1, sc+l and a? s -l are 
factors Let 

f(x) =pc,x n +p 1 x n ~ 1 + JPsX n ~ 2 + . ., +j>„ 

i 
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bean integral expression Divide fix) by x— 1 j fchns by tbe Be* 
mamder Theorem, 

-R~Polrpi-hp2+ .. . +p a 

Isow if x— 1 be a factor of fix), R must vanish , therefore 

F0+P1+P2+ .+^=0 (1), 

'when x— 1 is a factor of fix) Hence if the algebraic sum of the 
coefficients of an integral expression vanish, the expression kas a 
factor x— 1 

Again divide f(v) by x+l , thus by the Bsmamder Theorem 
^=(-i;"pQ+(-l) n - 1 p 1 +(-l) n - 3 pS+ +Pn 
Now R most vanish if x+l h; a factor of fix) ; therefore 

(-i)"Po+(-i) ,, ' 1 P 1 +(- i)’ , - s p s +. • ..+P„= 0 (2), 

when ar-rl is a factor of fix) Hence if the algebraic sum of the 
coefficients of the odd powers of iix) be equal to that of the coefficients 
of the even powers, the expression has a factor x+l 

Lastly from (1) whether n be even or odd, we have 

P'f x -Pl+Pl+ .+p n =0 (a) • 

and from (2), supposing n to be even. ; we ha\e 

Po+p ! +p i + Pn'=Pi+p s +p J +. . +p«-i 03) 

Therefore from fa) and (ft), we have ^ip 0 d-p 2 +p i +.. +p n )=0 ; 

which shews that the left side cannot vanish [Art 232) unless 

Pa+Pe+P\+* . +p n —0 , 
thus if fo+p a +|»4+ . +p n =01 

and from (0), p 1 +p s -i-p B + +p H . l =0j 
f{x) has a factor (x~l)(x+l) or **-1 

The same result will similarly follow bv supposing n to be odd. 
iience if the algsbrair rum of the coefficients of the oad powers and 
that of the even powers severally lanith, the expression Jias a factor 

Ex 1 Factonze x^Gx 3 — 12x s +2x+3 

Here the algebraic turn of the coefficients of the several powers of 
s is zero Therefore the expression has x- 1 for a factor Hence 

given expression =x’(x-l)+ 7x*(x - 1) - 5x(x - 1) - 3(x - 1) 

»(x-lX* 3 +7x ! -5x-3) 

The algebraical snm of the coefficients of the second factor is also 
zero , therefore it has a factor x-1 Hence 

a’+7x*-5x-3«x*(x-l)+8x(x-l)+3(x-l)«Cx-lXx54.Sx+3), 

the required factoid are (x- l) s and x ! +8x+3. 
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Ex 2. Frctorjze 2x s +llx s — 26*— 35 

The sum of the coefficients of odd powers is 2 - 26 = - 24, and the 
sum of the coefficients of even powers, is 11— 35 =-24 Thus x+1 
is a factor of the given expression , therefore 
given expression = 2x 3 (x + 1) + 9 r (x + 1) - 35(« + 1) 

=(x+l)(2x 3 +9r— 35)=(x+l)(2x— 5)(x+7) 

Ex 8 Factonze 15® 4 -38.r s +9.r 2 +38x-24 

The sum of the coefficients of even powers is 15+9— 24=0, and 
the sum of the coefficients of odd powers is 38— 38=0 Thus x 2 — 1 
is a factor of proposed expression, which is therefore 

=15x s (x 2 — l)-38i(x 2 -l)+24(s 2 -l) 

= (x 3 - l)(15x 2 - 38 x + 24) = (r 2 - 1)(3 r - 4)(5x - 6) 

Ex. 4 Factorize x 3 — 15x 2 +71x— 105 
Now 5 is a factor of 105 , put *=5, thus given expression 
=(5) 3 - 15(5) J +71 x 5 - 105 =0 identically , 

therefore x— 5 is a factor of the given expression Hence the expres" 
sion may be depressed to a quadratic and its factors may be found 

Ex 5 Factonze 6x 4 — 41* 8 +95x 2 — 86* +24 

Now 2 is one of the factors of 24, and bv trial we see that when 2 
is substituted for x in the proposed expression, it vanishes , 

x-2 is a factor of the expression Thus 
given expression =6 x 8 (t- 2) -29x 2 (x- 2)+37x(x— 2)— 12(x— 2) 

= (s - 2)(6* s - 29** + 37v - 12) 

Let us resolve the second factor One of the factors of 12 is 3 and 
by tnal we see that 3 being put foi x, causes this factor to vanish , 
therefore x— 3 is a factor of this expression Therefore " 

6x a - 29x 2 +37x — 12 = 6® 3 (x - 3) — 1U(® — 3) + 4(x - 3) 

= Cx - 3)(6x 8 - llx + 4) = (x — 3)(2x— l)(3x - 4) 
Therefore the proposed expression = (x - 2)(x - 3)(2x — l)(3x — 4) 

Examples CLIX. (Continued) 

Factorize the expressions 

39. x 4 +3x 8 — 7x 2 +x+2 40 12x s +13x s +4x+3 

41. 20x 4 — 29x 3 — 5x a + 17x — 3 

42 3x fi + 34x 4 — 32x 8 — 94x a + 29x + 60 43 3x6-10* 3 +15x+8. 

44, 5x°— 27fc B +54x 8 — 15x 2 — 27x+10 46 3a 8 +4a 3 Z>-5«&2_ 2 J\ 

46 8x 8 +34x 2 ,y+41x,y 3 +15y 8 47. 3a 4 -2a a x-lla 2 x 3 +2ax 8 +8x 4 
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Factorize the expressions 

48 sc*— 6o s i 9 — 8a 3 j?-3a*. 49. 2x*—§x i —4x-+51x—36 

60 Gx*+x^y—x , y 2 —9xy :i +3y* 

61. a*-10a*x+35a*s s -50ax 3 +24x* 52 x*-8x 3 +17x 2 -8x+16 


39*? Consistency of Equations "We have seen that two 
equations are necessary to determine two variables But suppose 
there are two such equations as 

2*+ 3y-=14 and 6*+9y=42 

A glance at once shews that the second equation is derived from 
•the fin>fc by multiplying the latter by 3 Hence we cannot solve 
these equation* definitely, as there is m fact only one independent 
equation [Art. 95} Hence these equations are not sufficient to 
determine x and y, for which purpose, we must have another equa- 
tion independent of the first, 1 e , one which must not be deduced 
from it by multiplying it by a constant 

Again let there be another pair of equations 
2*+3y=14 and 4*+6y=26 

By dividing the second equation bv 2, we get 2r+3y=13 ; there- 
fore from the first equation, we obtain 14=13, an absurd result. 
Hence the proposed equations are not consistent , and the values of 
x and y cannot be determined from them 


These simple cases present no difficulty ; but the general ones, 
iix, those where the coeficients of the variables are letters, are 
not so simple. TVe therefore proceed to investigate them 


Let there be two equations m their general forms 
fliar+Z>iy+<Jx=0 

o 2 r+ Jjy+Co— 0 

Solving these we get 

^ biCo— biyCi ^ C-jfl 

(tjbn—anbi ^~a l b 2 —a 2 bi 


(n 

( 2 ). 

( 3 ) 


Kow if aj& 2 — Ob&jssO, 1 c.j if the denominators vanish, we get 




suppose, 




Substitute the values of a s and b 3 m (2) , thus 

lffiJ+ 16 iy+Cj= 0 j 

Co 

or Ox3f+Bxy+^ s=0 


( 4 ). 



42G 


THE HEW MATRIGUtATIOK AT.GEDRA 


ktaw t±\ fj , fTara from (1) only in tl\e constant term , therefore (t) 
andS)a £ SSSZt iuais Bence thecondition of income 
tenet/ of the proposed equations is 

(5). 


a^j— Gj^i— Oj or 1; 

“a 


b 

6a 


^gnm if x 3 =ci or^=i f, then (2) is consistent with (1), but 

now it follows from (1) and is therefore not independent of (1) 
Therefore, if tins condition hold, the proposed equations are in~ 
sufficient for finding the values of * and y Hence the conditions of 
insufficiency and consequently of consistency of the proposed equations 


fla Co 


( 6 ) 


The conditions (5) and (6) of inconsistency and insufficiency 
of the given equations may be expressed m another form, for if 

p 

(5) is satisfied, the values of x and y assume the forms *=qi 

y=9 t and if also (6) .is satisfied, they assume the forms 

[Art 283] The latter forms shew that the values of x and y are 
inderminatc as they should be, since now the equations are no 
longer independent of one another 

Let us now investigate the condition under which 

a s *+6»y+ c*=0 (7), 

is consistent with (1) and (2) It is clear that if (7) be consistent 
with (1) and (2), the values of x and y satisfying these, i e, the 
values (3), must also satisfy (7) Thus the required condition after 
reduction is 

a i(6a c 8 ■“ 6jCg) + &i( c a®B ~ Cs*a ) + efflab E — csg5j)=0 (8) 

The above investigation shews that unless this condition is satisfied, 
(7) will not be consistent with (1) and (2) , aud (1) and (2) being two 
independent and consistent equations to determine x and y, a third 
equation is not at all necessary for the purpose Thus to determine 
two variables two , and only two, independent and consistent equations 
are necessary and sufficient 

Reasoning similarly we arrive at the general conclusion that to 
determine n variables, n and only n, independent and consistent equa- 
tions are necessary and sufficient 
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Ex 1 For what value of X will the equations 5a?+3 i y=21 and 
15-r+\y=57 be inconsistent ? 

The of condition inconsistency is [see (5)] 

5\— 45=0, whence \=9 


Ex 2 Find for what values of a and b, the equations «+6y=27 
and 2x+ay=h will be consistent 

The conditions of consistency are [see (6)] 

whence o=12 and b = 54 

2 a b * 


Ex 3 If the equations 


x—a—y—b) 


x 


JL_i, -SL+JL 

■ a— c o— c 


= 1 


a-fc 6+c~ 
be consistent, shew that c 3 — a&=0 

We may apply the general formula (8) , or we may proceed 
thus — 'Subtract the second equation from the third, thus 

(a — c a-rc) Xm ^{j)-c~ b+c)^'~^ > ° T « 2 — o^b*— a 3 
whence *=X(a 9 — c 3 ), y=l(c 3 — b 3 ) [Art 261] 

where l is some constant. Therefore from the second equation 

&=£> - * , 
o+c o+c a — 6 

3ll e a 3 — c 2 , C*— 6 9 

and therefore x— - ,-and v= r~ 

fi— 0 * o — 6 

Substitute these values m the firat eqnation , therefore 

a 9 — c 2 c 3 -5 2 , , . , „ 

} — n= r — 6. whence c 2 —ab—0 

a—b a — b ’ 


294 Elimination It is the method of finding a relation 
among the coefficients of the variables We shall explain how this 
relation may be obtained when the variables occnr m expressions of 
the first degree. We have seen that n independent equations m n 
variables are sufficient to determine the n variables [Art 293] Hence 
if there be one more consistent eqnation involving the same number 
of variables, the variables can be eliminated from the given equations 
by simply substituting thnr values in the(n+ l^ th equation This 
is the general method of elimination when the given equations are- 
non-homogeneous , as for instance when they are of the form 

ax+by+c=0, a'v+b'y+c'** 0, a"x+b"y+c"=0. 
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But if they be homogenous, only n equation* are sufficient, for then 
by dividing each of the equations by one of the variables, we can 
reduce their number to one less, and thus have a sufficient number 
of equations to eliminate the variables Thus 


sc sc 

■ar+by=0, a'x^b'y—O become a- + 6=0 and a'— + 6' =0, 

y y 


where the 


ratio ~(=z say) may, for the purposes of elimination, be considered 

y 

as one variable 


Ex L Eliminate x and y from the equations 
ax+by=c, a'x+b'y*=c', a"x+b"y=c" 

From (1) and (2), we get f Art 245] 


x—~ 


b 'c-bc' 


' ab'-a'b * 
^substitute m (3), thus 


y= 


c'a—ca' 

ab'-a'b 


b'e— be' , „ e'a — ca 1 


■«"> 


" ab’-a’b ab’-a’b 
a"(b’o - be’) + b"(c’a - ca ’) = c"(ab’ - a’b) 


Ex 2 Eliminate v, y and s from the equations 

=o 


x - V -L * 

— ' 11 ■ =fl. =S 0 % ■ • = 

y+z z+x x+y 


From the given equations, we have 

x-ay-az*= 0, -bx+y-bz—0 
-cx-cy+z — 0 


( 1 ), 

( 2 ). 


These are homogeneous , hence the thrpo are sufficient to eliminate 
the variables x, y and s We have from (1) by Art 245, 


ab+a ab+b~l^ab~ l Bu P pose ' 

v**l(ab+a),y=l(ab+b), z=*l(l-ab) 

Substitute m (2), thus 

- ol(ab+ a) - el(ab + b) +Z(1 - ab) = 0, 
whence by dividing by l, and transposing, 

«&+ bo+ac+2abe= 1. 
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Examples CLIX. (Continued ) 


53 Eliminate x and y from the equations 

ax+by=c, mx—ny—d, nx+ay^m. 

64 Eliminate x "between the equations 

(x - a)(x— b)={x-c){v-d)=(x— e)[x —f) 

65 Ehminate x, y and z from the equations 

ax+by+cz=*Q t lx+cy+az=*0, ex+ay+bz^O 

66 Eliminate a , 5, c between the equations 

bz+cy=a, cx+as=b, oy+bx=*c. 

57 If y+z : z+x x+y—a . b *'e, and ax+by+cz— 0, 

shew that 2(« 2 + 6 s + c 2 ) = (a + 6 + e) 3 

58 Given that 


x=by+c;+du, y=ax+cz+du, z=ax+by+du, u*=ax+by+cz r 


prove that 


i- » + » +r i,+ 


d 


l+« 1 + 6 l+c 1 + d" 


293 "We shall now give some examples of elimination where- 
the variables occur m special expressions of higher degree. 

Ex L Eliminate x , y and z from the equations 

M J+*=6, *-+Z=c. 

z y x z y x 
We know [Art 193, Ex. 9] that 

a 2 +6 s +e s =4+a&c 


Ex 2 Ehminate x between the equations 
ax 3 +bx+e=0 , « 3 +ax+6=*0 
B\ Art 245, we have 

x 1 _ x 1 

b'—ca c , —ub~ a- — be ’ 

„_l 3 —ca _c 3 —ab 
* x ' a a 3 -bd *~tP-b<? 
b~—ca , /c2-a6 3 , 

whence a 2 - bc ~ x ~~ W- be ) ’ 0T « 8 +& s +c s -3n6e=» 0. 
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Es. 3. Eliminate $ from the equations 
By addition we have 

©>*(#+*^‘© ,+ ©‘-<*S)- 

• e-s)‘— e+3- h-kh)* 

Similarly by subtraction, we have ^-^=2^-^° 
Squaring (1) and (2), we get 

S4H^54«C-^ 


(1) . 

(2) 


• L 


Examples CLIX. ( Continued ) 


S0 

60 

61 

62 

63 

64 


65. 


Eliminate x from a?+-=a, «®+ 4=b 3 — 3b 

# 3 X 3 


Eliminate x and y from ar-y <=o, « ? +_y a =l» 9 , xy>=c\ 
Eliminate a: and y between the equations 
px~qy+q-py-qv+p, se 3 + 3xy 5 «= p 8 , y 8 + 3*ty “ 2 s 
Eliminate a:, y and a from 
**(y+2)=a a iy 2 (z+*)=b s , a*(*+y)=c 8 , a ;yz=abc. 
Eliminate a? between the equations 


** o® 
a* + *» 


+3 


(x , «\ jc 3 a 8 „ 
( a + ;) =m '»>-?- 3 



Eliminate a? and y between the equations 
ax+by=cj(x z +y-), a'x+b'y=c' x 3 +y 3 ) 
Eliminate x and y from the equations 
a-x'y, b-xy 3 , xy + l=c{x+y) 


29® Miscellaneous Artifices We shall close this Chapter 
by giving a few examples of what is commonly called Algebraical 
Artifices More of these will be found m the Appendix 

Ex 1 If ax 3j r'Kx+c be a perfect square with respect to x, ^find 
the value of A,. 
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It is evident that the proposed expression must be the square of 
Jax-{- *JC) which =sa« 2 +2 N /(ac)x+o , 
whence by Art 287, \—2jac 

Otherwise — Proceed as m the extraction of the square root 
ax-+\x+e^Jax+^^ 
ax 3 

Q K /ax+~j 


Now since the proposed expression is an exact square, the remainder 
must vanish , therefore 
\s 

c— <=0, or X 3 *=4oc 
4a 

Ex. 2. The expression ax i +2hzu+by' l +2gx+2f!/+c will bean 
exact square, if ab6s=sqf t =bg 1t ’=*ch ,i 

Let the proposed expression he the square of \x+/ty+Jc By 
expanding its square, wc get 

\*x*+2*./ixy+/i , y”+2\ l Jcx+2fiJcy+c ; 
whence equating the coefficients [Art. 287], we have 

X 2 «=>o, 2X/«*=27t, /t 2 =>6, 2\fjcea2g f 2(i*Jc~2f. 

Therefore from the first three, 7i 3 *=ab , from, first and fourth, 
g-—ac> and from the third and fifth, / 2 «=&c Hence multiplying res- 
pectively by c, b and o, we have the required relations 

Note We might have assumed the proposed expression to be the 
square of tjax + tjby+ fj( ' 

Ex 3 Shew that ax-+3bx 2 +3cx+d will bo a perfect cube, if 
<id=bc 

Let the proposed expression be the cube of \x+/i By developing 
the cube of \x+f>, and equating the coefficients [Art 287], we get 

X 2 =o, X 2 /i = b, \fi s t=c, , 
whence ad=\*p**=bc 

Note Instead of assuming ns the cube root of the given ex- 

pression, we might have evidently assumed */ax+ \Jd as the cube loot. 
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- (z—X ) 3 . - _ (x-y) 3 , 

Ex 4 If 2a-3y=— - — and 2a— 3z= v — — , x, y, a being nn- 

equal, then will 2a-3g=- y ~ — , and x+y+z<=a 

Subtract the first equation from the second, thus 

n v ZzJ X '^ {Z ~ X) * 
y z y ’ 

or 3(y - s)yz =y(tf - y) 2 - z(z - s) 2 == * s (y - z) - 2x(y 2 - a 3 ) + (y 8 - z 2 ) ; 
whence by dividing by y - z, which is not=0 by supposition, we get- 

* 9 +y 2 +« 2 =2yz+2za?+2ary (a). 

From the first equation 

„ (z-x ) 2 , _ z 3 +x 3 -2zx+3y 3 2v 9 +2yz+2ry .. 

~y +3y ~ V " y mn S (■) 

=2(#+y+z) , 

#4-y+z=« (/3). 

Again from (a), y 3 +z 9 -2yz=>2ai:+2#y- t -ar 3 , 


or 


— — — =2z+2y~ «=a2fl— 3ar, from C>3) 


Ex 5 If i+^+j*=0, and (6— o) 3 ,r+(c-o) 3 y+(a-5) 3 z=0, 

then will (b-e)rc— (c-a)y=(a-b)z 

Eliminating a between the given equations, weihave 

(5 — c) 3 * + (o — a) 3 y — (« — b) 3 ^-=0, 

#+y 

whence after reduction (b-c) 3 J 3 -2(b-cXc-a);ry+(c— a) 3 y 3 »«0 
or {(b-c)*-(c-a)y} 3 =0 , . (b-c)*=>(e-a)y 

And since the given expressions are symmetrical, we have 

(o-a)y=(a-b)z ; 

(b-o)*=(c- o)y « (« - 

Ex 6 If a=*lz+cy, b=cx+az, o=ay+bx, shew that 

a 3 b 3 c 3 

l“* 2_ l— y 2 **!"— I 3 * 

By transposition, we get 

(1), 
( 2 ), 
(3). 


—a+ bs+cy =s0 
az— b+c*=»0 
«y+6z?-c=»0 
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Thus from tt) and (2), and (2) and (3), we get, by Cross Multiplica- 
tion [Art 245], 

a c a o 

zx+y~l—z s> l—x^zx+y* 

whence •— (4) 

Similarly from (2) and (3), and (3) and (1), we have 
a b a b 

l-x 2 ** xy+J xy+z~ l-y^ 

, n s 6 s ... 

whence „ ( 5 > 

Thus the required relations follow from (4) and (5) 


Ex 7 If 


prove that 


?(5-<;)+5( c _o)+£(a-'&)=0 J 

. a(b-c) b(c—a ) c (a—b ) 
W x{y-z)~y{s- c)~l{x-y ) * 
b—c ' c—a a — b 


(u) 


* c 


*(62 - ey) y x cx~ az) \uy — 6ar) 

(i) Multiply the given relation by xyz , thus 

ayz{b—c)+bzx{c—a)+cxy(a—b)—0 
"We have identically 

a(J-c)+&(c-n)+c(f!-6)=0 [Ait. 149] 
Also from (A), yza(b—c)+zv b{c—a)+xy c(a — b)—0 
Hence by Cross Multiplication 

a(b-c) b(c-g) c{a - 5) 
xy-tx~yz-xy~ zx-y£ 
a(b—c) _ b(c~a) _ c(a — b) 
x(y-z) ~y{z -x)~ z(x—y) 

(11) Prom (A), 

oyi(5 — c) + £;x(c - a) + cxy(a — &) = 0 
Also identically, (5-c)+(c-a)+(^ — Z>)=0 [Art. 149] 
Hence by Cross Multiplication 

b—c c—a a— b 

bzx—Gxy~ cxy—ayz ays- bz r’ 
b-o c—a a—b 


U) 


x{bz- cy) y{cx - az) s {ay — bx) 


28 
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Examples CLX 


1 For what value of l wtll 3-s s 4-£x4-l have two linear factors, i 

2 Find the value of h which will make 2:e 2 4-7n?4-3 a complete 

square , 

3 For what value of A, ft and v will 4r 2 4- Xxy 4- Gy 2 + /tt i + i-y + 16 

be an exact square t 1 

4 If a* s 4-b«®4-c*4*d be a perfect cube, shew that l- —Zac, 
c 2 —Zbd and c 5 =27 ad 2 

6 Extract the cube l oot of x a —Gx 6 + 15.e 4 — 20x 8 4- lfo 2 — Gj4-1 

0 Shew that a(«4-l) s 4-6jf s 4-2ca:(a:4-l) is a peifect squaie with 
respect to v, if c 2 — a&=0 

7 If + ax 3 + bx" 4-cx4- d be an exact square, then the relations 
between the coefficients are 

8e=a(4b-a s ), (4&-« a ) 3 =64tf 

8 If nx i +bx 2 +cx 2 be subtiacted from (# 3 4* 2x 4- 4)", the re- 
mainder is an exact square , find «, 6, c 

9 Shew that 4x(x+a)(x+b)(x+c)+arb 2 is a perfect square, if 
c—a +b and a perrect/owrt/i power, if also o 2 =2ab 

10 Find the value of y which will make 

2(y 2 4- (lly — 2)ar 4-4 

and 2(y 3 4-^)x s 4-(lly a -2y)x 3 4-(y , 4-5ir)ir4-5y - 1 

have a common factor, and find the factor 

11. If *4--«=fl4--, shew that » n 4- ~=a"4- — 
x a' x n a n 

12 If ax*s*by*=cz* and * _1 4y' 1 4-" 1 =l, shew that 

a* 3 4- by 2 4* c~ 2 = (a^ 4-^4- c^) 8 

13 If x 2 -yz—a, y--zx=b, z 2 -xy=c, shew that 

(cs 4~ £> 4- c)(x +y 4- i) = */a s +b z +<P— Zabc 

14 If (a 2 4- bef'y 4- c«) 2 (c 2 4- ah? = (a 3 - bc)\b 2 - ca) 2 (c 2 - ab) 2 , 
then either a 3 4-6 3 4-c 3 4-a6c=0, or o- s 4-6 _s 4-<j‘ s 4-a _1 J" 1 <J- 1 =5 0 


15 If 
piove that 


(a 2 - 6c)(i 3 - ca)(c 2 - a6)=0, 
1 L 1 _« , 4-6 3 4 -c s 
« 5 + 6 8+ c s a 3 6"c 2 


16. 


then 


If « 2 4-6 2 4-c 3 4- t , 

«=6=o=... 


. . to n terms = 2* 4- 6 4- <J 4* ... 
a, b , c, being all real. 
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17. If (« 2 + Zi 2 + c 2 )( c 2 + j-+ i 2 ) = ( ax + by + «) 2 , shew that 
x y z=a b a 

18 If *'h‘j-—a 2 =y:‘md tjav*— it'-—xy i then »Jaz*— a z =xu 


m « 


19 If ar+-=2 s /l + m s ,«+- = 2 s /l+7i 2 and -=-j, 


■shew that 


V 

J * y 


20 If -+-+-=0, then — — I— =0 

X y = r 2 -^ ^ 2 -z.e ^-.ry 

21 If*+ 3 , +J .o,thon S i^+jp ^+ s — -1 UpiO 

22. If «y+y; J - 2 -=l, then will 


* . + _iL. 

9 * ^ . g 


4xi/z 


l -* 2 1 —f- ]_;■< (l-s^-J^O--* 5 )' 

23 If it — b^+c^, 6=c-+a-, c=fl- + Z»- t prove that 
" y x z V x 


^ + ys + i + zr . =0 C 4 pj »3 


1 *. 4 + 4 + -L 

xyz 

24 If 6e+ca+a&=l, shew that 

f n 2 & 2 eM« 4«W 

\ l+a 3 1+i* l+c=J “(1+« 9 X1+6 S J(1+C 0 -) 

25 If (« + b)[t+y) = 2{a& 4-xy) and (c +• t£)(x +y) = 2(cd + xy), 

prove that 


(o+fc-c-d ) 2 


26 Given U<=* s f\ -rx-~ N ,/l+ ( y J and F= 


Jl+x*-l y 
jl+y*-l *’ 


shew that 


3 U 

s^-F-Fi 


27 Prove that two of the quantities a, b. c, must he equal to one 
another, if 

l ~ c -+ 4 =?-+ 2 =X-o 


l + 6c 1+ca l+o6 

oo re n + 1 & + 1 C + l , , , 

28 . If x-^j, y~fZi j s= ^i» sIiew ttafc 

ii±f!Kl±^KL±rl (h-« 8 )(i+& 2 )(i+c 2 ) 

(1 4- ry)(l +ysX 1 + zx) *“ ( 1 + «&)(! + bc){\ + ca) 
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rf-V 2 SI/ , y 5 -2 ! y- ,» r?-X- ZX 

™ I 

30 It x , be unequal and •to* H»t each 

of these ratios is equal 

to — — — to x+y+"> and to ^+^+- 
z-jcijz’ " x y z 

yz — x* 22 — v 2 

31 If ?, 7 j 5 b e unequal ana - — - ~ z+ x ~> prove that each 


of these^-—^ 

s+y 


32 If ax(b -c)+ by{c - a) + c:(a - b) = 0, 
b-e c-a a-l>< 

(0 


shew that 


bj—cz cz—ax ax—bj * 

, . o(i — c) b(c-n) e(a—b) 

(») ~ 

«/ ” « •< » 


y-s =- c x-y 
S3 If a + b+c=0, shew that 

(*-?+ £ r+ s r)feb+.-5*)-* 

34 Shew that if 

ax 2 +by j +c„ 5 =ox+by+e;=y:;-f.:x+xy=0, 
then aJc=(b+c-o)(e+fl— bX«+b— c) 

35. If a + b- L c=0, and 

a(6y + «— ax) = b(« 4- ox - by) = c(ai + by — cz), 
then will x+y+z-0 [Jyy ] 


CHAPTER XXV 

QUADRATIC EQUATIONS 

29T Definition A quadratic equation is one m which, 
when it is reduced to a rational and integral form, the highest term 
unolving the variable is of the second degree. Thus x--i-px+g~Q, 

and x+Jx+c^O are quadratic equation*, for when the 

•C 

second is reduced to an integral form, and the tlurd to a rational 
foim, they become respective!} x 2 -ox+l=0and x J -f (2c«~l)x+c°=0 
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Note " It is well that the student should at the outset distinguish 
'betw een a quadratic expression and a qttaarahe equation In the quadratic 
express on a\ - 4 bx+c, the variable x may have any value whatever, but 
-token that expression is equated to zero, it becomes the quadratic eq taiton 
ax*+bx+c= 0 and then the variable* must have a definite number of 
values 

298 Different forms of Quadratics The general or 
standard form of a quadratic equation m one variable is 

aafi+bx+c—O .. .... ( 1 ) 

For when a quadratic equation is reduced to a rational and integral 
form and nil itg terms are transposed to one side, the coefficients of 
r 1 and r and the constant terms being bracketed together will give the 
quantities represented by a , b and c respectively 

Hence a quadratic equation m the standard form consists of 
only three terms 

For particular values of a, b and e, the equation (I) may assume 
special forms Thus by dividing this equation by n, we have 

* 2 +-*+-=0, 
a a 

b e 

which, when p is put for - and q for becomes 

Thus when the coefficient of x 1 is made unity by division, (1) 
assumes the form 

sc s +j 2 «c+ff =0 . (2) 

"When b—0, (1) reduces to the form 

C3C 4" C ~ 0 . . .... .... . .. m. . (3) 

"When e=0, (1) has the form 

v aa; 2 +&a;=0 .. (4) 

Lastly, when 5=0, and e=0, the form of (I) is 

ax*~0 . .. . ( 5 ) 

Thus any equation which after reduction assumes any one of the 
above forms is a Quadratic Equation 

Equations of the form (3) are called Pure Quadratics and 
those of the form (1) or (2) are called Adfected Quadratics 
Thus a Pore Quadratic is one in which only the second power of the 
variable occurs, and an Adfected Qu tdratic ts one in which loth the 
second and first powers occur 
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SSO Solution of Pure Quadratics Equations of the form 
(4) and (5) present no difficulty , so we shall solve equations of the 
torm (3) which are called Pure Quadratics 

To solve (3), we transpose o and divide by a, thus x 2 = — oi 

x—± that is, the roots are + sj and — ^ Hence- 

the roots of a pure quadratic are equal m magnitude but of opposite 
signs 

Remark In extracting the square root, it is sufficient to affect u nh 
the double sign only the t*ght side of an equation and not both of its sides 
Thus Irom we put *= + «, and not ±#=±a, as the first 

virtually includes all the cases of the second For from +#= ±a, we ha\e 

+ x=+a (i), -x=+a (m), 

+*= -a (u), -\= -a (n) , 

and when the signs of (m) and (iv) are changed, the) are respective!) the. 
same as (n) and (l) ' 

_ , _ . 27 4#— 9 , , 

Ex 1 Solve# — 5 — hi 1 

x o “ 

Eeduce to an integral form by multiplying b) 6 # , 
thus 6# 2 — 1G2=»4# 2 — Qx+Qx, ' 

or # 2 =81, whence #= + 9. 

I 

Ex 2 Solve #+^9-2#-# a =l 

Transpose, thus J 9 -2#— # J = 1 — x , 

square, thus 9-2#— # 2 =1 — 2 #+# 2 , 

whence ' 2# 2 =8, or v= + 2 

Ex 3 Solve r ^4r-r-—=o 
o+v b-x 



1- 


2f/ 

be 
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Ex. 4 Solve JgtgtJgri'-i 
n /o 3 +* j — Ja 2 —x i 


We have 
square* thus 


= r~, [compo and divido ] j 

K fa s —x* 
a*J-x* /6+l\ s 
cfi-x*~\b- 1/ ; 

• * s (6-f7) s -(5~I) 3 26 


l e 


o- (6 + l) 2 +(5-l)2~62 +1 » 
, / 26 
• «“iVi 


j»+r 


Ex 5 Solve 


We have 
thus 


-O+b 

Jl'-X 3 + tjl+X* 

2u N /r^=(a+I)) s /l-x-+(a+b) s /r+? y 


(a-i)^l+*!=(a+l),/l-* 5 , 


or 


jv/r+£2_o+h 


o-.ro, th.,e I±g.(^) 5 . 


x* = 


or 


(a + h) 3 — (o — S) 3 2a& 

(a+bf+ia-by^cM"-’ 

2nb 


X ~ ± J a*+lr 

Examples CLXI 


Solve the equations 

X. 3^2—7=41 

3 I* 2 — 121 =4(26 — * 2 ). 

17 7ar— 10 


9 


2x+—=— — — +4 

2 $ 

g-l Sr+l 
x+2 5,z— 2 

?+ 2 _* e . s 

2 * 3 + ? 


1L (x + 4)(2ar + 9) = (2-r + -?v-)2* - 1 3 


2 Gj 2 +5“68— a: 2 . 

4 3(2*-3) 2 =4*(2*-9)+43 

0. (a:— 7}(a ? +7)=31— 4a: 9 . 

o 2r-l_a:-5 
* x—2 3*-2 

10 (ar-«)2+(i:-6) 5 =o2 + 53 

a 9 


6 2 


(ar-o) 2 (a:— 6)2 


12 
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Solve tie equations 
13 (2*-5X3*-2)-(*-2)(2*-3)=4 


IB 


v-7 5 _ 2 

* 3 ._ 4 + 2 + v * 2 - 2*-8 


10 


14 


2* 
* — ! 



v+7 *-7 

t(i-7)~ x(x+7) 


2 


=2 

7 


a: 3 - 73* 


17 

*+— ~=3 

1+- 

* 

18. 

10. 

v '2*+6- v /*-l=2 

20 

21 


1-y 22. 

23 

Jl-v J\+x 

24 

2 -^l+* 2+v'l— * 


J8x+1 — Jx+l= JZx 
a?J* 3 + 12+a?A/» 5 +6'=s3 

-5_. 

«+j2-* a *~*/2-* 2 
Jl+x- 1 Jl^g+l 


25 ( lT $ + ( T^“ a 26 ^+ 9+^* 3 - 9 “ 4 +^ 34 

[For ot/ier Examples, see pp S2S — 9 and py 397 — S ] 

300 Methods of solving Quadratics There aie five 
Methods of which we shall give only four The last of these four 
will however he found m a subsequent Chapter [See Ait 337] 


SOI Method I— Solution by Factorization "We have 
seen [Ait 297, Mote] that a quadratic expression, when equated to 0, 
gives a quadratic equation whose tei ms are all transposed to one " 
side Hence a quadratic equation may be solved by Motorizing the 
corresponding quadratic expression. , 

Ex. Solve the equation 8* 3 +3=14* 

Transpose, thus 8* s — 14*+3=0, 

whence (2*-3)(4x-l)=0, 

thus 2*— 3=0, or 4*— 1=0, , 

or x=i 

Note The solution suggests that if an equation be given as the product 
of factors equated to o, we can at once put' down its roots 

Example. Solve the equation (*— 1)(*— 2)(*— 3)=0 

Here either *-1=0, or *-2=0, or *-3=0 [Art 282], 
thus *=1, or 2, or 3 

302 Method IT —Solution by Completing the Square. 
In Art 153, we have seen that there are two methods of completing 
the square— (1) the Common Method and (2) Sridharcfs Method, 
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commonly known is the Hindu Method The explanations given 
there suggest the following Buies. 


Common Method 

Runr — Reduce the quadratic to the ttan&ird form , transpose the 
constant term, divid a hr/ the coefficient of x 2 } and add to both sides ike 
square of half th e coefficient of \. 


Ex 1 Solve the equation 8 jt ! + 3=14 x 
Transpose 14x, thus 8r ! — 14r+3=0 , 
transpose 3, thus 
divide by 8, tlifts 


8>2_l 4a;= :_3 > 
~2_ 7«._ _ T 

* ** S 3 


add (i of IT- or thus * 2 - 


or 

whence 

Thus 


(v-eT-sl, 
*-£=±5, 
*=&±F“r or l 


"2> 


or X* 


a* 


Ex 2 Solve the equation ax' 1 +hx +c=»0 
Transpose c , thus ot s + bx— — c , 

Imde bj a , thus 


x 2 +-v=-~, 
a a * 


add Q°f ~j ,if, ^ to both sides , thus 

■ - *2 + ^ + (Ay=(i) s -f 

a \2 «/ \2«/ a 

& \ 3 4ac 


OT (” + i3) 

extract the square root , thus 


4u a 


x+~=+ J** - *gg 
2a ~ 2 a » 

h *J b-— 4ac — h+ >fffi—4ae 

2a — 2a 2a * 


’ 

Thus the two roots are — * v^ 2 ~ 4ac an ^ Jbf~4ac 

2 a 2a 


2a 
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Hindu Method 

«'Vwa 


, jjrjr — Reduce the quadratic to the general form , transpose the 

1 constant term , flinty 6» four time* the coefficient of x 3 , avd add to 
(both ndas the square oj the coefficient of x. 

Explanation The coefficient of ** may be unity or some other number 


Ex 3 Solve the equation # 2 +7#+12=0 
Transpose, thus # 2 +7#= — 12, 

multiply by 4 x 1 (see Explanation) or 4, thus 

4# 9 +28#=-48, 


add. 7", thus 4# 2 +28# + 7 2 = 7 s — 48, 

or . (2#+7} 3 =49— 48=1, 

ex'ricfc the square root, thus 2#+7 = +\/l = + I, 
transpose, thus 2#= — 7± 1 = — 6 or — 8, 

divide by 2, thus x= — 3, or #= - 4 


Ex 4 Solve the equation a# 2 +&#+e=0 
Transpose c, thus ax 7 +&#=—<;, 

multiply by 4«, thus 4o 3 # 2 + 4abx— - 4 ac, 

add b- to both sides, thus 

4a 2 # 2 +4abx+b 7 —b 7 - 4«c, or (2ax+b)“=b 7 —4ac, 
extract the square root, thus 

2av+b*=± Jb 7 —4ac j > 
transpose b, and divide by 2«, 

— b± Jb 7 —4nc 

11 ^ Cl • 

2m 


Examples CLXII 

Solve the equations by both Factorizing and Completing the Square- 


1 

# 3 +ll#+24=0 

2 

# 2 - 50#+ 429=0 ' 

3 

# 3 +ll#-S0=0 

4. 

# 3 + 105# + 2000 = 0 

6 

# 3 +A£#=81 

6 

# 2 — ■? g £#+6=0 

7 

3# a +10#=88 

8 

6#*— 11#=10 

9 

10# 3 — 31#= — 15 

10 

24# 3 — 55#= — 14 

11 

3V 2 — 26# =169 

12 

42# 3 — 41#=20 

13 

f# 2 +2#=105 

14 

f# 3 -J^#=-2 
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Es 5 Solve the equation 

Reduce tlie guen edition to the standard form by multiphing 
bj 2r(s+5), the l c nr of denominators thus 

2(* + 5)(3 ” - 7) = 7 r( r + o) - 8x(* - 2£), 
or • 2(3 j*+8j;— 35)=7J s +35r— (8 j? 2 — 20x), 

whence 7® 2 ~ 39®— 70=0 

The equation is now reduced to the required form and can be- 
hobed as before The solutions are ®=7, or a = — 

Ee 6 Solve the equation ® s -Gr-f-7=0 

Transpose, thus x 1 - 0®=*- 7, 

add 3= thus x'—6x+ 3 9 =3 3 -7, or(*-3) 2 =2, 

w hence * — 3 = + s /2, 

r=3+ sj2 


Jil mafic Here the two roots are trial tonal but real as *J 2 can be found 
though approMim.ely 

Ex 7 Solve the equation 9* 9 — 12a +8=0 
Transpose, thus 9 r 2 — 12®= - 8, 

diwde bv 9, thus ® 9 — 4 r ~~vi 

x-ld (*x-j) 2 , thus ® s -Jx+(5)*=(5) 2 -§, 

01 (a?-3y , =£-8=-,jS 

extract the square root, thus 




-4 


2., V~4 2+^-4 


3~ 3 


Rej.ark Here the two roots are not real but imaginary, as —4 has no 
square root. 


Examples CLXII ( Continued ) 
Solve the equations 


15 

2® s +3*+ 5=3® 2 +4» — 1 

16 . 

5®(* 4- 1) - 2 =®(® - 2) 

17 

16® 2 +3p 9 =16p® 

18 

12® 9 4-5a®=3a 2 

19 

5* 3 + 7«® = 20a 3 — x s 

20 

12(® 9 + oa - 2a s ) = 1 la(a + x) 

21 

* 3 , 'i® 0 - 

"3 + Y =21 * 

22 

i-7®=G 23. -4-2®=7. 

x % 
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Solve the equations 


24 

15a+— =76 25 *+~+4' 

* 

[27 

f+3-s as f+|-!+ 

4 A DAO 

l 29 

31 

A 2 -2flA + fl 2 — 5 2 = 0 

32 

33 

(a 2 — 6 2 )(a 2 + 1) = 2(a 2 + 6“)* 

34 

35 

(a-7)(a-16)=0 

36 

37 

(a - A)(2m — a) = ( a — a)(a - 

co 

CO 

<N 

30 

(a-1)(a-2)=12 

b 

40 

41 

(a - o)(a - 2a) = 12a 2 / 

42 

43 

(a - 1)(a + 3) = (2a - 5)(3a - 

5) 44. 

45 

a+11 ^ 9+4a 

46 


A V 1 


47 

x 6 5(a— 1) 

6a~ 4 * 

48 

49 

a-7 a-G 

SO 


2(a+3)~a+24* 

* 


=2*— 7 20 1-|=~+^. 

1 Q 1 

v--=t 30 a+-=4 

x 2 A 

aa, 2 +2&A+c=0 
(a+&+A) s =2Z|A+a 2 +2& 2 
(2a + 3)(3a — 4) *=0 

f (i+jo+i+i-o 

(a— 8)(a— 10)=5x3 

(x — 1)(a — 2) = 2( a — 3)(a — 4) 

a 2 — (a — b)x = (c — a)(c - 6) 

10 14 -2a 22 
x a 2 9 
2a- 1 5j+2 
a- 3 — A + l 
a + 1 _ 4a— 3 
A— l a+9* 


Ex 8 Solve the equation — — + 5 - Xo == ^. 

" CG MX t O 

Here the second term on the left side is 4 times the reciprocal 
•of the first term 

Put Co* 

A 1 

thus we have , 

■whence 3 f- 13^+12=0, oi fy-3)'3y-4)=0 , 

th us y-3=0 ) ie,y=3 (n) , 

or 3y-4=0, ie,y<=% . . . , (in) 

From (l) and (u), =3, whence a=3 , 

and from (i) and (m), — =fj whence a= — — = — 4-t. 
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Ex. 9 
'Pat 

thus 

■whence 

Thus 

or 


_ , , t4-5 x— o 37 

Sohe the equation - — 

J ~x-b *•* * 

y+i=^ 1 or6/-37y+6=0, 

(^-6XQy-l)=0 

y-6=0,i c, ,y==G 

1 ^Oj % c j b** 1 • • • ■ • •• 


From (i) and (u), ^~|=G , or from (0 and (ui), 


Hence compo and divido, x*=7, or x — —7 
[Tor another method, see Ex 10 below] 


. . (i) 


9 


GO , 

. (iu) 


Ex 10. Solve the equation - — 

u x-»-2 x-2 x-i 

B\ actual dwision of numerator b\ denominator, we have 

( , -s?iM ,+ :=i)- , ( ,+ A) ■ 

whence cancelling and dividing b\ 4, we'get 

x+2 x-2 x— 3’ 

or — (x— 2)(x— 3) +(x+ 2)(x— 3) =3(x 2 — 4) , 

or after reduction, 3x 2 -4x=0, or x(3x— 4)=0 , 
hence x=0, or 3x-4=C, i c, x=t 1 


Examples CLXII (Continued) 
Sol e the equations 


51 

Ojc—o-J- — 1 -.31 

52 


5 2 x-'o* 

x+L + x " 3<I 

53 

x—2 f x r ) 

54: 

x-G x— 12 13 

x x-2~2 

x-12 x-b & G‘ 

56 

r + 2 r — 2 5 

56 

2r-3 3x-5 5 

r — 2 ' x+ 2 — 0 * 

ix—o 2 x— 3**2 

57 

3x-2 2x-5 8 

58 

1 2 G 

2e— 5 3x— 2~3 

S 

x -2 x — 1 x 
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Sol\e the equations 
-r+2 4-s_oi , 

' 50 j-l" 2* 

2 3 _ 8 

^ x+l^x+A a+3 

2 1 _7 

^03 ;r _o*f‘ t _4 G 

RB ^±l+?±2=7 

65 £^l + *-2 
2*+3 2t-3 
3*+-4”3*-2 
2a;— 7 5_ 3r+l 
68 2*-8 + 2 A{x- 5) 
«, *+3 , a:-3_2*-3 
' X a+2 *-2 *-l 

„„ 4**(2*-3)+3 , , 


l ; 5 

60 * + a+l - *+2 
6 7 16 

62 a+2 *+3 *+4 
4 1.3 

64 f-l“l8 + a:+7 

68 7+2* s+i- 1 ** 

> oq * + 2 gr-3 23 
* 6H *-S 2(ar— 1) G 

70 2 _I ±2 3- *± 6 

70 3(*-3) 2a -3 
* + l a+2_2(a + 3) 
72 a-l + v-2 a-3 


- r ~ 3) . ± J = 4a(j-l)+15 74 (a+*)(a-&)=2(*~&)2+f«& 

- — "M — r 


2(r — l)-r 


cix 1 \ \ / v 

75 (a-ZO* a -(a+Z>)*+2&=0 76 ax ^-c) + c\o~ av ) =0 


__ 5 . 1 2 

2a — a 2a— 6a a 

__ 6 « 

79 1 t — 2 

•c — a a — o 


78 

a— o o—8 

80 a+-=a 

a a 


81 (&+e)* ! +«r-a-&-c=0 83 (&-c)’*2+( c _ o )*.f( t{ _&)=0 

83 «(6-c)a 2 +Z»(c-a)a+c(a-&)=0 84 (a + &)a 3 +(«-&)» =—77 

(5tu 


86 ,1+2+ira-i 

1— a* 1+aa 


80 1+ — - — + — — r =0 

a a+a£> 2x+at 

__ la h\/ 1 1 \ 2 __ 111 1 

'& a/va— 1 x+l' x‘ a H x a+b+x 

89 *+2.g-2_ 6 g + 16 2r-l_a — 7 ' 3r~] 

88 a-2 + a+2 3a 90 x+1 a-1 -4 *+2 

t-V x+2 x-X U y<5, 4*-7 + 12*-l“*+2 

83 (c+a-2&)* 3 +(fl+& — 2 e)a+(&+<j- 2 a )=0 «• 

94 (a+«)(a+6)(a+c)=a&c 95 a , =(a-«)(a-5)(a— e) 

1 . 1 . 1 x+a x+b x+c _ 


«6 — +~?:+—=o 

x-a x- o x—o 


87 

x-a x-o x-o 
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Solve tbe equations 

- (t'HH+IH 


99 


n , 5 a , b 

T r j — r+—* 
a a?— b b u 


100 . 

102 


(x+a){x+n+b) _ (x-a)(x-a—b) fl+& g+c 2(a+&-rC) 

(x+c){x+c+b) e)l*— o—b) x+l> x+c~ ?+b->-^ 

az 1 -b . (t+bx* 2 («*-+&) 3 

ux+o +a — bx «*— 6 s * S 

4 — — 


104 S '10-x+ s '2x-5=6 105. //r+3 + N /3x-3=U 

106 ^3x+I- J4x+fi+ s 'x-4= 0 

107 ^2x+7 + j3x-"lS = v'77+T 

108 ^3x-3 + „/ fix- 19= lx+4 

109 Jn—x+ Jb—x= Ja-^-b- 2x 

110 v'a+x— 2a — x= ^/4a -‘-x 


303 Mothod III —Solution, by Formula Since the 
-equation tix^bx+c^O is tlie moat general form of a qnadrptic 
equation, it*, solution [Art. 302, Ex 2], viz, 

—b± Jb*— 4ac 
2a 

u used as a Formula to find the roots of any particular quadratic. 



EX. 1 Solve x s +7x J - 12=0 [Art 302, Ex. 3 ] 

Here fl=l,i<=7 and c = 12 , therefore 

-7± v /49-4 1 12 -7± Jl -7+1 
m — 5 — “ — n=-“-3 or- 4 


Ex 2 Solve 3x 5 + 10x*= S3 

Ej transposition, we havo 3x 3 +10x-SS=0, which is of the form. 
«x*+6a+c«=»0 

Hence here o=3j b = 10, c— — 8S , therefore 

_~1°± s /(10, 2 -43(-83) -10+ J 100 + 1036 
, 23 “ 0 

-10+ JUDO -10±34 24 44 . 22 

“ e — 5 « 7 ror -xr«= 4 or - — 
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1-x . Sx+2 0 _ 

Ex 3 Solve 2 x+ 1 ^" 2 x— T~ 4j 3 — l* 

Eeduce this equation to the general foim 
Multiply by 4x s —l , thus 

(7 - x)(2x - 1) + (3-r + 2)(2x + 1) - 3(4** - 1) = 7 v - 1 + 2(4* a - 1), 

clear and transpose all the terms to one side, thus 16a; 2 - 15s -1=0 

Now proceed as before 

304 Theorem The quadratic expression ax 3 +bx+c has two 
linear factors* and no more 

Let x- a be a factor of the given expression , thus it is divisible 
by x- a , therefore 

ax- + 6 x + c = Q(x - a), 

where Q is of (2-l) th degree m x, le, linen Now if x—ft be 
another factor of the given expression, then Q is divisible by x—p t 
therefore Q = <? ( * - ft) > 

thus ax Q +ax+c&q(x~aX*-fi), 

where q is of (2- 2) th degree or zeroth degree in x, that is, q is a 
constant Hence if the pioposed expression has any other factor, 
that factor must be independent of x, and by comparing the co 
efficients of x- [Art 287], we find q—a Thus 

ax-+bx+cz=a(x— a)(x— ft) 

r 

305 Theorem A quadratic equation has only two roots> 
and no more 

First Proof Let the quadratic equation be ax 3 +bx+c=0 
Then since ax-+bx+c=a{x-ti)(x-ft) [Art 304 J, we have 
a(x—a){x—f})=0 

Now by supposition a is not =0 , , 

(x-a)(x-fi)=0, 

ic, either x— a =0, or x-ft=0 } 

X = a, or X = ft 

Second Proof If possible let the quadiatic equation av 2 +bx+c= O' 
have three dijfe) ent roots a, ft and <y 

Since each of these roots satisfies the equation, we have 


(Ja 2 +5a + C=0 


(1), 

aft 5 +bft+c=0 


(2), 

07 2 + &7+c=0 

/ 

(3). 


* factor is here meant a factor in ' a 
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Subtract (2) from (1), thus ' 

ff(a 3 — /S 2 )^- &(a — /3) =0, 

or dividing by a - ft, which is by supposi tion not 0, 

a(a+ft)+i—0 (4). 

Similarly from (2) and (3), we get 

a(/j+<y)+&= : 0- (5). 

Subtract (5) from ( 4 ), thus , , 

a(a — 7) = 0 (6) 

V 

Hence either a—0, or <1 — 7=0 but this is impossible since 'by 
supposition neither a—0, nor a— 7=0, a and 7 being two different 
quantities 

Thus the quadratic cannot have more than two roots 

\ / 

306 If three distinct values a, ft and 7 be found to satisfy the 
quadratic ax 2 +bx+c=0, it is no longer an equation but an identity * 

For then from (6) [Art 305], we have a=0, and therefore from 
(4), 6=0 and from (1), c—0 Thus the coefficients being all 0, the 
quadratic is clearly satisfied by all values of x 

Hence when a quadratic is satisfied "by more than two values 
of the variable, it is not an equation but an identity 

Ex Prove the identity 

(g-6)(g-c) (g-c)(g-q) (a-tt)(s-6) 

(a— 6)(a-c) (6— c) (6— cy {c — a^c—b) 

We see that the quadratic is satisfied b) x—a, x—b and *=c , that 
ib, by more than two values of x , it is therefore an identity, and not 
an equation 


307 Relations between the roots and coefficients . 
Theorem. In the quadratic equation ax 3 + bx + c =0, 

(1) the stun of the roots= , 


(u) the product of the roots = 


c_ 

a 


Let a and ft be the roots of the equation , thus 

-b + Jb*— 4ac , „ -6— Jb-—Aac r , , „„„ „ 
n— ■■ ■ "■ ■ *■ — ' and gjj * [Ark 302; Exi 


29 
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r „ -2 5 
3s o w <i+/3=-^- « 


h 

a 


and 


„ (-5) 2 — ( N /5 2 -4ac) 2 4ac c 
a ^~' 4a 2 4o s ~a 


to 


By dividing by a, we can put the equation in the form 


, , b e „ 

* 2 +-*+- =0 
a a 

Thus the above relations can be expiessed in -words thus — Tf in 
ft guadratic equation the coefficient of y? is unity, the sum of the roots 
i* equal to the coefficient of x mth its sign changed and the prodn< t 
of the roots u equal to the constant term 

The relations (i) and (n) given above should be carefully remem- 
beied. One of their uses may be seen from the following examples 

Ex 1 Solve (a-5)* 3 -(a+&)*+25=0 [Ex. 75, p 446 ] 
Evidently *= 1 satisfies the given equation , therefore 1 is a root 

of the equation The product of the roots is therefoie the 

25 G~~Q 

other root is — ? 

fl-6 

Ex 2 Solve («+5)* 2 +(a_6)*=~ [Ex 84, p 446] 

Here the sum of the roots is r-v, which are therefore-33£L aU( j 

g “T® «+o 

<7+5’ for tbeir P rodnct 18 as it should be 

ax*-b a+bx* 2(a 2 + & 2 ) 
a*+6 a—bx a‘ i ~U 2 P 447] 

Here *=1 obviously satisfies the given equation , therefore 1 is a 
loot. Again after reduction to the integral form the equation becomes 

(« 3 +2«6- 5V-(a 2 _ 5 2 )*— 2a&=0 

Hence the product nf fc+o rnnf-o , f. — %db 

1 ots 18 P+ aBd as one of thG ® 

is 1, the other must evidently be - ~ 2ab 

- a 2 +2ci6 - 6 s ' 

[Solve equations Vos 81, 82, 83, 93, 99 and 101 of CLXII ] 

- + 5* + c = a(* _ a )(x - (i) 


Ex 3 Solve 
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For ax i +bx+c^a^afl+^x+^'j ' 

=(j{* 2 -- (<z+/3)* + aft} [Art, 3073 
=a(x-a)(x~ft) 

Otherwise — By the Remainder Theorem [Art 141], the re- 
mainder is a hP+bh+c, when (ax 3 +bx +0)— (x— h) 

Now if x— h is a factor of «x 2 +&*+0, the remainder vanishes, 

1 c, ah 3 +bh+c=0 , 

which shews that h is a root of the equation «* 2 + bx+c—O 

Similarly x—l is a factor of ax^ + bx+c, when L is a root of the 
equation ax*+bx+c— 0 

Thus ax 2 +&r+ os; X(*-&X*—il), where A, cannot contain x, since 
each side of the identity is of the second degree in x Hence li} 
comparing the coefficients of x 2 , we have X=o * 

ax s +lx+c =a(x — h){x — l) 

This Theorem enables us to resolve any quadratic expres- 
sion by solving the corresponding quadratic equation 

Ex. Resolve 15* 3 +2G.r-28S into factors 

Now 1 3* 2 4- 26* ~ 288 ~ 1 5(* -- a)(x — /J), where a and ft are the roots 
-f 13*=+26*-288 =0. 

Solving this equation, we get x—^ or 2= 

Hence I5* 2 + 26* - 288 =15(2 - l£)(x+- l f-) 

= (5* — 18)(3* +16) 

309 To form the quadratic equation ic/iosi. roots are given 

Let/(r)=0 be the quadratic equation whose roots are a aud ft 

Then the quadratic expression f{x) =■ (2 — a)(x — ft) [Art 308] 

Hence the leqmred eqaation is 

(x-a){x~ft)=0, or X 3 — (a + ft)X + aft —0 

Ex 1 Form the equations whose loots are (1) 4 and 8 , (n) 3 and 
— 7 , (in) —1 and —3 

The lequned equations are (1) (*-4)(r-8)=0, or * 3 - 12*+0 n =0 
(11) {*-3)(*+7)=0, or * s +4* — 21=0 , (in) (*+l)(i+|)=o, ox 
3 *4“ ox -f 2=0 

Ex 2 Form the quadratic w hose roots are 2a and 2ft. where 
a and ft are the roots of the equation ax 3 +bx+c—Q 

Tin, leqmred equation is 

(*-2a)(*— 2/3)=0, or x 3 -2(a+ft)x+4 a ft~0 
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Cut by Art 307,' 


b c 

a +P=-7, aud a P=Z> 


4c 

required equation is a 3 + —x + ~ = 0, , or ax 3 +2Z>*+4c=0 t 


Examples CLZIII 


If a and /3 are the roots of the equation ax 3 +bx+c= 0, find m 
terms; of a, b and c, the value of 

1 a s /J + o/3 3 2 a 3 +/ 3 s 3 

Form the equation whose roots are 
5 2 and 3 0 4 and -5 7 

9 If a and [3 ark the roots of 
equation whose roots are a+(3 and a/3 

10 If a and (3 are the roots of ax 3 — bx+c=0, form the equation 

a & 

whcne roots are (i) and — , and (n) 2a— (3 and 2/3— a 

a 


(a + 2/3)(2a + /3) 4 ' a — f3 

3and-J 8 — } and - 2 
x 3 —px+q^0, construct the 


Equations reducible to Quadratics 

314J 1 Equations of the form aaP'+bx n +c=Q TThen an 
equition after suitable substitutions is seen to contain only two 
powers of the vanable such that one is double of the other, it can 
be solved as a quadratic 

Thus by substituting y for x n m the given equation, we get 
<*y s +&y+c=0, which is a quadratic m y and can be solved as usual 

Ex 1 Solve 8*°- 36:r 3 +27=0 
Abaume y—x 3 , thus 

3y a - 35^+27=0,^ (y-l)(8y-27)=0 , 
whence y=l or^., ie, * s =l oi , *=1, or £ 

Ex 2 Solve 36*- 4 -13*- 2 +l=0 
Substitute y for X' 3 , thus 36y s -13y+l =0 , 
whence ' (4y - l)(9y - 1) =0, or y = J or £ 

Hence *- 3 =£ or & i e , x 3 =4 or 9, *= + 2 or ± 3 

Ex 3 Solve 3*— 5 n /*=2 \ 

Pnty= s /v, thus 3y a -5y=2 , whence y =2 or — J 
Thus s '*=2 or -fo that is, x=4 or } 
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"Ex 4 Solve r 3 — 3r+5 s /.r 2 — 3.r+ 6=30 
-Add 6 to both sides , thus 

t 2 — 3#+6 + 5 N /J a — 3r + 6=36 
Assume y= Jx 2 — 3x+G, and transpose , thus 

y 2 + 5y-36=0, or (jf-4)(y+9)=0, » e, y=4 or -9 
Hence ^a? 2 — 3v+6=4 or —9 

Square, thus a? 3 — 3x+6=16 or 81 
Thus -we have the two quadratics 

,r 2 — 3a?— 10=0, and a? 2 -3a?-75=0 
From the first j= 5 or -2, and from the second a?=A(3± J 309) 

Ex 5 Solve <3r 3 — 2ar— 10) 2 - 9(3a? 3 -2a:— 10)=22 
Puty— 3r 3 — 2a?— 10 , thus we have y 2 ~Gy<= 22 
Solving this we get y—11 or -2 Thus we have the two equations 
3r*— 2v— 21=0, and 3* 2 — 2x~S=0 
The first gives x—3 or — J, and the second gives a?=2 or — 

Ex 6 Solve (r+l)(j?+2){*+3X« + 4)=3G0 
"We have {a?+lX*4-4)x(«-f- 2)fa?+3)=360 , 

or (x 3 +5r+4)(af s +5a?+6)==360 , 

put y—x s +5v , thus (y+4XjT+6)=360 , 

multiply out and transpose, thus < y 2 +10 t y-33G^O , 

■whence y= 14 oi -24 

Thus we have the two quadratics 

;r 2 +5a?— 14=0, and a? 2 +5a?+24=0 , 
the first of which gives r=2 or -7, and the second gives 
r =i(-'5± v'-TTy 

Ex 7 Solve J 2 +-i+3fjf+M=8 
* 3 \ x 1 

.Add 2 to both sides , thus ^a: 3 +2 + ^j + 3^a?+~^ = 10, 

or (j+1) 3 +3(o:+;)-=10, » <>,y*-+ By -10, if y=x+\ 

From y 3 +3y= 10, we have y=2 or -5 
Thus t+-= 2 or r+-= - 5, replacing y by x + - 

0* X " (G 


c f* 
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Fiom the first £ a -2z+l=0, or (*- 1) 2 =0, i e , ar=l , and from the- 
tecond a: 2 +5£+l=0j or #=•^( — 5+ »/21^ 


Examples CLXIV 


Solve the equations 
1 £ 4 +4# 2 =5 

^+4x1=96 


Gj: -3 — 5jt _1 +1=0 


x-4jx=5 
J3 

\'x 

11 7^-20v' b =3 

/2 


+2 N /t=7 
} 


13 


2 v i +3 Jl- 


' 2 3* 4 -7# s +2=0 

4 9jT 1 +4* -2 *=5 

0 a a + 4=4i- 

X 

8 2v+ 3 n /*=2 

10 IJs-jj-O 

12 Vx 3 - 13^+36=0 

14 4 */ r 3 a / I " 11 


15 x‘~Gx-2,J xt-Gx+i^l 16 2ar 2 -3-e + 6V2^-3ar+2 = 14. 

17 * 2 =8*+6,,/* a -8*+9 18 a*+2*/i*-fl*+« 3 =** 3 +2ff 

19 2 n / , * 2 -8*+8=(^-4) 2 ~7 20 (*+l) s =*+3V3* 2 +3;r- 11. 

21 ^- 3 #+ 3 - sIZafl-lx+G**—^ 

22 n/ a; 2 — 6r+17 +2v 3 =12aj— 13 


23 is 2 -ar+5 N /2a: 2 -5v+6 = S(3; + ll) 

24 (#+5)(ar-2)+3 N /*(*+3)=0 

25 (x-7)(*+3 )- n /(*+4)(j-8)=67. 

20 2(a? 2 -3*+6) 2 -9(* 2 -3* + 6)+4=0 

>27 #(r — l)(ar 2 — a? — 1) = 30 28 x(x- 1)(ju — 2)(a: — 3) = 1 20 

29 (x + «)(:e + 2a)(v + 3a)(» + 4ci ) = 24a 4 

g(j-l) _ (g + 3)(j+4) 
(* + l)(a+2) (s+5)(.v+6) 


30 

9 5-x- 

l+x+x 3 

. ^2 

31 

32 

* ! +i-s(» + i) 

85 

ii 

33 


311 Reciprocal Equations A reciprocal equation is one 
which remain s umlteied f when the variable x is changed into its 

leciprocal - Thus ux 2 +bx+a=0 is a reciprocal equation, for when 
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x is changed into it becomes ctQj +6^i^+«=0, -which when 

reduced to an integral form by multiplying by x 2 , is the same as the 
original equation Similar]} it will b$ seen that 
flx s +&x 2 +&x+a=0, 

«x* + &x 3 +cx s +&x+fls=0, &c 
aie other examples of reciprocal equations 
It will be seen that these equations do not change in form when 
a is chauged into i owing to their peculiar form of having the 

coefficients of terms equidistant from the beginning and the end 
equal Hence we maj define a reciprocal equation otberwiso thus — 
*1 reciprocal equation t? ons tn. winch the coefficients of terms 
< quichttant ft om the bcqinttivg and the end art equal 


Ex 1 ‘'olvo 2x‘ l 4-7'* 2 +7x+2=0 

Bracket the terms having tlio tame coefficients , thus 
2{* 2 +l)+7*(*+l)=,0, 

O’ (*+l){2(x a -s+l)+7-e}=0, 

if, (x+l)(2x 2 +5x+2)=«0i 

whence x+l*=0, . (i) , 

or 2x 2 -*- r »x+2=0 , (u) 

From (i), x=> — 1 , and from (lx), x= — — — = — J, or -2. 

4 

Ex 2 Solve ox 4 -6x 3 +<?x 3 -tx+fi=0 

Divide bv x 2 , thus «x 2 - &x+c— ~+2L=0 

X x- 

'•racket the terms having the tame coefficients , thus 
«(x 2 +^)-6(x+^ + c =° 

J’ut^*=x+- , thus x s +j~«»y 2 -2 , therefore 

»(•/' - 2) - by + c <=• 0, or ay 2 -by+(c- 2 a ) = 0 

Tin* is a quadratic m y and may bo solved Let tj =m or n where 

ind n aie functions of «, b and c , thus v+-«m or n 

sc 

Hence we have the two quadratics 

* 3 -i7ix+l =0 and x 2 -wx+l=0 , 
w hich can be solved m x 
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1 Examples CLXV 

Solve the equations ' 

1. £S-t-*s+a; + l=0 ' 2 2s 3 +3® a -l-3r-t-2=0 

3 3# s + 13* 3 — 13a? —3=0 4 ar s -&x a +&a?=a 

S x i +x s — 4x i +v+l^0. 6 a? 4 +2a? a +a? a +2ar+i=0 

7. 2x 4 +3i? s +4* a +3*+2=0 8 aj? 4 +&r 9 +ca: 3 +&a?+n=0 

L 

312 Miscellaneous Equations We have seen [Ait& 310 
and 311] how equations of higher degree having peculiar forms can be 
solved like quadratics Other equations of kighel degree can also be, 
solved like quadratic* if one or moie of its loots can be found by 
inspection Hence, if one root of a cubic can thus be found, we can 
reduce it by the Factor Theorem of Art 291 to a quadratic and thus 
find all its loots [see Art 1S6] 

Ex L Solve (x - 1)(j: - 2)(x — 3) = 2 3 4 

We hare ( x - l)(v - 2)(x - 3) = 4 3 2 = (5 - 1)(5 - 2)(5 - 3) 

Thus 5 is a root of the pioposed equation Hence x~5 is a factor 
of (x — l)(a? — 2)( r - 3) - 2 3 4, oi of « 3 -6* a +llr-30 

, Now * 3 -6t 3 +llar-30=* 3 (a:-5)-ar(a:-5>+6(*-5) 

-(v~5)(x a - -c+6) 

Hence (v-5)(a: 2 -*+6)=0 

Thus one loot is 5, and the otheia are given by x 3 — x+6*=0 

Ex 2 Solve a 4 - 2a 3 + 2a? a + 2x = 3 
Transpose, thus * 4 - 2a 3 + 2a? a + 2x - 3 = 0 

Now the sum of the coefficients of the odd poweu and that of the 
vanish*^ 3 ° f ^ eV ® P powers m the leffc 8lde of tlie equation severally 

Therefore a? 2 -l is a factor of the left side [Art 292] Hence 
a? 4 — 2af 3 q-2 , t a + 2x — 3 = T a (a? a — l)-2a?(a? a ~l)+3(a? 3 — ]) 
=(v s -l)(* a ~2T+3) ’ 

Thus (v 2 — 1 )(jc 3 — 2a? + 3)=0 

**— 1*=0 or »= + ], oi r 2 — 2r + 3=0, winch gives r=l+ J — 2 

Ex 3 Solve (v-a) 3 +(*-&)3=c{(T-a) a -(*-&)3} 

From the given equation, we have 

(2a?— a— &){(*— o) 3 - (x - a)(* -&)+(*- b)* } = c{ 2x -o -&)(&- n) , 

, tllus (2s-a-5){a? 9 -(c + &)?+[a 9 +(ca-a&-ho)+L 9 ]}=0 
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Hence ’ 2x—U — b=0, i e , x=^(a'+b) , 

•or * x 2 -(a4-b)x4-{a 2 +{ca — ab—bc)4-b-} =0, 

-a quadratic which will give the other values »of x 


Examples CLXVT. 


Solve the equations 


1 

(x—3)(x—4)(x~5)=l 2 3 

2 

(x — l)(v — 2)(x — 3) =24 

3 

x{x+l)(x+2)=a(a+l)(a+2) 

4 

2x 3 —x 2 —7x=4 

5 

' (x-4)*+(x-5) 3 ^31{(x-4) 2 - 


6 

(2x + a) 3 — (#,+ a) s = 4a(7x 3 +9ax+3a 3 ) 


V 

( a~x) 3 4 (b— vf=(a+b— 2v) s 

8 

2» s +15.r=].7 

9 

v(5x s + 7x — 2) = X s 

10 

4x s +6x 3 4-x=1 

11 

* 2 +~i=« S +^ 

12. 

(1-X + X*)3=l(l+Xt+ S i) 

13 

It * * 2 ffl « 3 

14 

x—a , x~ b b a 

b a x-a x-b 

15 

x l +2x z -llx*+4x+4—0 

i 

16 

C 2 

x*+ax*-\-bx*+cx+- s=0 
a- 


CHAPTER XXVI 

PROBLEMS LEADING TO QUADRATIC EQUATIONS 

313 Problems To solve a problem completeh we,(i) express 
its conditions symbolically which leads to an equation , (u) solve 
this equation , and (in) verify the solution 

Each of the following problems will lead to a quadratr equation , 
■and as a quadratic has two roots, two values of the unknown quantity 
will be found But these two values, though solutions f of the 
equation, are not always solutions of the problem For a nvmcncal 
solution is always limited bj certain conditions expressed or implied 
in a problem , and therefore that solution onl> is to be accepted 
which on verification will be seen to satisfy all the conditions of the 
problem [See Examples 1 — 6] 

The student should therefore verify each solution to see whether 
one oi both are admissible as solutions of the pioblem A solution 
i that does not Batisf> the conditions of a problem is considered as a 
*wrong solution and no ciedit is given for it 
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Ex 1 "What number is that 20 times which subtracted 'from its 
\ '•gmre leaves a remainder 1581 ? 

Let *=the reqmred number , 

then a? 2 — 20* =20 tames * subtracted from * 2 , 

and by the condition of the problem, this -=1581 

* s — 20* =1581 

or a? 2 — 20*— 1581=0, 

i e (*-5l)(*+31)=0, 

*=51 or *= -31 , 

Verification (i) (51) 2 -20x 51 = 2601- 1020=1581 
<u) (— 31) 2 — 20f—3l)=961 4-620= 1581 

Thus the required number is either 51 or -31, for each of these' 
numbers satisfies the problem 

Here the two values of * are admissible 


Ex 2 By selling a Tiorse for ££}, a man lost as much per cent _ 
as it cost him m pounds What w a- the cost price of the horse ? 

Let £ * be the cost price of the horse , then because the man’o- 

loss was * per cent , his loss bj the transaction was --of £r~ £- a ~ 

100 "loo*- 

AIbo this loss by the question was (*-24)£ 

iff 2 

VST-*, 

Hence * s - 100*4-2400 =0, 

or (*— 40)('c— 60)=0, 

whence *=40 or *=60 

If the sointmn is verified, it will be seen that each of these roots 
satisfies the conditions of the pioblem 

Thus the price of the horse was either £40 or £60 

Here also the two values are admissible 

t irnLuZ'nJZ ofu£?J“ mwax » *»- 

Let *= required number of labourers , 
then 2* x * or 2* 2 = amount of rupees they earned 

eanfed SUPP0Blfcl0n ’ 13 * 15 the an ? ount of ru P ees ^ ™mld have 


13a =2* 2 4- 15 
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TIius 2 t 3 -13f+15=0, 

oi (x— 5)(2*— 3)=0, 

x=5 or-x=? 

Here one value, vi: , x=o is onfy adratssible, for though 
r—1 satisfies tlio equation, jet it does not satisfy the conditions of 
the problem which require that a number of men must be a whole 
number "We therefore 1 eject the valuo x=4 

Tints the number of labourers required is 5 

Ex 4 Each of 11 mm earned a sum of money, and the total 
< l >/iou7 f they tamed exce did twice the square of the amount each 
mined by Its 13 What is the amount each earned ? 

Let x rupees be the amount each earned , then 13 r is the total- 
amount earned Hence 

13x*=2x^+16, the same equation as in Ex 3 , 
whi nee s«*»5 or *—4 

Here the two values are admissible, as an amount of monev 
miv bo whole oi fractional 

Ex. 6 -1 number of two digits is equal to twice the product of 

tl ' diqitt If the unit# digit ts greater by V than the ten# digit, find 
th number 

Let x be the tens’ digit , then x+3 is tho units’ digit , 
and 10x+(x+3) is the required number 

Ify the quostion therefore 

10x + (x+3)=2x(x+3), 

nh-'iice r=>3 orjes- 4- 

1 he second valuo is inadmissible, because the digit of a number 
must be a positive integei not greitei than 9 

Hence 3 is the lens’ digit and 3+3 or G is the units’ digit ; thus 
tin required number is 3G 

Here one value is admissible 

Ex G The mm of (he vacs of a father and las son is 30 years 
It i time* the son's aqc is less by l+tO years than the product ot their 
how old arc they l 

Ijtfc ar j ears bo the son’s ago , then OO—x ) eais is the father’s age , 
and *(50- x) jears is the pioduct of their ages 

by the second condition of the problem 
7x«=x(50— x)-420 

Solving this equation, wo get x=15 or x=*2S 
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The first sonlntion gives the son’s age 15 3 ears and the father’s age 
50-15 or 35 3 ears The second solution, gives son & age 28 years 
mid father’s age 50-28 or 22 3 ears, an absurd result, since the , 
fathei cannot be Younger than his son Hence this value is in- 
admissible 


Thus the son’s age is 15 years and the father’s age is 35 years 
Here only one value i-> admissible, though the two values are 


po^tne 


Examples CLXVII 

1 The sum of two numbers is 84 and their product is 1728 
Find them 

2 The difference of two numbers is 6, and their sum multiplied 
hi the greatei is 756 What are the numbers ? 

3 A number and 12 times its reciprocal amount to 9\ What 
is the number 1 

4 Divide 50 into two parts, such that the sum of their reciprocals 
may he T \ 

6 Divide 20 into two parts such that the square of the greater 
added to th' less gives 152 > 

Why is one of the positive values rejected ? 

6 A number is greater than its square root by 110 Find 
the nurabei 

Why is one of the solutions rejected 1 

7 Find two numbers differing by 15, such that the difference of 

their squares is 735 , 

8 Bi selling an article foi Es 16, a man lost as much percent 
as the article cost him in rupees What was its cost price 1 ! 

9 By selling a horse for £96, a dealer gained as much per cent, 
as the horse cost him in pounds Find the cost price of the boroe 

Why is there one answer ( 

10 Five times the number of boys m a class is greater by 12 than 
jme third of the square of that number Find the number of boys < 

11 Three times the square of a certain number of mfen is less by 
8 than 14 times the number How many are they ? 

12 If 5 times a certain integer is subtracted from thnce its 
square, the remainder is 372 What is the number ? 

13 The sum of the 2 digits of a number is 11, and their product 
is 24 Find the number 
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14 The tens’ figure of a number formed by two consecutive- 
digits is greater than the units’ figure, and the number exceeds by 
27 the square of the tens’ figure Find the number 

15 A number of two digits has the tens’ digit greater by 4 than 
the units’ digit , also the sum of the reciprocals of the digits is § 
Find the number 

16 A number consists of two digits whose sum is 6 , and the 
number formed by reversing the digits is equal to 3 times the product 
of the digits - What is the number l * 

17 The sum of two digits is 7, and the product of the two 
numbers formed by them is 976 Find the digits 

18 Divide unity into2paits such that the sum of their cubes 

13 iff 

19 The denominator of a fraction exceeds the numerator by 3, 
and if 1 be added to both, then the fi action is increased by Jf 
Find the fraction. 

20 The numerator of a fraction is greater by 2 than the deno- 
minator, and if be subtracted fiom the fraction, the fraction will 
be inverted What is the fraction 1 

21 The sum of the ages of a father and his son is 100 } ears 
Five years ago, the product of their ages was 30 times the father’s 
age as it then was. Find their ages 

22 The ages of a father aud his son aie together 72 yearn, and 
16 times the difference between the reciprocals of the numbers 
representing their ages is What are their ages i 

314 Ex 1 Wishing to buy gold, 1 find that if the price were 
6 less p^r tola, 1 could get 1 tola more for Rs 1X6 What is the 
pi ice of gold per tola ? 

Let x rupees = the price of gold per tola , 

126 

then — = number of tolas that can be had for Rs 126 

X 

Also by the question, 

- 126 

— — 5= number of tolas that could be had for Rs 126 

Now this number is greater than the first number by 1 
126 126 . , 
i^3 = "F + 1 

Hence * s — 3# — 378 =0, or (*— 21)(*+18)=0, 

*=21 or x— — 18 
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Hero only the positive value of x is admissible [why *] , we 
therofore reject the negative value 

Thus the price of gold is Rs 21 per tola 


Note The negative root x= - 18 suggests a problem the conditions of 
which are contrary m character to those of the above problem, as we shall 
presently see 

The value 3 = — 18 is a root of the equation 

x^ = ~r +1 « „ ■ w 


Hence v= + 18 is a root of the equation obtained by wntmg —x 
for x m equation (i), i e , x= + 18 is a root of 

126 126 , , 

— x—Z — 3"*’*’ v 


which, when the signs of both sides aie changed, becomes 

126 126 
3+3 x -1 


(») 


Now equation (n) is evidently the symbolical expression of the 
following problem — 

Wishing to buy gold, I find tint if the price were Rs 3 more per 
tola I could gel 1 tola less for Rs 126 What is the price of gold per 

4r/l rt ) ' * 


The student will see that the answer is Rs 18 


Ex 2 A trader bought a certain number of sheep for Rs S75, and 
after losing 4, sold the remainder for Rs 5 a head more than /hey 
cost him , thus gaining Rs How many sheep did lie buy and 
what was the cost price of each * 

Let v be the number of sheep he bouglit , 


375 

then the cost price of each is — rupees. 


Hence by the question 

( 375 \ 

—+5 j(x~ 4) =375 + 45=420 , 


or (375 + 5 *)(« — 4) = 420 j 

Solving this equation, we get 3=25 or 

The negative value is inadmissible 
required =26 


3= -12 

Thus the number of sheep 


Also the cost price of each sheep =R S ^-=Rs 15 

25 

Question Interpret the negative tesult 
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Examplos CLXVXI (Continued) 

23 A person wishes to distribute Es 3 12« among a number 
•of beggars and finds that if there had been 3 fewer, each -would 
receive In more than he doe-. Find the number of beggars 

Whit problem is suggested by the negative root ? Derive its equation 
from the equation of the given problem 

24 A man bought some chairs foi Jib 72 If he had obtained 
6 moro for the money, each chair would have cost Re 1 less How 
man} did ho buy and what was tlie price of each 1 

Interpret the negative result 

25 A cy clist rodo 36 miles at a uniform rate Had bis rate 
been 3 nulos an hour slower, it would liavo taken lnm 1 hour longer 
What was Ins rato of travelling ' 

What problem is suggested by the negativ e result ? 

26 A person buys a ceitaiu number of photographs for £1 
Two get damaged, and bv soiling the remainder for 2a each more 
than tlic-v cost, ho makes one shilling profit How manv did 
he buy ? 

27 A farmer rented some land foi Rs 48 He cultivated 8 
biglias lnmsclf, and subletting the rest for 12a per higha moie than 
he paid, received Rs 54 in rent How much land did he rent and 
what was the rent he paid per higha ' 

28 A man bought a number of sheep foi £37 10* Having lost 
5, he sold the rest for Os a head moio than the cost price, and lost 
£1 10/ l>y the transaction Find the number of slicep and the 
price of each 

20 I bought for Rs 10 13a two pieces of cloth, the one being 
3 yds longer tlnn the other The pieces cost me ns many annas 
pci y ard ns there were yards m each Find the length of eaoli piece 

30 A man bought a certain number of sheep for Rs 243 He 
i- old them at Rs 14 4c< a head and ^allied as much on the whole 
as a single Bheop cost him How many sheep did he btiv I 

31 A farmer buys sheep and lambs numbeung 100, each 
lamb costing Rs 2 8a lo b than each ‘beep If he spends R», 06 
on sheep ana Rs 111 on Iambi, what is the pneo of each I 

32 A and B each gives R\ 51 to a certain number of poor men , 
B relieves 2 } men more than A, lmt 1 gives to each 3<i more than 
B How many men did A lelieve 1 

33 A party at a restaurant lmd to pa\ a bill for Rs 44 10i< 
But ono of the paiLy also having ofiered to pai 4 times as ranch 
as any other person, the rest paid each 0« less How mam men were 
there in the paifcy ‘ 
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34 A man walked 24f miles m a number of hours which is one- 
moie than the number of miles he walked per hour How long didt 
he take to walk the distance 1 


Sip Ex 1 The area of a rectanqle is 1800 sq yds If the length 
ire) e r > yd* more and the breadth 4 yd* less, the area would still be 
the *<tmc Find its dimensions 

XetT'ds be the length, then, since 1800 sq jds is the area, the 

, , 1800 , 

breadth is acts 

x 

B\ the second condition, the length is (#+5) yds and the breadth 



Hence the area of this lectaugle 


us , 1800 a q 'ds , we have 

(*+5)(i— 9-4^ = 1800 

Multiply by t , thus 

(x + 5X1800 — 4x) ~ 1800* , 
whence £ a + 5x — 2250=0, 

or (£-45)(£+50)=0, 

£=45 or *= — 50 


being the same*. 


t 


If the length and breadth are considered as arithmetical numbers, 
then £=45 is the only solution , length =45 yds and breadth 

= 40 yds If however the length and breadth are taken as 

algebraical quantities, then £ = - 50 is also a solution 

Explain how the negative root suggests the following problem — 

The aiea of a Tectangle is 1800 sq jds If the length were 5 yds 
le*s and the breadth 4 yds more, the area would Btall be the same- 
Find jts dimensions 


Ex 2 Tmo pipes together can fill a cistern in £§ min When 
trorf inq alone, one pipe talcs 4 nam moi e than the other to fill if. 
In that time mould each pipe alone fill the cistei n ? 

Let * mm be tbe time which one pipe takes to fill the cistern y 
then (£+4) mm is the time which the other pipe takes to fill it 

Hence in 1 mm the> together fill ^ of the cistern 
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Also by the question, they together fill the cistern in 8f mm. , 
therefore m 1 min they fill ^ of the cistern. 


Hence 



__1 £ 

*+4~"80 


Multiply by 80*(*+4) , thus 

80(* + 4) + 80* = 9 *(* + 4), 
whence 9* 2 — 124*— 320=0 , 

or (*— 16J(9*+20)=0, 

*=16 or *=-^- 

The negative value is inadmissible Hence one pipe takes 16 mm 
and the other 20 min to fill the cistern 


Examples CLXVlI. (Continued.) 

35 The perimeter of a rectangle is 84 yds and its area is 432 sq 
yds. Find its dimensions 

36 Two rectangles have the same aiea viz, 180 sq \ds, their 
lengths differ by 5 jds , and their breadth by 3 yds What are 
their dimensions 1 

37 Two pipes can fill a cistern m 3 hrs One of them alone can 

fill it m 8 hrs more than the other In what time can each pipe 
fill the cistern separate^ ? # 

38 A and B together can do a piece of work in 6 hrs 40 min 
When working alone A takes 3 hrs less than B to do it. In what 
time can each do it alone 1 

39 A number of 5 men can be formed into a solid square and 
also into a hollow square four deep, a side of the latter containing 
25 men more than a side of the solid square Find the number of/ 
men 

40 Two persons start at the same time from P to go to Q 
54 miles from P The one travelling 3 mile3 an hour faster, reaches 
Q 3 hrs before the other Find the rate of each 

41 A person starts to walk 28 miles After walking the first 
half of the distance, he slackens his pace by half a mile an hr and 
is consequently half an hour late At what rate was he walking at 
first? 

42 The circumference of one wheel is 2 ft more than that of the , 
other, and one of them makes 220 revolutions more than the other 

m a mile. Find the circumference of each wheel 

« 

43 A boat goes 12 miles up a river and back again m 4 hrs 
10 mm If there had been no current, the boat can go 6} miles per 
hr. At what rate is the nver flowing ? 


30 , 



466 


THE HEW MATRICULATION ALGEBRA 


44 A waterman rows 30 miles down a nver and back again m 
12 hrs 48 mm If tlie current flows at the rate of lj miles an hr , 
at what rate does he row in still water ? 

45 A boat’s crew can row 8 miles down a nver and back again 
m 4 hrs 40 mm The rate of the crew m still water is 3 miles an 
hour slower than twice the rate of the cmrent , At what rate does 
the current flow ? 

46 A and B motored simultaneously to meet each other from 
two places 270 miles apart A travelled 3 mile3 a day quicker than 
B, and the number of days in which they met was equal to § of the 
number of miles A motored m a day How far did each travel 
before they met? 


316 Ex 1 What are oranges a score , when 16 more for a rupee 
loxoers the price 2 pies per dozen 1 

Let #=number of oranges bought for 1 rupee , 

102 

then =pnce of one orange (i) 


Also 


x 
192 

fl92~ 192 \ 


by supposition 


Thus -Jp =diff bet actual and supposed prices of one 

>a era 1 


orange, 


the question. 


Hence 



V * *+16/ • 

i e, 

2152 1152 


* js+IG " 1 * 

whence 

v 2 +16*— 1152x 16=0, 

or 

(*-128)(* + 144)=0, 


af=128 or *== — 144 
Rejecting the negative value, we have from (1) 

cort of a aoora— 20x 2j2j. -20.x Jgp =30 p 6j> . 

t, * a? rays te ! 

•iSss -3asKSr.“ * Saffiar ~ ■»* 

Pnee s pies per dozen ? [See Art 3 i""e” ‘ ht 
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Ex 2 A set out from Calcutta for Jlttghh and B at the tamo time 
from Eughh for Calcutta , both travelling uniformly A reaches Hug tilt 
in S hours and B reaches Calcutta in 5 hre 20 min after they have 
met on the road Find the time each tool to perform the journey 

Let r hours be the time m , which they met Thus A took (x+3) 
hr- and B took (x+5£) hri to perform the journey 

Now the distance remaining the same, their rates are inversely 
proportional to the times 

A** rate sr-f-5&_3x+16 f 

** i?s rate - aT+3 3x+9 * * * W 

Again b\ the question, A performs the distance m 3 hrs which B 
aerforms in x hr* 

A»s rate x 

* iPo rate - 3 * W 

Hence from (i) and (nj, 

3xjMC x _ 

3r+9 = 3 * 

whence 3c s «=48, or **= ±4 

The negative value is inadmissible , x^4 

Thus A took 7 hours and B took 9 hours 20 mm to perform the 
journey 

Examples CLXVII ( Continued ) 

47 "What is the price of eggs per dozen, when two less m a shill- 
ing’s worth raises the pnee one penny per dozen ? 

48 "Whit is the price of apples a score when 4 more for a rupee 
lowera the pnee 8a per dozen I 

49 What is the price of oranges per dozen when 2 less for a 
mpet raises the pnee 8 pies per score ? 

60 Eight fewer bottles of wine can bo had for £6, if the pnee is 
raised 15s per dozen Tind the pnee 

61 A servant was sent into the market to bin a rupee’s worth of 

mangoes He having appropmted 4, his master had to pay for 
every score 4 anuas more than the market pnee How many did 
his mastei get for his rupee ( * 

52 The area of a rectangle is 300 sq ft. If its length is di- 
minished by 4 ft. and its breadth increased by 1 ft , it becomes a 
square Find its length and breadth 

53 The area of a rectangle is 120 sq ft , and its diagonal is 17 ft 
Find its dimensions 

64 The area of a rectangle is 234 sq ft. If the length is diminish- 
ed by 2 ft. and the breadth increased by 3 ft , its area would be 
253 sq ft What arc its dimensions ? 
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55 A vintner sold 7 dozen of sherry and 13 dozen of ' claret for 
£50 He sold of sherry 3 dozen more for £10 than he did of claret 
for *£6 Find the pnce of a dozen of each 

56 Two men start at the same time to meet each other from 
towns 31 miles apart One of them takes 1 mm longer than thd 
other to walk a mile If they meet m 4 hrs , at what rate is ' each 
walking* 

57 A starts to bicycle from Cambridge to London, and B at the 
same time from London to Cambridge, and they travel uniformly 
A reaches London 4 lira and B reaches Cambridge 1 hi , after they 
have met on the road How long did each take to perform the 
journey ? 

68 Two persons start at the same time from A and B in order to 
meet each other. When they meet, it is found that the first has 
travelled 36 miles more than the second and he will reach B in 
6 da> s while the other will reach A m 13\ days, after they meet 
Determine the distance between A and B 

58 A company of soldiers can be formed into a solid square 
A battalion consisting of 7 such equal companies can be formed 
into a hollow square four deep The hollow square formed by the 
battalion is 16 times as large as the solid square formed by tbe 
company. Find tbe number of men m the company 

317 Hitherto the solutions of problems have been either integral 
or fractional We shall now give examples of problems which have 
(i) Irrational solutions and (u) Impossible solutions 

(i) Irrational Solutions 

Ex 1 Divide a line 16 inches long into 2 parts, so that the 
rectangle contained by the two parts may be equal to the square on cl 
line 1 inches long 

Let * in* be one of the parts, so that the other part is (16 -x) in 
Hence by tbe question, 

*(16 -x) =49, 

whence *= 8+ */15 

Now J15 is a surd number and its value cannot be finitely found. 
*We can iiowever find *J 15 sufficiently accurate for our purpose 
Thus correct to 2 decimal places ^15=387 Hence *=11 87 or 
*= 4 13 

Here the sum of the two values of * is 16 As there is only one 
mode of dividing 16, we have one of the parts =11 87 and the other 
part =4 13 
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(n) Impossible Solutions 

Ex 2 Divido a line 16 inchc* loiuj into 8 par/s, so that Ihe rce~ 
tangle contained by the two parts may be equal to the square 6n a 
line 0 inchc* long 

As m Ex. 1, the problem leads to the equation 
*(10-*) =81 , 

•whence r=S+ J — 17 t 

The solution shews Hint the problem is impossible In fact from 
Geometry we know that the greatest possible rectangle oontamed b\ 
the parts of a line is when the parts are equal , te, in the present 
case the area of the greatest rectangle is 8- Hence no rectangle 
contained by tho parts of this line can bo equal to 9 s 


Examples CLXVTII. 

N B. If a solution is impossible, explain -o hy it is so. 

L AB is the side subtending the obtuse angle of the triangle 
ABC If AB—lb, yJC=10 and tho projection of AC on BC—3, find 
BC 

2 In a triangle ABC , .42?«=15, AC=*10 and Z?(7=8, find the 
perpendicular from A on BC 

ts3 In a triangle ABC, AB=*l r ), AC— 8 and BC<=8 Find the 
perpendicular from A on BC. 

1^4 The area of a field is 3009 sq i ds.> and the sum of the sides is 
100 jds Find them 

6 Find a number such that its square shall bo equal to twice 
the number, increased bj 5 

Find a number such that its square shall be equal to twice 
the number, diminished b\ 5 

t ' x 7 The sum of two numbers is 12, and their product is 40 Find 
them 

iAq By selling a cow for Es 29, a man loses as much pei cent, as 
the cost of the cow was m mpees What was its cost price ? 

f/'Q The tap A can fill a tank in G hrs more than the tap B, and 
they running together can fill it in 4 hrs less than what A takes to 
fill Find the time in which each can fill the tank separated 

10 In a rectangular picture-frame, 3 ft by 4 ft , one-eighth of the 
whole area is occupied by tho frame which is of uniform width all 
round, and the remainder by the glass What is the width of the 
frame ? 
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CHAPTER XXVII 

SIMULTANEOUS QUADRATICS 

318 De fini tion Simultaneous Quadratic Equations are those 
m whioh one at least of the equations is of the second degree In 
this Chapter -we shall give only a few examples of these equations 
which occur frequently No general rules can be given for their 
solution, except m the case of two classes of equations [See Arts 319 
and 320 below ] 


319 Class I In these equations, one is of the fit 8 1 degree and 
the other is of the second degree The method of solution will be 
seen from the following examples 

Ex 1. Solve a+y=5 . .... (i), 

# a +y 2 =13 ..... . . («) 

From (1) y=5—x (lit) 

Substitute in (n) , thus 

a a +(5-a) 9 =13, 

or a 3 — 5a+6=0, 

whence (*-2)(a-3)=0 , 

.. a— 2—0, or a— 3=0 , 
le, a=2, or a=3 

(1) If a= 2, then from (ui), y=5— 2=3 

(2) If a=3, then from (m), y=5-3=2 

Thus the solutions are -f ’ 

V. or a=3 andy=2 

Hence the Rule —From the equation of the first degree find one 
of the variables m terms of the other and substitute m the equation of 
the second degree 

Verify each of the solutions, 

Note In the answer, the corresponding values of X and y should be 
put together Hence the answer should not be written thus x =2 or 3, 
y=3 or 2 

Ex 2 Solve a a +3ay-2y=38 .. . (i), ' 

2a+5y=15 (11) 

a=$(15 — 5y) (111) 


From (11), 
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Substitute x m (i), thus 

i(15-5y) a +3(15-5yfcr-2y=38 , 
or 5y a +6Sy — 73=0 , 

•whence (y — 1 )(5y + 73) = 0 , 

thus y— 1—0, or 5y+73 =0 , 

y*= lj or y=— 7 b 3 - 

(1) If y=»l, then from (m), 8 x=5 

(2) If y = - -V-j then from (m), * — 44 


Solutions 


ar=5, 
V = 1 


} - C- 


> 



Verify the solutions 


Examples CLXIX 

Solve the equations 

1 s+yez'J, * a +y a =2i 2 x-y*=2, 2x a +3y*=77 

3 x-2y=2,x 2 +iy 2 =100 4 *+2y=4, 3x 2 +y a =13 

6 x— y=— 3, x 2 — 2xy=5 6 x— 3.7=17, x 9 +xy = 40 

7 3x— 2y=4, 9x 2 +4y a =40 

8 3x— 4y+ G=0, 37x s — I6y s = 4 

9 r+y+l°0, 2x 2 +xy=3y 3 

10 5x+7=3y,x 2 +2^ 3 =nxy+13 

11 2x— 3y=lG, 2ry— y 2 =7y— 10 

12 x»2(y+l), x 2 -3xy+2x+4y=£0 


320 Class II Homogeneous Equations 
methods of solution 


First Method 


There are two 


In this method, we eliminate the constants 
Ex 1* Sotye x 2 4 * 2y 2 =22 • • »»• • • • • • « •••• »• (i)> 

2xy+y s =2l ••• • i • •••• ••• (u). 

Multiply (l) b> 21 and (n) b\ 22, and subtract , thus 
21x 2 + 42y 2 - 44xy — 2 2y 2 = 0, 
or 21x 5 -44xy + 20y a =0, 

whence (3x-2y)(7x— 10y)=0, 

thus 3x — 2y =0, t c , y— |x (ill), 

or else 7x - lOy =>0, i c , y = fog (iv) 
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(1) If y**?x, we have from ( 1 ), 

#2+ 1*8-322, whence x= ± 2 , 
from (m), y=nz = ± 3 

(2) If i 7 a*> tlien from W» 

* : + sS* s “22, whence x—± i f- , 

* from (iv), y—rs x —±.$ 

r*s= + 2and y*=±3. 

Thus the solutions •{ , 7 v. 

\or + -yi and y— + § 

Hence the Hole : — Eliminate the constants and factorize the 
resulting equation 

Second Method 
Assume y*=vx , thus we have 

from (l), s*(l+2« 2 )=22. . . . (a), 

and from (n), * s (2y + fl 3 )=21 . . (b) 

Divide (a) by (6) , thus 

H-gp* 22 

* ' 2v+v 2 21 ' 

whence 20» 3 ~44«+21»0, N 

or (2 a— 3)(10y— 7)=0 

Hence or 87=^ , 

y=%x, ory=!%*. ' 

How proceed as m the other method shewn above. 

Ex 2 Solve 4* a +3a: i y-2 i y 2 =2 . . .. ( 1 ), 

3* 2 -8*y+4y s «=3 ( 11 ) 

Multiply (i) by ( 11 ) crosswise , thus 

Q 3(4x"+3xy~2y s )'=2(3x"—8xy+4y*) • 
or 6* 3 + 25*y - 14y 2 = 0, 

whence (2*-y)(3*+14y)=0 

Hence 2x -y =0 , 1 e , y = 2x ( 111 ), 

or else 3*+14y=0, . (iv) 

Now proceed as m Ex. 1 N 

7 3 

Solutions x= + l, y=±2 , or x= +~ — r- , + . 

a ’ ”4 N /5 * y 8^/5 

Examples CLXX 

Solve the equations 

1 * a +3,y 3 =28, 3fy+y®=12 2 x-+xy=12, xy-y*=2 

3. 4* 2 +3# i y=10, 2*y+3 < y 3 =16 4 x^+xy=Z, yi-xy=2 
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Solve the equations 

5 t 9 — «y=6, 2y 2 -vy=20 0 2xy+y 2 =lG, 2* 3 -xy=12 

7 y 3 +xy=4,x 3 -vy+2tf s =8 8 x 9 +2y s =22, 3y 3 -3r 3 -sy=17 

9. x 9 -*- Dry+3y s =19, 3* 2 +2*y+y 9 =9 
10 x*+y 2 =*y+7, * 3 -y s =*y-l 


•(J), 

(») 


. (in), and^^ = 9 _ 7 | 


(i V ) 


321 Symmetrical Equations The solutions of these eqna- 
tionu m moat cases depend on known identities. » 

Ex I Solve v-}-y«9 ..... 

iry . ... . . . . • 

Since (x -y) 3 = (x + y) 2 - 4xy, we have from (i) and (n), 

(x-y) 2 =9 2 - 32=49 , 
whence *— y= ±7 

Hence we have iwo purs of simple equations 
x+y=9^ 

*-y=7j * " *- 

From (m), x=8 and y=l , and from (iv), x=l and y=8 

8 

Otherwise —From (it}, y ~- , thus from ( 1 ), , 

3 * 

Q 

^+-=9, or x 2 — 9x+8=0 , 

tc, (x-8)(x-l)=0 whence x=8, or x=l 

Thus from (n), when x=8, y—l , or when x= 1, y =8 

Another method of course is to substitute y in (u) from (i) [Art. 
319] 

Note The student will notice that in symmetrical equations, if the 
■value of x bt. tn or », the corresponding value oiy will be ti or in 

Ex 2 Solve x+y=5 . (i), 

* 1 +y i ‘= 13* ... . . , (n) 

Square ( 1 ) apd subtract (u) , thus 

(*+y) 2 -(* s +y s )=5 s -13«12 , 

•whence 2xy=12, or xy=6 (ill) 

Take (i) and (in), and proceed as m Ex 1 

Ex 3 Solve x 5 +y s =34 . .. . ..(i), 

xy = 15 ... .. . . . (u) 

Add and subtract twice (n) , thus / 

(x+y)-=G4 and (x-y) i =4 ' 


•H 
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Hence *+y=±S and *-y= + 2 
Thus ■we have four pairs of equations 


*+y=8") x+y=8 \ x+y— -8) 

*+y — 


x-y= 2j’ x-y=-2J’ *-y=2 j 


2 / 

Solving these we get four pairs of values of * and y viz , 


x=±5 and y==±3 , *= + 3 and y= ±5 

f 

1 


Ex 4 Solve * 3 +y 3 =152 

1 1 1 

(i), 

x+y — 8 . . 

• « 

(«) 


First Method We have * 3 +y 3 +3*y(x+y)=(*+y) s 

Hence from ( 1 ) and ( 11 ), 152+24*y = *512 , 

■whence *y==15 

Take (n) and (in), and proceed as m Ex 1. 

Solutions x—5 and y=3, or * =3 and y — 5 
Second Method. Divide (i) by (n) , thus 
* 3 -*y+# s =19 

Square (u) and subtract (iv) , thus *y=15 
Take (u) and (v), and proceed as in Ex 1 

Third Method Since x+y is gtven, we assume x— y=2r, so 
that if ■» is found, x and y are found 

"We have x 


(m) 


(iv). 

(▼) 


,+3 '" 8 ]- , w . 

f—y—2vj y=4—vJ 


• ■ «• til • M (lilt 


•(vi). 


Substitute x and y m (i) , thus (4+u) s +(4 - «) 3 =152, 
or (64 +48» + 12u 3 + ® 3 ) + (64 — 4Sv + 12v 3 — d 3 )= 152 , 

whence 24v 3 = 24, or v = ± 1 

(1) If vml t then from (vi), x=5 and y=3 

(2) If — 1, then from (vi), x =3 and y=5 


Ex. 6 Solve * 3 +ay+y s =7 (i), 

*4+*y+yi= 21 .(u) 

"We have identically (x 3 4- xy +y 3 )(x 3 -xy +y 3 ) = x 4 + x*y 2 +y i 
Thus from (l) and (u), 7(s 3 - xy + y s ) = 21 , 

p * 2 -xy+y 2 =3 (m). 

. from (i) and (in), by addition and subtraction, we get 
» 3 +# 3 =5, and xy=2 

Now proceed as m Ex 3 

Solutions *==i+2 andy=* + l, or *= + l and y== + 2 


/ 
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Examples CIiXXT 

Solve the equations 


1 

x+y-l*7, xy—'iO 

2 

*+y=8, 

3 

x-y- 13, xy= 93 

4 

X~y=4, xy — 192 

5 

5x— 2y=26, xy= 12 

6 

7x-10y=18, xy= 4 

7 

8x+9y=5, 12xy=l 

8 

16x-3y=9, 2xy=15 

9. 

5x— 6y=16, 3xy=8 

10 

s 2 +y 3 .=45, j:q-ys=3 

11 

x 3 +y 3 =29, x-y=7 

12 

x 2 -xy+y 2 =93, x+y= 3, 

13 

x s +xy+y 3 =19, x-y=l 

14 

*3-2,3^728, a. — y=14 

15 

x?+y , *= r > 13, x+y= 3 



16 

x*+x f y 3 +y 4 = 741, x"-xy+y 2 

=39 


17 

x 4 +xV+y 4 =931, x-+xy+y- 

=49 

1 



323 Miscellaneous Equations In this Article are given 
some pi cal equations, vrho=e solutions will suggest methods for the 
solution of other equations 


Ex 1 Solve yz*=> 12, rx=24, xy=8 

Mnlfciplj the second and the third together and divide b\ 
first , thus 


(:x){xv) 24 8 
yz “ 12 » 


or x s =16, t c, 


X=±4. 


Similarly from (xy)(y:)—(:x) and (y:)(zz)—(xy), 
we get y= + 2 and r= + 6 


the 


Otherwise . — Multiply the 3 equations together , thus 
sty 3 - 3 =12 24 S, or xy;«= ±48 
How divido xyz— ±45 b) the given equations m turn 


Ex 2 Solve x(y+z)=21,y(z+x)=25, :(x+y)=16 
Add the given equations together , thus 
2 (y;+sx+xy)=62, or yz+sx+xy=*11 
From thi3 equation, subtract the given equations in turn , thus 
f/-=10, rx=6, xy= 15 

Then proceed asmEv. 1 Thus x=±3,y= + 5, s=±2 

Ex. 3 Solve x(x+y+z)=20~y3 . . . . ( i ), 

y(x+y+z)=12-zx . .. . (u), v 

z(x+y+s)=15-xy . . (hi) 
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From ( 1 ), x 3 +x(y+z)+yz^20, or (x+y)(x+z)=20 
Similarly (y+z)(y+x)—12 and (s+*)(2+y)“15 
Solving for y+z, s+x and x+y as in Ex. 1, we get y+ z- ±3, 
z+x=±5 and x+y**±, 4 

Hence as m Art 244, we get x t y and z 

Ex. 4 Solve x($x+y+3z)=S0 • .... • «(i), 

y(2x+y+2:)=3Q i i • »m« « a « (wj, 

z(2x+y+Zz)=l6 IH • » • • (1U) 

Multiply (i) by 2, the coefficient of x t and (m) lay "3, the coefficient 
'of 2 , and add , thus 

('22+y4*32)® =a 144, whsucB 22+y , f3s= ! + 12 • «..«(iv)f 

Divide (i), (u) and (m) respectively by (iv) , thus 

®=±2i, y«=±3j2= + H 

» 

Ex 5. Solve xyz=a(y+z)=b(z+x)*=c[x+y) 

Obviously x—0, y=0 and s=0 is one solution 
Divide by xyz , thus' 

1,1 1 1,1 1 1,1 1 

zx xy or xy yz b yz zx c 

Now solve for — , — and — "We thus find yz, zx and xy, and 
yz zx ry s J 

finally x, y and s as m Ex 1 

Examples CLXXII 

Solve the equations 

1 yz = 15, zx— 40, xy=* 24 

2 yz—a\ zx<=W, xy=c\ 

3 xyz~24 } yzu=72) 2wj?=48, wry =36 x 

4 60, si/ 3 z= 90, xyl 3 ^ 160 • 

5 y s 2= 12, =36, afy=32 

0 ar(y+2)=B0,y(s+«)=44, s(v+y)=54 

7. I=j» -f- ~=2+a?, 

8 2*(y+2)=15, 2y(3+*)=9 1 a(* +y ) e= 7, 

9 s(*+y+z)=96, y(x+y+z)= 216, 2(x+y+2)=264 

10. tf(3v+2y+s)=34, y(3*+2y+*)=6l, <3*+2y+z)=85. 

11 »(*+2i/-32)=6,y(#+2 5 r-32)=I5, z(*+2i/-3z)=9. 
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Solve tlie equations 

12 xyz=*4(jj+s)=6(z+x)=6{x+y) 

13 x(y+:)=yz+15, y(z+x)=zx-2, <*+*/)= vy+ 39. 

14 ys+r«+3ry=14-ar 3 =2— y 3 =*7— s 3 

16 ^r=3(y+r-a:)=2(s+x-y)=4(r+y-r) 

10 ;r^=fl(y+z-*)=&(z+:c-y)=e(;e+y-2) 


CHAPTER XXVIII 
GRAPHS OP QUADRATIC EQUATIONS 
A Pair of Straight Dines 

323 "We have seen in Chapter XI that the graphs of Simple 
Equations are straight lines In this Chapter we shall shew that 
the graphs of Qnardratic Equations are m general/ curves, such as 
the circle, the parabola, &c "We have said “m general,” for in the 
particular case where a quadratic Equation resolves into 
two linear equations, its graph will he a pair of straight lines 
and not a 'Curve, for the obvious reason that each hneai equation lias- 
for its graph a straight line 

We shall give below a few simple cases 

324 Case I. To draw the graph of x 2 — 16=0 

We have x 2 =l 6, ora?»=+4, tc, x =4, orx= — 4 

The first equation has for its graph the line PS [Eig 10, Art 115] 

The graph of the second equation is a line parallel to the y axis 
and at a distance of 4 units from it on its left side Draw tho graph. 

Case II To draw the graph of y 1 - 30 = 0. 

We have y*=36 , thus y=6, or y = - 6 

The graph of y=Q is the line PIT [Fig 10, Art life] 

Similarly the graph of v= -6 is the line parallel to the x axis and 
at a distance of 6 units below it. Draw the praph. 

Case III To draio the graph ofx 2 -4.x=0. 

We have *(*-4)=0 , whence x=0, orx=4 

The graph of x=0 is the y axis [Art. 113] 

The graph of ar=4 is the line PS [Fig. 10, Art. 1 15]. 

Cose IV To draw the grrph ofy *- 6y= 0 

One of the graphs is the ar-axis [Art, 1141 and the other is PM 
[Fig 10, Art, 115] 
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Case V To draw the graph ofafl—x— 12=0 
TVe have (*— 4)(*+3)=0 , whence a: =4, or *= -3 

Thus the graphs are PS and the line through N' parallel to the 
y axis [Pig 10, Art 115 ] 

Case VI To draw the graph of y 3 + 2y - 48 = O 
We have (y-6)(y+ 8)=0 , hence y =6, or y= -8. 

The graph o£ j/=6 is PM [Pig 10, Art 115] Draw the other 
graph 

Case VTI To draw the graph of xy — 0ce+ 3y = 18 
Transpose 18 , thus the given equation is equivalent to 
(*+3)(y-6)=0 , 

whence x=-1, or y— 6 Thus the graph of xy— 6»+3y=18 is a 
pair of lines, the first of which is the line through N' parallel to 
the y axis [Fig 10, Art 115] and the second is the Imp pu 
parallel to the x axis ' 


Case VIII To draw the graph of 

S?/ 2 - 13fl3y+8a5 s +Il£c-23y=10 
Transpose 10 , thus the given equation is equivalent to * 
(y_2«-5)(5y-3a?+2)=0 

Thus we have the two equations w=»2*+5 and 5v=3*-s 

** I2 ' f 6 U8J and $ie line in' 

[In drawing the graph of the given equation, the student must of 

*" * ta ° S “ th6 and nX * 


We shall now shew that a homogeneous equation of 

the second degree when resolvable into factors, will have for its JLnh 

a pair of straight lines passing throuKhe ongm g P 

Case I To draw the graph ofy i —x t =0 

The given equation is equivalent to (y-x){y+x )*=0 

whence v-x=0 * 

A _ 9 * ’ * 

Or y kja _ Q 

wtsfic 1 # stssi^s" i* 

graph of (i) and OF the graphof (u) 5 A6 ' U7 ^’ 0P bem S the 

Case II To draw the graph ofy *- Zxy + 2*2=0. 

The given equation is equivalent to (y-flf)fy-2ar)=0. 
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Eeasomng as m Case I, we see that reqmred graph is the pair 
of straight lines whose equations arey-x=0 and y-2x=0 

The graph of y— x=0 is the line OP [Fig 11, Art 117] and the 
graph ofy-2T=0 is the line (l) [Fig, 12, Art. 118] 

Examples CLXXIII 
Draw the graph of * 

L y 3 -4x 5 =0 2 * 3 ~4y 3 =0 3 y 3 -9x 3 =0 

*4 x s —9y i =0 S a 5 — 4=0 6 y 3 -9=0 

7 25* 3 =16 8 lGy 3 =9 9 x 2 +4x=0 

10 y 3 +6y= 0 11 2x 3 -5x=0 12 x s -3x+2=0 

13 x 3 -10x+25=0 14 x 3 +x=30 15 y 2 - 2y=3 

10 2x 3 -7x+3=0 17 xy+ 5y=4x+20 18 7x+ 3y-xy=2I. 

19 x 2 -3xy-8x+12y+]6=0 20 x 3 +2xy-3y 3 -*+5y=2 

21 12x 3 +7xy~12y 3 =0, and shew that the hnes are perpendicular 
to each other 

22 2y 3 — llxy+lfix^O, and shew that one of the lines is parallel 
to the graph of 2y=*ix+4 

23 2x 3 +3xy-2y 3 =0, and shew that one of the lines is perpen- 
dicular to the graph of y =>2x+3 

326 le mma I The distance of a point (x, y) from the 
origin is Jx'+y* 

Let Q be a point whose co-ordinates are x and y [Fig 1], bo that 
0N~x and QN=y 

Join 0Q Since OQff is a nght-angled triangle, 

OQ^OW+QN^x'+y* , * 0(3= v /x 3 +y J ' 

327 Lemma II The distance betw een the two points 
<*', y') and (x", y") is ^(x'-x'^+fy'-y'') 2 

Let P, Q be the two points 
whose co-ordinates are x', y' and 
x", y" respectiveh Draw QR 
perpendicular to Pi? 

Thus QR— 02f - Oj\ T *=x' — x" , 

PP=Pif-QiT=y*-y" , 

Now PQ*=QR*+PR* 

=(x'-x") 3 -Ky'-y") 3 , 

P^^x'-xT+Cy'^T 

Fig L 
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339. Draw the graph of the equation aJ 3 +2/ 3 -4a5- 0?/=23. 

The equation can he put m the 
form (*-2) s +(y-3) s =36. 

Thus J(j?-2)*+(y-3J s =6 

This shews that the distance of a 
point (xjf) from the point (2, 3), is 
6 units [Art. 327], t c , constant. 

Thus wherever the point (x, y) 
may be, it is always at a constant 
distance of 6 units from "the point 
(2, 3) Hence the point is on a 
circle whose centre is (2, 3) and 
radius G units. 


Describe the circle 

It will he seen that (l) the co- 
ordinates of any point, on the circle 
satisfy the given equation and that 
(u) those of a point outside the 
Circle do not satisfy it 

Hence the graph required is the circle ABC. (A side of a square 
is taken as unit.) 

330 Draw the graph of the equation x-+y-—Bx+6y=0. 

The equation can he put m the form far— 4) ! +(y+3) 2 =25 

Thus as in the last cample, the required graph is a circle whose 
centre is (4, —3) and radius 5 units 

Hence it is the circle OBD [Fig 3 ] (A side of a square is nmt) 

Observe that the circle OBD passes through the ongm as it should 
do, for there t* no constant term in its equation 

Note Generally the graph of an equation of the form 
^ o[x 9 +y i )+gx+fjr+c=o, 

is a circle , that is, an equation of the second degree, m which the coeffi- 
cients of x 3 and y 3 are equal and there is no term involving xy, represents 
a circle. 



Fig 3 


331 Ex L Draw the graphs of ir 3 + < y s =25 and «+y=7 , and 
measure the co-ordinates of their points of intersection [Cal , 1912 ] 

31 
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The graph of the first equation is evidently » circle whose cento 
is 0 ana radius 5 units 



Fig 4 


The graph of the second equation is a straight line which 
makes intercepts of 7 units on each axis, for x=7 when y=0, and 
y=* 7 when x=0 Thus the line passes through the points (7,0) 
and ( 0 , 7)j 

Take 2 divisions of the paper as the unit of length, and draw 
the giaphs 

They are seen to intersect at the points A and B whose co* 
ordinates are 4, 3 and ’3, 4 respectively 

Note Since the graphs of the equations pass through the points A and 
B, the co-ordinates ot A and B which are 4 , 3 and 3 , 4 will satisfy each of 
the equations Hence *=4 and ^= 3 , or x = 3 and y =4 are the solutions of 
the equations x , +y a = 2 S and *+.ys =7 Thus the equations are solved 
graphically. 
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Ex 2 Solve graphically the equations 

# s +y 2 — 4a?— 6y=23 and « a +y a — 8a?+6y=0 

i 

The graphs of these equations have been shewn m Arts 329 and 
330 B is one of the points of intersection whose co-ordinates are 
approximately 7 5 and 6 The co ordinates of the other point are 
roughly — 9 and -2 2 Hence the solutions are a?=7 5 andy= 6, or « 
x~ — 9 and y— -2 2 


Examples CLXXV. 

Draw the graphs ( of 

1 s a +y a =l. 2 « a +y a =9 3 a? a +y a =l 

4 

•sS+ya^o. ' g 

* a +y 5 =2 

0 x a +y a = 

7 

2.e= N /9-4y l 

8 

3y= N /20-9x a 

9 

(*-l) 2 +(y-2) s =25 

10 

(v -4) a +(y+4) 2 =4 

11. 

(a?+2)*+(y+3) a =81 

12 

x 3 +y 3 -6x-8y=0 

13 

x 1 +y a —4x—6y=0 

14 

x 3 +y 3 — 3*— 10y=15. 

16. 

'e 2 +y a +8ar+12y+16=0 

16 

* 2 +y 2 -14a?-33=0 

17 

x 3 +y*+ 10y=ll. 

18 

jGx-x 3 

19. 

Jx(8-x) 

20 

^24-2*-* a . 

21 

j8x-x 3 -7 

22 

J32+4x—x 3 . 


23 f Draw the graphs of a? a +y a =25 and 3a?+4y=25 Prove that 
the second graph touches the drat and find the co ordinates of the 
point <)f contact [Gal , 1911 ] 

24 Draw the graphs of the circle x 5 +y a =9, and of the lines 
3a?+4y=15, 3a?+4y=12, and 3r+4y=18 Shew that the circle 
i touches the first line, and cuts the second m two real points and the 
third in no leal points 

26. Draw the gtaphs of * 2 +y 2 - 18*- I6y+ 120=0 and 3 x+4y 
=59 Piud the co-ordinates of the points where they intersect and 
shew that one, of them passes through the centre of the other 

20 Solve graphically the equation « 2 +y 2 =36 and x-y= 4. 

27. Solve graphically the 'equations 

v 2 +y s ?=16 and * a +y a =6a?+16 

28 Solve graphically the equations 

a? 2 +y s =25 and » 2 +y a -4a?-6y=3. 


/ 
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338 Draw the graph of the equation y — sc 3 . 



Fig 5 

Tabulate the valnee of x and y 


Values of x 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

Values of y 

16 

9 

4 

1 

0 

1 

4 

9 

16 


Now take twice the side of a square to denoto the unit , plot 
these points and join them by a continuous lino drawn freehand* 
We have thus for the required graph, the curve BOB’. 

This curve is called a parabola 

Observations on the shape of the curve 

(i) For every value of.), there arc tvv o \ lines nix equal in rcaemtude and 
opposite in sign , that is, for every point A on the curve to the right of OY. 
there is a corresponding point A' at the sime distance to the left ol OY 
Thus the curve js symmetrical about the axis of y* 

Hence after drawing the part OAB rtf (he cune m the first quadrant, 
vve can infer the form of the other part OA’B’ in the second quadrant with- 
out actually plotting any points in this quadrant 

(n) Whatever be the value of x, positive or negative, the value of x s and 
therefore of y, is always positive Hence all the ordinates he above the 
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a axis and therefore the curve itself lies, wholly above the X-axis, * t , 
in the first and second quadrants. 

i 

(m) Since there is no constant term in the equation y=* a , the curve 
passes through the origin Also ns x increases indefinitely, y also 
increases without limit , thus the curve extends upwards to infinity 

V* 

(iv) From the above it is easy to see that the graph of ) = -A a is a para- 
bola, exactly similar in shape ana lying wholly below the x axis i e , in the 
third and fourth quadrants The student will do well to draw the graph 
himself ^ 

Hence the graph of y=av* where a is any number is a parabola 
having the same shape and lying above or below the x axis according as a 
is positive or negative 

(v) Generally the graph of y=ax 7 +6x+c, where a may have any value 
except o, and b and c any value whatever, is a parabola. 


333 Draw the graph of the equation 0* a +26y a «=*226. 



"When *=»0, we get </■= + 3, thus tlio graph cuts the axis of y at the 
points (0, 3) and (0, -3) 

When y=0, we get ar*=±5 , thus the graph cuts the axisjof x at 
the points (5, 0) and ( - 5, 0) 

Again when »=±3, we have y*=>±2 4, thus the graph passes 
through the four points (3, 2 4), (-3, 2 4), (-3,-2 4) and (3, -24). 
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Also when #=»± 4 , we have y=±18, thus the graph passes 
through the 4 points ( 4 * 1 8), (— 4 , 1 8 ), (— 4 , — 1 8 ) and ( 4 , — 1 8 ) 

Take twice the side of a square as the unit and plot these 12 points 
.Tom them by a curve drawn freehand and we have the required 
graph as shewn m Fig 6 

This curve is called an ellipse. 


Observations on the shape of the curve 

(i) The given equation can be put m the form , 

*=± W9-^ s 

Hence whatever be the value ofy, x has two values equal in magnitude 
and opposite in sign Thus the curve is symmetrical about the 
axis of y , 

Also the greatest value which y can have is ± 3, for if y*> 9, x becomes 
imaginary Thus the curve lies between t£e parallels y- ±3. 

(II) Again from the given equation, we have 

, y=±iJ 25 -* a 

Thus whatever value * may have, y has two equal and opposite values ; 
hence the curve is symmetrical about the axis of X Moreover the 
greatest possible value of x is +5 for otherwise y would be imaginary , thus 
the curve lies between the parallels x=±$ 

(III) Hence an ellipes is a closed curve. 

(iv) The graph of an equation of the form ax ' 1 +by' i =:c t where a and b 
have the same sign, is an ellipse 


334. Draw the graph of the equation 8x 2 -25y i =225. 

From the given equation, we have 

y=±c\/^-25 
Tabulate the values of x and y 


Yalues of x 


Values ofy 


ft 

Take 1 division of squared paper as the unit, and plot the points 
Join them by a continuous curve drawn freehand, and we have the 
graph as shewn m diagram [Fig 7] ' 


±5 

+ 6 

+7 

±8 

±9 

±10 

±12 

±14 

±15 

0 

±2 

±29 

±37 

±45 

±62 

±65 

±78 

±85 
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Fig 7 


This curve is called a hyperbola 

Observations on the shape of the curve 

(i) The curve consists of two branches cutting the axis of x at the 
points A and A' 

Also as x increases indefinitely, y too increases with limit, thus each 
of the branches extends to infinity 

(u) Trom the equation it is evident that any values of x between -5 
and +5 make y iraagmar} Thus no portion of the curve can lie between 
the lines x=5 and ar= -5, drawn through A and A', one branch lying 
entirely on the right of *=5 and the other on the left of x= -5. 

(iu) To every abiCissa a, there corresponds an abscissa -a , and cor- 
responding to each of these abscise there is a parr of ordinates equal tn 
magnitude and opposite in sign Thus one branch of the curve is exactly 
Similar in shape to the other and each is symmetrical about the axes of 
x and^, aud therefore the carve itself is symmerical about these 
axes- 

(iv) The graph of an equation of the form ax 9 — 6 y 9 —e, where aand£ 
have opposite signs, is a hyperbola. If c is pint te, the curve lies on the 
right and left of the-^ axis , if e is tiegaltie, u lies above and below the x-axis. 
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Draw the graph of the 


equation xy =L 



Fig 8 

From the given equation, -we have y=- ' 

X 

Tahnlate the 


Values of x 


Values of y 


Take four times the length of the side of a square as the unit, plot 
these points and j6in them freehand Thu£ we have for the required 

S h the curve, the two branches of which are seen m the first 
third quadrants 

This curve is called a rectangular hyperbola. 

Observation's on the shape of the curve 

'(0 Since xy=i as well -as ( -x){-y)=i, we see that whenever the 
absscissa of any point on the curve is positive, its ordinate is also positive ; 
and whenever the abscissa is negative, the ordinate is also negative. 3hus 
the curve lies in the first and third quadrants. 

( 11 ) Since xy=l-x)l-y), we see that if (x,y) is any point on the 
curve, ‘then the point ( - x, -y) is also on the curve. Thus the branch of the 


values of x and y 


±i 


+1 

±1 

±2 

+ 3 

±4 

• • • 

±4 

+ 3 

±2 

±1 

±i 

H* 

±i 

• • 
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curve m the third quadrant is exactly Similar to the branch in the first 
quadrant 

I l 

( 111 ) From . 7 =-, it is evident that as x increases, ^'diminishes, and 
x i 

therefore the curve continually approaches nearer and nearer to the ar*axis 
hut never actually meets it, as y cannot be o for any finite value of x But 
when x— «, then y=o , thus the curve meets the axis of x at infinity 

Similarly from may beshewn that the curve continually approaches 

nearer and nearer to the j’-axis but never actually meets it 

Hence the curve, though it continually approaches nearer and 
nearer to the axes of x and y, does not actually meet them 

(iv) The graph of an equation of the form xy=c, where c is constant 
is a hyperbola If c is positive, the hyperbola lies in the first and third 
quadrants ,'if c is negative , the curve lies in the second and fourth quadrants 

Definition When a curve continually approaches nearer and nearer 
to a straight line but never actually meets it, the straight line is called an 
asymptote of the curve Thus each of the axes is an asymptote of the 
hyperbola xy~\ Since the asymptotes are at right angles, the curve 
•drawn is a rectangular hyperbola 

*336 The General Equation of the second degree 

To recogmsh an equation, as the equation of a particular graph by 
merely looking, at it and without actually drawing its graph, is very 
helpful an tracing graphs We have already noticed some particular 
•cases We shall now give the conditions under which the general 
equation of the second degree m x and y, viz., 

ax 2 +2hxy+ly 2 +2gx+2Jy+c=0, x 

will represent (i) a circle, (n) a parabola, (m) an ellipse, (iv) a 
hyperbola and (v) a pair of straight lines. 

The equation will represent — 

(i) A circle, if a—b and h = 0, i e , if the coefficients of x 2 and y 2 
are equal and the term involving xy is absent , 

(n) A parabola, if h 2 ~ab, i a, if the terms of the second degree 
form a perfect squaro , 

(m) An ellipse, if 7t 9 <a&, t e, if the terms of the second degree 
do not break up into real factors , 

(iv) A hyperbola, if 7 a 3 > ah, i e , if the terms of the second 
degree break up into two real factors , 

(v) A pair of straight lines, if 

, c + 2fy7t, -af 2 -bh 2 - ch 2 = 0. 

Tor this is the condition under which the general expression of the 
^second degree breaks up into two linear fractora. 
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Tor example, x a +3xy+2y*-4x-'7y+3-=0 represents a pair o£ 
straight lines, for here 

abc+2fgh-af a -lg a -ch a 

=1 23+2(-|X-2)(i)-l(-5) a - 2 (- 2 ) s “ 3 (5) 3==0 identically 
Thus the given equation resolves into two linear equations, which 
will be found to be x+2y— 1=0 and x+y — 3=0 

Examples OLXXVI. 

Trace the graphs of 

1. y+x a =0 2 y=2x a 3 2 y=>x a 4. y 3 -* 

6. x+y a =*0 6 ~4y a =0 7 x a +9y a =9 8 * 3 +y 3 =l6. 


9 

x a -y a ~\ . 

10 

y*—X a — 16 

11 

16x a +y a —16 

12 

4s 2 +y=4 , 

13 

4x a —y a =4 

14 

y a —4x a =>4 

16 

2*y=l 10. 

xy=4 

17 xy =16 

18 

2 

y~- 

X 

10 

2#+* 3 

20 

1 + - ' 

X 

21 

x a 

2*- -. 

4 

22. 

4x a +9y a =36 

23 

4* a -9y a =36 

24. 

9/ -4*2 =36 

26. 

4x a +25y a — 100. 

28 ’ 

4* 3 -25y 9 =i00. 

27 

25y 3 -4* 3 =100 

28. 

16*2+9^=144 

20 

’16* 9 — 9y 9 =l44 

30. 

9^2-16*2=144 

31 

y=(l-*)(2-*) 

32 

^ 3 =(1-*)(1+*) 33 

y a =(x-l)(x+l), 


i 337 Graphical Solution of Quadratic Equations. The 

following example will explain the method 

Ex Solve graphically the equation 2* 3 —*- 6=0 
The equation may he written 

.(i). 


*’=f+3 


• • • ••••■• • ••••\ 


Draw, as m Art 332, the graph of 
y=* 3 . ... (u) 

Thus the graph is the parabola 
APB [The unit is twice the side of 
a square ] 

In the same diagram and with the 
same unit of length, draw the graph of 

(»“)» 


X 

9 - 5+3 


which is the straight line AB 



'Fig. 9. 


GRAPHS OF QUADRATIC EQUATIONS 


491 


Tlie graphs nro seen to intersect at two points A and B. 

Because A is on both the graphs, its co-ordinates satisfy both the 
equations of tho graphs Hence at A the y of (u) is the same as 
tlio y of (in), and tho x of ( 11 ) is also the same as the x of (in) 
Thus ftt A , tho equations (u) and (m) hold simultaneously , and 
therefore 


x s =|+3 (iv) 

Thus tho abscissa of A satisfies (iv) , and (iv) is the same ob (1), 

1 e., tho given equntion 

Hence the abscissa of A( uz, 2) is a root of 2x 9 — x— 6=0 
Similarly tho abscissa of B (viz , — 1 5) is also a root of the equation 
The roots required therefore are 2 and — 1 

Thus to solve 2X 9 — x— G«=0, plot the graphs of y—x i and 

or 2y— *— G«=0, and read off the absentee of the points of 

intersection These abscissas will bo tho roots required 

Obs. Tho method adopted hero is tho safest for a beginner. 

Note 1 To solve the general quadratic a* 9 +£x-rf=o f plot the 
graphs of j =x 9 and ay*- 6 x+c=o, and read off the abscissa: of the points of 
intersection 

No to 2 From Fig 9, v\c see that between the points A and B, the 
ordinate v, of nnj point C on the line AB is greater than the ordinate y t \ of 
the corresponding point P on the curve Thus y 9 —y'i is negative as long 
as the point C lies betw cen A and B ' 

Now from (n) and (i), y’t = v 9 and }* 1 =^+3 , 

7 * -ft =**"(f + 3 )* 

or 20*a -?i) = 2 x 9 - x - 6 J 

t e , the expression 2X-X - 6 is negative 

Hence the expression 2x 9 -x-G is negative as long as any point (x, y) lies 
between A and B, i e,, for all values of r between 2 and -15. 

Similarly by taking any point (x, y) on the line AB beyond A and B, we 
shall sec that the expression 2r 9 - x - 6 is foutive for all values of x bejond 
the limits 2 and - 1 5, 1 e , for values greater than 2 and less than -15 

Hence the expression 2 x 9 -x-G{i) vanishes when xhas the values 

2 and -I 5, (11) is negative when the values of x are between 2 and 
- 1 5, and (111) is positive for all values of x greater than 2 and less 
than -1*5. 
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Examples CLXXVTI. 

Solve graphically the equations 
L **+*-6=0 


3 

5 

7. 

9. 

12 . 


2 **+*— 10=0 
x a — x— 4=0 
2* 2 — 3*+5=0 
4 **+*- 5=0 

**P-4#=a0 


10 

13 


2 

4. 

6 

8 

3* a -2*+l=0 


**-*— 6=0 
* 3 — 5x+4=0 
2* a -ll*+12=0 
2x 2 -3x— 7=0. 

11 2* 2 -3*=0. 


3* a -5*+2=0 14 a 2 — 2x+3=0. 


CHAPER XXIX 

ARITHMETICAL PROGRESSION 

338 Definitions A succession o! quantities which’ are formed 
•rn order according to some fixed law is called a seneB , and the fixed 
law is called the law of the senes Each of the quantities forming a 
senes is called a term of the series , and the aggregate of all the 
terms is called the sum of the series , 

> preceding it by 2 9 * ^ orm a 6enes » for each term exceeds the one 

"• dorm 11 Benes m winch each term w doable 

. 1! S <! £'a«'S , / rt 0 T ,1 “ , ‘ hem ’" i here medm “ d ' Bamt 

is said to be in Arithmetical Progres- 
whe * throughout the senes the difference between any 
term and the next preceding term is constant 7 

« 5 > 7, 9, . . is an anbhmetic seires, for 3-1=2, 5-3=2 

9—7=2, o!C * i 

Hence a, 5, c, tf, &c , are in anthmetical progression, if 
6-o=c~6=d-e=&c 

ft difference between any two consecutive terms of an a p » 
^ d ^ e ^ 0inin0 ? dlf [ ereiloe The common difference as found 

byjsubtractmg any term from the term that next follows it 
The following are other examples of arithmetic series 
3, 2, 3, 4, 5, 

8, 6, 2, —I, —4, —7, ... ‘ 

«, «+5, o+25, o+35 

e— 2<^ o— 4o?, a-6cf, 

m which the common differences are respectively 1, -3, 5 and -2 d 
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From the definition, the two following conclusions arc obvious 

Note 1 If each of the terms of an A P he increased or aeereased by a 
constant quantity , the resulting quantities are in A P coitk the same common 
differs) ce as before 

Note 2 If each of the terms of an A P be multiplied or divided by a 
constant quantity , the resulting quantities are m A P with a new common 
difference 


330 Formation of Terms If a be the first term and d the 
common difference of an a. r, then by definition 

tho 2nd term=a+ tf=a+(2— l)ef, 

„ 3rd. s=n+2tf=rt+(3— l)tf, 

„ 4th. .. =a+3tf=a+(4— l)t?, 

and so on, the coefficient of d m nnv term being one less than the 
number of tho term in the senes Thus 

the ?i th terra =»«+(« — l)df . . . (i) 

Hence wo can write down any term of an a r , when tho frsl term 
and the common difference arc gnen 

Thus if the first term =1 and the commgn difference =3, 
the 5tli term =1 +(5-l)3=»l+4 x3=13 , 
the 100th term =1 +(100-l)3=l+99x3«=298 

.Again, if l donotes tho last term and n tho number of terms of an 
A r , whose first term is a aud common difference d, then from ( 1 ) 

. . . . ... .. ... 

Examples CLXXVHI 

L The first term of an A r is 8 and tho common difference is 
4 , find its 10th, 15th and 54th terms 

2 Tho first term of an A r is 50 and tho common difference is 
— 5 , find its 5th, 11th and 100th tcrmB 

3 The first tern of an a r is -114 and tho common difference 
is 6 ; find its 20th, 112th and 150th terms 

4 Find tho 50tli term of the senes 15, 22, 29, 

6. Find tho 100th term of the series 48, 37, 20,' 

G Find the 2othterm of the senes —3, — 5, — 7, — 0, ... 

340 Any two terms of an A P determine the series. 
An arithmetical progression is determined when any two of its terms 
are given. The method will be seen from the following example 
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Ex Find the a p whose 5th term is 7 and whose 17th term 
is - 2 Find also its 76th term 
Let a be the first term and d the common difference 
Thns the 5th term=a+4d and the 17th term=a+lGcZ 
Hence a+4d=7, , 

a+16<2=— 2 

Solving these equations, we get a =10 and d= — | 

Thus the series is 10, 9|, {&, 7j, 7, 6J,. .... . 

Also the 76th term=10+75(— §)= — 46J 

Examples CLXXIX. 

1 The first two terms of an a p are 8 and 15 , find the 15th 
and nth terms 

2 Find the 10th term of the a. p whose first and 50th terms are 
5 and 348 respectively 

3 What is the 15th term of the A, p Whose first term is 42 and 
whose 12th term is 9 ? 

4 The sum of the fifth and twelfth terms of an a p is 81, and 
the sum of the eighth and fifteenth terms is 111 , find the first term 

f 

5 Find the senes in A p m which 7 and 5 are the 5th and 7th 
terms respectively What is its 12th term ? 

6 Find the tenth term of a senes in A p whose 3rd and 20th 
terms are respectively —If and — 21§ Find also the series 

7. Find the sum and difference of the 80th and 150th terms of an 
A P whose 50th 'and 100th terms are respectively 20 3 and 34 65 

8 If the mth term' of an a p ia n and the nth term is m, find the 
{m+n)th and (m+n— l)th terms 

9 Tf the with term of an A p be p+q and the nth term be p— gr, 

find the common difference ' ' 

\ 

10 Shew that the sum of the (m— n)th and (»i+n)th terms of an 
A r is equal to twice the with term 

i 

341 General Term The rth term of a series when written 
as a function of r is called the general term of the senes 

The general term of a series being given, all its terms can be found, 
by giving different values to r, ana thus the whole Beries can be 
determined. 
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Ex 1. Find the senes whose rth term is 2r— 1. 

Pat r=l , thus the 1st term=2— 1=1 , 1 

\ 

.... , r=2 , • «• • • 2nd • = 4 ■■ 1 “ 3 , 

• t* “ 3, , i 3rd •< • =6 — 1=5 , 
and so on. Hence the senes is 1, 3 , 5, 7, 9, 11, 13, . 

Ex 2 'Which term of the senes 2, 7, 12, 17, . . is 247 ? 

Let the nth term of the senes he 247 
The first term =2 and the common difference =7 —3 , = 5 
Hence the nth term =2+(n— l)5=5n— 3 
* 6n— 3 =247 , whence n=50 

Thus the 50th term of the series =247 

Examples CLXXX 

L Find the 1st term of the series whose rth term is 2r+l. 


2 . 

•• 

Still • 4 •• •• • 

. mth . . m+5 

3 

» • 

1 Still • » i • i t 

nth . . 4n+l 

4 

• 

20th «• * • • «• 

rth . . . 3r— 5. 

6 

• • 

•15th • « • •• 

• 7ith M ••• 371“” 1* 

■8 

• • «• i 

l^th | V | | III! 

... nth . . 

7 

• •• • 

Hth • III •« • MM 

. . (»+l)th. . 2»— 3. 

8 


• 

03 

« 

• 

• 

• 

• 

(7!i+2)th 9m— 5 

9 

••• 

7th • •• • • •» 

(7i+3)th .. 371—4. 

10 

• Ml 

• 2nd. ki • »M •••• mm (wi-+3)th 

11 

till 

2nd. . .. , 

. (»+2)th 571+1. 

12 

• 

1st . 

, (n+5)th 2 ti—1. 

13 

r ia 

Find the common difference of the 

In 

senes m Examples 1, 


7, 10 and 12 


14 Find the senes m Examples 2, 3, 5, 8, 9 and 11 

16 Which term of the'senes 3, 11, 19, 27, . .. is 155 ? 

10 Which term of the senes 15, 13, 11, 9, . is -83 ? 

17 If the 4th and 13th terms of an anthmetic senes are 6 and 

-21 respectively, which term of the senes is 0 ? 

343, Sum of an A P To find the sum of n terms of an a. p. 
Having given the first term and the common difference 

Let ahe the first termj d the common difference, l the last term 
and S the sum of the n terms. 
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Then jJ— (ff*f 2rf)"h»* + »».(a)«. 

Also by ■writing the same senes in the reverse order, we get 

jS , = 3-J-(Z — d)+(i— 2d) + «+(fli+2£f)+(fl+d)+fl • • %. (6) 
Hence by adding the corresponding terms, we get 

2 £=(a+Z)+(a+Z)+(a+&)+ to n terms =n(ct+l) ...(e). 

’ S=~(a+Z) (i) 

Again since l is the last or wth term, we have by Art 339 

^ ^ u + (71 ™ l)cZ .... M .. (u) 

Hence using (n), we have 

S-~^2ei+(n- 

From (m), it is clear that any three of the four quantities a, d, n 
and 5 being given, we can find the fourth 

The result (1) is expressed m words thus — The sum of a series of 
quantities m A P is equal to the sum of the first and last terms into, 
half the number of terms 

Ex 1 Find to "20 terms the sum of the series 
5+17+29+41+ 

- Here a=5, <2=17-5=12, n— C 
Thus sum required =- 2 5 °- { 2 x 5 + (20 - 1)1 2 } from (111) 

= 10(10 + 228) = 2380 

Ex. 2 Sum to 3*5 termB'the series 8f, 74, 6£, 6, . 

Here a=8f, d=7$-8|= - Jj, »= 35 
sum required = % 6 -{ 2 x 8| + (35 - 1)( - 1J) } 

=¥(¥—¥) 437^ 

Ex 3 Find the sum of the first n natural numbers 
1, 2, 3, 4, 5, 

Sum required =1+2 +3 +4+ .. +n 

=-(1+71)= ^71(71+1) [Art 342, (i)] 

Ex 4. Shew that the sum of the first ti consecutive odd numbers 
is a square number 

The first 71 consecutive odd numbers are 1, 3, 5, 7, 9, 11, 

Here a=l and~d=2 , thus 

c> 

sum required (2 xl+(?i- 1)2) =| * 2?i=7i 2 
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Ex 6. Sum to n terms the senes -whose r th teim is 3r — 1 
Since the r th , or general term, is 3r— 1, put r=l , thus 
the first term =3 x 1 — 1=2 
Similarly hy putting r=n, the nth term=3n— 1. 

Hence required sum=^{2+(3n- l)}=^(3n + 1) 

2 2 

Otherwise — As above, put r equal to 1 and 2 successively , this 
the first term =2, and the second term =5 , 

common difference =5 — 2=3 

Hence sum required = ^ { 4 + (n - 1)3} = 1) 

2 2 

Examples CLXXXI 

1 Sum to 15 terms 6, 9, 12, 15, . 

2 Sum to 16 terms 15, 13£, 12, 10£, 

3 Sum to 20 terms —7, —3, 1, 5, . 

4 Sum to 18 terms 1, 2£, 3 £, 4|, 

6 Sum to 24 terms i, -f, -2, — 3£, .. 

6 Sum to 9 terms £, £, £, 

7 Sum to 21 terms £, -ty, 

8. Sum to 40 terms 117, 111, 105, 

9 Sum to 19 terms -$, - T 7 3 , 

10 Sum to 12 terms 2a— b, 2a + 5, 2a +36, . . 

11 Sum to 11 terms 5m — 6, 4m - 5, 3m — 4, 

12 Sum to n terms 3, 9, 15, 21, 

13 Sum ton terms —20, -24, —28, 

14 Sum to n terms 3£, 2 &, 1$, 

_ . , ti-1 n-2 n-3 

n n n 

10 Sum to 15 terms the senes whose 71 th term is 3»— I 

17 Sum to 20 terms .the senes whose r th term is 3r — 5 

18 Sum to 50 terms the senes whose (n-f- l)th term is 2n— 3. 

19 Sum to n terms the senes whose rth term is 2r + 1 

20 Sum to n terms the sene a whose (m+2)th term is 9m— 5, 

21 Sum to 71 terms the senes whose (n+3)th term is 3n— 4 

22 The 71 th term of an a p is £(371-1), prove that the sum 

of 7i terms is —(371+1), and find the series. 
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343 Theorem In an a p , the sum of any two terms equi* 
distant from the beginning and end is equal to the sum of the first 
and last terms. 

This follows at once from (c) [Art 342] , for each of the terms 
(a+Z) m (c) is the sum of the first and last terms and is obtained 
by adding the corresponding terms m (a) and (6), t e , the pair of 
terms that are equidistant from the beginning and the end 

Otherwise * — The mth term from beginning =c?+(wi— l)cZ. The 
mth term from end is the (n — m+ l)th term from beginning. Hence 
the mth term from end =a+(n-m)d 
Thus their sum =>2a+(fi— l)d=a+ {a+(«— l)d} ; 

i e , sum of first and last terms. 

344 Theorem In an ap consisting of an odd number of 
terms , twice the middle term is equal to the sum of the first and last 
terms 

Let g be the middle term and f and h the preceding and succeed* 
ing terms. Then by definition 

g~f=h—g, or 2g =f + A => a + Z [Art 343] 

Cor Hence the sum of the series to n terms 

n, , 7 . n _ , 

~l(a+i)=2*2g~gn 

Thus the sum of an a p of odd number of terms is equal to the 
middle term into the number of terms 

345 The theorems of the last two articles enable us to find 

rather easily the sum (i) of an at containing an even number of 
terms if the two middle terms are given, or (u) of an a p, containing 
an odd number of terms if the middle term is given. , 

Ex 1. Find the sum of l+£+§+J +2+ to 8 terms. 

Here the two middle terms are [ and 2 , hence the required sum 
— |(I + 2)=V+8 = 15 

Ex 2 Sum to *7 terms the series 5+§+4 +J+ . t 

Required sum =|x7=- 4 ^-=24^ 

346 Inverse Questions. If any three of the five quantities 
o, d, n, l and S are given, we can find the remaining two fr6m the 
Formulae (i), (u) and (m) of Art 342 

Ex 1. The sum of 30 terms of an a p. whose first term is 4, is 
-1185 Find the common difference and the last term 

Here «=4, n= 30, S= — 1155 , to find d and l. 



ARITH UGTIC AL PROGRESSION 


499 


"We have /S=^{2fl+(?i— l)<i}[Arfc. 342 (in)}, 

i&, -Il85= 3 2 0 {2x4+29rf}, 
whence 15 x 29c?= — 1305, or d — — 3 

Prom Art 342, (u), Z=a+(n — l)c7= — 83. 

Ex 2. The first term, common difference and sum of an a,p 
are 3, 2 and 255 respectively , find the number of terms 

IVe have 5=f{2a+(»-l)£?}, tc, 255=5{6+(n- 1)2}. 

2 Jj 

Thus we have a quadratic equation to determine n. 

"When reduced, the equation becomes 

»i a +2tt— 255=0, 
or (ji-15)(n+17)=0, 

whence n — 15 or «,= - 17 

Thus the required number of terms is 15 

Note. We hive taken the value 15, for a number of terms must necess- 
arily be a positive integer The \alue -17 is to be rejected, for though 
- 17 is a root of the equatiofi, it is not a solution of the problem, as negative 
number of terms has no meaning [See Art 313 ] 

Ex 3 Of how many terms of the series 16+14+12 + .. .will the 
sum be 60 V ‘ + 

Here a=16, tZ= —2 and 5=60. N 

Hence 60=*{32-(n-l)2} ; 

or 7i s — 17n+60=0, 

whence (»-6)(?i-12)=0, n=5 or 71 =12 

Note Here both values of n are positive integers and must therefore be 
accepted In fact bath values satisfy the condition of the problem, for the 
series to S terms is 16 + 14 + 12 + 10 + 8, md to 12 terms is 16 + 14 + 12+ 10 
+8+6+4+2+0-2-4-6, the sura of each of which is 60 

Ex 4 How many terms of the series 25+21 + 17+. must be 
taken that the sum may be 85 ? 

Here a =25, d= —4 and 5=85 , therefore 
85=|{50-(n-l)4}, 

•or 2n*-27?i+85=0, 

whence (n-5)(2»— 17)=0, 

n=5or»=8£ 
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Note Here the value 8 J-js to be rejected as xt is not an mteg ei But 
»=S* shews thit n lies between 8 and 9 , hence 85 lies in value between 
the sums of 8 and 9 terms of the series, t e , 85 is greater than one of the 
sums but less than the other as the student can easily verify 

Examples CLXXXII 

1 The 4th term of an ap is 10, and the 7th term is 19 , of how- 
many terms is the snm 590 ? 

2 What is the last term of the senes 12 + 15 + 18 + . when its 

sum is 342 1 

3 The sum of 10 terms of an ap is -2 and the common differ- 
ence is - f , find the first and last terms 

4 Find the sum of 25 consecutive odd numbers of which the 
last is 123 

6 What is the common difference of an ap whose first and 
last terms are 1 and 41 and snm 378 i 

6 How many terms of the series 31+27+23+ will amount 
to 133 1 

7 The sum of a certain number of terms of the series 
21 + 19+17+ is 120 Find the last term and the number of 
terms 

8 The common difference of an A P is — l and its 'sum to 
7 terms is 30J , find the last term 

9 The sum of an at is 136, the common difference is 4 
and the last term/is 31 Find the first term and the number of 
terms 

10 The sum of 6 terms of an a p is 6 , and the sum of 14 terma 
is 126 , find the series 

347 Definition If three quantities are m ap, the middle- 
one is called the arithmetic mean of the other two 

If any number of quantities are m A r , all the terms intermediate 
between the first and last are called the arithmetic means of 
the two extreme terms 

Thus m the ap 1 , 2 , 3, 4, 5, 6 and 7, the terms 2, 3, 4, 5 and 
6 are the arithmetic means of L and 7 

34S Arithmetic Mean s 

If three quantities a, A and c are m A p , we have 

A-a=common differences- .4, -d=£(a+<;) 

Thus the arithmetic mean of two given quantities is half the 
sum of the tioo quantities J 
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349 To insert n arithmetic means between two given 
quantities a and c 

Here the n arithmetic means together -with a and e will evidently 
form an a p of n+2 terms, the first term of -which is a and the last 
or (n + 2)th term is c 

Hence if d be the common difference, we have 

j c=o+(7t+ l)d , 


whence 

Thus the series is 


d= 


e—a 

»+l* 


_ . c ~ n . a c “° . a 

“ >a+ OT a+2 } T+i’ a+3 J I+i> 


and the required means are 


. a . rfi—a . a 
0 + ~ . o + 2— — , o +3 


a+n 


c—a 


or 


«+r" ‘ ~n + V~' “ft+i 1 * * 1 IIT "n+i l 
na+c (n— l)a+2e (n— 2)a+3c a+nc 
71 + 1 ’ 71+1 * 71+1 * * * » 71 + 1 * 


Cor Hence if two means x and y are inserted between a and c, 
then #=$(2o+c), y=J(o+2c) 

x 

Ex To insert 5 arithmetic means between 15 and 29 

Here 15 is the first term and 29 the last term of an a p of 5+2 
or 7 terms Thus if d=the common difference, the reqmred means 

are 15 +d, 15+2rf, 15+ 3d, 15+4d, 15+5d , 

and they are known if d is found 

Since 29 is the last or 7th term, we find d from the equation 
29=15+(7— l)d=15+6d, 
whence d= 2£ 

Hence the means are 17J, 19$, 22, 24J, and 26j 


Examples CLXXXHI. 

N ' 

1 Find the arithmetic mean of (l) 10 and 15 , (ii) - 14 and 4 , 
(in) ^ and £, (iv) a+b and a-b , (v)o-25 and 2a -b , (vi) (x+yy 
ana— (x— y) 2 

2 Insert 7 arithmetic means between 1 and 41 

3 Insert 8 arithmetic means between 7 and 13 

4 Insert 17 arithmetic means between 5 and -22 
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5. Insert 11 arithmetic means between - 1 and 2, and find their 
sum 

6 Insert 10 arithmetic means between 5* - 6y and 5y- 6r 

330 Notation We shall henceforth denote by t u t«, *a> >tn, 
the first, second, third, , ftth terms respectively of a senes , and 
b> « lf e„, t s , , B n , the sum of 1, 2, 3, , ft terms respectively. 

"We work out below some Miscellaneous Examples 

Ex 1 Find the sum of 3D terms of an a r whose 20th term 
Is 15 

Let a=the first term and cZ=the common difference , then 

iDc? = — : 15 . . ...... ... . (AJ , 

^ s0 =Tj ft {2fli+38rf}=39(a+19d)==39x 15 [from (AL)]=585 

Ex 2 Sum the senes 1+8+15+ . +6994 

The com diff is 7 If the series consists of n terms, then the ftth 
term is the last term , thus 

6994=l+(ft-l)7 , whence ft =1000 

sum required=4° j | u l{l+6994)=3497500 

Ex 3 If 2ft + ft® represent the sum of n terms of an a r 
find the 20th term of the senes 

The 20th term is the dijfference between the sums of 20 and 19 terms 

"W e have S 30 = 2 x 20 + (20)®, by putting » = 20 , 

and S 1D =2xl9+(19)®, «=19 

Hence *so=&o-£it>=2(20-19)+(20) 2 -(19)® 

, = 2 + (20 + 19)(20 — 19) = 2 + 39 = 41 

Otherwise —Pat ft = l, thus Si=2+1=3 , t t = 3 

Putft=2, thus ff 2 =4+4=8 , t 2 =s 2 —t 1 =5 

Thus the first term is 3 and the second term is 5 , hence the 
common difference =5 — 3=2 

f 2 o=3+19x2=41 

Ex 4 If 2ft + ft® represent the sum of ft terms of an at, find 
the ftth term of the senes 

This is the same as Ex 3 put m the general form 

Let S a denote the sum of ft terms , then will S a .j_ denote the 
of ft - 1 terms. Then the ftth term of the series is -Sn^ 


sum 
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Hence t n =S a — S a -i= 2 n+n^— {2(w— l) 2 } =2?i+l 

Note This method enables us to find any term when the sum of n 
terms is given as a function of n Also the wth term found being a func- 
tion of n, the whole series can be found [Art 341] 


Ex. 6 If a, b, o be respectively the jotli 3 ^th, and rth terms of 
an a p , shew that 

' a{q-r)+b(r-p)+c{p-q )=0 

Let a=the first term, and / 3 =the common difference of the ap; 

then jJth term — a+(p-l)fi=a (i), 

^th term = a+(gr— 1)/3 = & (n), 

rth term=a+(r— 1 )/ 3 =c ... . (m) 

As the given relation does not contain a and ft, it is evident that 
it will be obtained by eliminating the two quantities a and [i fiom 
the three equations (1), (11) and (111) 

Subtract (n) from (1), and (in) from (11) , thus 
{p-q)p=a-b, 
and {g—r)p=b—c, 

hence (a — b)(q- r)ft ■=•(&- c)(p - q)p 

Divide by /?, and bracket the co-efficients of a, b and c , thus 
a(q-r)+b(r-p)+c(p-q )=0 
» 

Ex 6 The sum of m terms of an A? is n, and the sum of n 
terms is m ,^shew that the sum of (m+n) terms is —(m+n), and the 

Bum of {m—n) terms is {m—n) + 

Let o=the first term and <£=the common difference , then the 
sum of m terms is n, we have 

^{ 2 a+{m-l)d}=n 


Similarly 

Thus 


n 


-{ 2 ct+{n-l)d}=m 
2't+(m-l)c?=— 

771 


&)» 


2cs+(»-l)cZ=— . .. 

n 


and 2a+(»-llcf=— . ... ( u ) 

Erom (1) and (11) by subtraction and division by m—n, which is 
not 0, we get d (m) 



504 


THE HEW 1TATBICTTJLATI0X ALGEBRA 


Now Sm+n 


™±?{2a+(m+n-l)d} 


m+n 


{ 2cs+(m — l)d+nd} 


= ™ ±£ /2»_2J 2 +»)l £nnn (i) and (iu)i 
2 m m J 


Also i S' I „. n «^^{2a+(m-n-l)i} = ^^{2a+(m-l)rf-«rf} 


-V K 1+ S)-<»-”)( I+ S)- 

Remark. If we had obtained a and d from (1) and (n), and then found 
the required sum, the work would have been long and tedious 

Ex 7 There are two senes m A P , the sums of which to a 
terms are as 13 -7a 3a+l Prove that their first terms areas 
3 2, and their second terms as —4 5 

Let a, a' be the first terms and d, d' the common differences of 
the two series respectively 


Thus 


!<2»'+(»-lK) 3 ” +1 ’ 


, 2a+(n-l)d 13 -7a 

2a'+(a-l)cZ'“ 3a+l‘ 

This being an identity holds for any value of a. 


Let a=l , thus 
Let a<=3 , thus 


2a _ 6 o_3 
2a'~V or ?“2 

2a+2c? —8 

2a'+2d'“ 10 1 ° r 


a+d 

a'+d' 


-4 


5 


Ex 8 If a series of terms m a p , be collected into groups of a 
terms, and the terms in each group be added together the results 
form an A p whose com diff the ongmal com diff as a a 1. 

Let a=the first term and cZ=the com diff of the series ; then the 
6um of the first group of a terms 


P=|{2a+(a-l)d} 
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The second group begins ■with the («+l)th term ; thus the first 
teim of this group =a+?i(f , and therefore the sum of the second 
group of n terms 

Q=^{2(a+nd)+(n-l)d} 

I 

=-{2<H-(»— l)d}+n 3 rf , (u). 

The third group begins with the (2w+l)th term, and therefore its 
Urst term=a+2nrf , thus the sum of the third group of n terms 

R = — { 2(fl + 2 ticZ ) + fa — l)cf } 

—-{2a+{n—\)d\+2n , d (m) 

And so on 

From (i), (li) and (m), we see that 

Q~I>=nW=R-Q 

Hence P, Q, R } . are in a p , and their common difference is n 3 d 
com. difif of new senes original com diffi— v?d d—n 2 1 

Ex 9 Three numbers are m a p , their sum is 24 and the sum 
of their square is 242 Find the numbers 

Let n— fi, and a+ft be the numbers "We can make this assump- 
tion, as a— 1 3, a and a+l 3 are in a p 

(a-/3)+a + ( a +/?)= 24, 

whence a =8 1... . (,) 

Also (a-/3) 3 +a s + (a+/3) 3 =242, 

or 3a s +20 s =242 , 

/3=±5 (u). 

Thus from (i) and (n), the numbers are 3, 8, 13, or 13, 8, 3 


' Examples CLXXXIV 
L Find the-eum of 53 terms of an A p whose 27th term is 11 

2 If the sum of 31 terms of an A p is 372, what is the 16th 
term ? 

The sum of the first 8 terms of an a r is 8 and the 9th term is 
10 , find the series 

4 Shew that the sum of any number of terms of the series 4, 12, 
•20, 28, • . is the square of an even number. 
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6 Shew that if unity be added to the sum of any number of 
terms of the senes 8+16+24+ , the result is the square of an 
odd number 

6 Find the sum of the senes —25 — 21 — 1 7 — . .+ 131 

7 The (p+q)th term of an a v is m and the (p - g)th term 
is n f shew that the pth term is ^(m+7i) and the gth term is 

m-(m-n)£ 

8 If 4n 3 +3n represent the sum of n terms of an A p , find its 
10th term 

9 If 5 n—w? represent the sum of n terms of an a r , find the 
series 


10 If pn+qn? represent the sum of a senes to n terms, find the 
with term and also the senes 

11 The first term of an a p is unity and the sum of the first 

6 terms the sum of the next 6 terms = 11 35 Find the series 

12 If the sum of the first p terms of an a.p is 0, then the sum 
of the next q terms is — — a being the first term 

p— 1 

13 If the sum of m terms of an A F be always to the sum 
of n terms m the ratio of m s »* and the first term be unit\« 
shew that 

the with term the wth tei m as 2m - 1 2n—l, 

14 The («+l)th term of a senes in a f is , find the sum 

of the senes to (2u+l) terms 

15 If a\ b\ c> are u a p , then r^-, _L are in a p 

d+o c+u a+b 

18 If the mth term of an A r is n and the nth term is m, of 
StaSjSml" aam ' 3e $C m +’ l )(fl*+tt~l)>and what will 

Jg f enes °f » terms m a p another senes be formed 

terra ? the arifchmetlc mean between the consecti- 

°5 th ? ° riginal Fenes > and lf •» s’ be the sums of these 
senes respectively, prove that 8 . s'»u ?i-l 

a“ r term> 

f" So -> *S, Sm are the sums of m arithmetical progres- 

*■ 3 - •• 


s i+«2+^8+. • .+?«n=®-^-(mn+l) 
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20 

betms 

21 

berms 

22 


. . 0 . K *» . to 2n terms and to 2n+l 

Sum tlie series 1-3+ 5 -7+ • * 10 ^ ™ 

t o -lj. to 2a terms and to 2n+l 

Sum tbe senes 1-2+3 -4+ .. to *» 

(o+6)+(o-2&)+(«+3i)+(«-46)+. to 


Sum the senes 
40 terms 

23 Three numbers are m ap , 


the difference of the first and 
third is 14*and their product is 312 , tmd the numbers 

24 Four numbers ■whoso sum is 32 are mA r > an t ® Pr ic 
of the first and second is less than the product of the other two b> 
64 , what are the numbers ? 

[Let the numbers be a -3/1, a- ft, a+fi, a+Zfi J 

25 There are 5 numbers m ap, such that the product of the 
extreme terms is 297, and the sum of all the othero is 63 bind 
the numbers. 

[Let the numbers he a— 2/1, a— /l, a, a+P, o+2/l] 

20 The sides of a right-angled triangle are in A v , shew that 
tlie;> are proportional to the numbers 3, 4, 5 
27 A man arranges to pay off a debt of £3600 by 40 annual 
instalments which form an A r When 30 instalments are paid 
he dies, leaving a third of the debt unpaid. Find the value of the 
firot instalment 


28 One hundred atones are placed in a straight line at inter- 
vals of 2 ft. from each other How far does a man walk m gather- 
ing them up, supposing that he fetches each Btone singly And 
deposits it in a basket which is m the same straight line produced 
20 ) ards distant from the nearest stone and that he staits from 
the basket ? 


CHAPTER XXX 

GEOMETRICAL PROGRESSION 

351 Definitions A sene3 of quantities is said to be m 
Geometrical Progression (or) when, throughout the senes, 
the ratio of any term to the next preceding term is constant 

The ratio of any term to the next preceding term of a o p is called' 
the common ratio The common ratio is obtained by dividing any 
term by the one that next precedes it , for each term is obtained by 
multiplying the preceding term by the common ratio 
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Thus each of the following senes is in g v. 

I, 3, 9, 27, 81, 

1, — 2, 4, —8, 16, i«i • 

h h h I 

o, ar ', ar s , ar s , ar 4 , 

In the first senes the common ratio is 3, m the second it is —2, 
m the third 4, and m the fourth r 

Hots From the definition it is obvious that 

(i) If each of the terms of a G r be multiplied or divided by a constant 
quantity, the resulting quantities will be in G p with the same common ratio 
as btfore 

(u) If each of the terms of a g r be raised to any the same power, the 
resulting quantities will be in G p with a new common ratio 


352 Formation of Terms If a is the first term and r the 
-common ratio of a g p , then by definition 

the second term = ar = ar 1 ' 1 , 

« « third 

fourth =ar 3 =ar 4-1 , 

and so on , the index of r m any term being one less than the 
number of the term Thus 

the nth term=aj ,n-1 

If therefore a gv consists of n terms, the nth. term is the last 
term , thus of this senes the 

last term«oj ,n_1 

Hence any term of a o r can be written down when the first term ' 
■ana the common ratio arc given 

j* r , m °f a g p is 3 and the common ratio is 2, 
then the 5th term =3 2 B_1 =48 , _ 

and the 100 th term = 3 2 100 - 1 =3 2 M 


Examples CLXXXV 


1 The first term of a g p 
the 10th term 

2 Find the 5th term of a 
'Tatao is | 


is 2 and the common ratio is 3 , find 
g p -whose first term is and common 


3 Find the 8th term of the senes 1,-2 ,4,-8, 
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4 Find the 11th term of the senes }, . . 

6 If n he an even number, find the («- l)th and (n+l)th terms 
of the senes — —3, 

353 Any two terms of a G P determine the series 

The following examples will illustrate the method. 

Ex L Find the op whose first and second terms are f and — 

The common ratio = —A— 2= —3 

Hence the senes is §, — 

Ex 2 Find the sene3 mop whose 5th term is 48 and 8th 
term is 384 

Let G=the first term, and r=the common ratio. 

Thus the 5th term =ar®- 1 =ar 4 , and the 8th term =ar 3-1 =a7 ,7 J 
* or 4 =48, and or 7 =384 , 

hence ar 7 —ar i = 384—48, or r 3 =g, t e , r=2 , 

and therefore from or 4 =48, we get «=3 
Thus the senes is 3, 6, 12, 24, 48, 

Examples CLXXXVT 

1 The firat tenn ofaor is 2 and the common ratio is 3 , find 
the 6th term 

2 Find the 20th term of a G r whose 4th term is 8 and 8th 
term is 128. 

3 Find the g p whose first and second terms are f and * 

4 The third and sixth terms of a senes m 0 p. are 3 and 81 
respectively , find the first term and the common ratio 

5 The third term of a o r is 1 and the 6th term is — J , find the 
10th term 

334 General Term If the general term [see Art. 341] of a 
g p be given as a function of r, all the terms of the senes and 
therefore the senes itself can be found by giving different values to r 

Ex Find the o r whose rth term is 3 r What is its 8th term ? 

Put r=l, thus the 1st term=3 1 =3 , 

. r=2, ... . 2nd .. .=3 S =9, 

. r=3, .. 3rd ...=3 3 =27 , and so on 

Hence the senes is 3, *9, 27, .. 

Thus the com ratio =9—3=3 , and the 8th term =3,3 7 =3 3 =6561, 
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Examples CLXXXVII. 

1. Find the 4th term of a series whose nth term is B n 

2, it** 5th . . • ii in i ii •• 1 1 i .« . £ n — 3. 

'3 i • ii ....(n— 2)th * •••• • at mi nt • • « 4 n — 1. 

4 1st term of a senes and also the senes whose 

(»+l)th term is 3 n 

5 .the series whose nth term is 3+ (— 2)“. 


355 Sum of a G P. To find the sum of n terms of a 
Geometncal Progression, having given the first term and the coni' 
mon ratio 

Let a be the first term, r the common ratio, S the required 
sum of a <j p * 

Thus jf? ! =»fl+fl> , *l-c(r®+or s + , .+or w_l 

Multiply by r, thus Sr=* ar+nr»+ar s + +ar n - l +ar n . 

Subtract , thus S-Sr^a—a i n , 

5(l-r)= fl (l-r»), 

1 — r (0> 

«(i n -l) 

0 ‘ S, "V— 1 ’ * * M.. . .(ti) 

If l denote the last (tc, the nth) term, we have £=ar n ’ 1 , thus 

0 _a-rl 

Sss 

vl-a 

1’— 1’ " * * " • mm .(lV) 

Ex. 1 Sum to 8 terms the series H+2|-+3' 5 + 

Here «=H=§, r=2*-H=3, n«8 " 

Sum required ■= } = ~ 1 ^3 x 0108^73227 

jj-l jt ox zi6- a <3sii 

■9 ££* Sm the smes 2-4+8-10+ to 8 term. a„d .Uoto 

Here a =2, r= —4 — 2 = —2 

(1) When n=8, sum read - gj(-2) 9 -l} [ 2( 2 8-^ 

4 - 2-1 --Z 3 - 
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oJ/_o\5_-!\1 &*—£?— I) 

<») When 71=9, sum reqd. = 

■■ •a-** 1 




-3 


JTote Mark that (-2)*= 2 s and (— a)'=— - T jarfgea c£lj 

(-i) b =+i, when t: is even, and (— 1}*=— I trh^s « treed. 


Examples CLSSSTUL 

1 Sum to 15 terms 1+2+4+S-*-.. .. 

■ 2 Sum to 9 terms 1— 3+9— 

•3. Sum to 6 terms If . — 

4 Sum to *1 terms —2 -r£f — 3|— 

5. Sum to 10 terms 1— *'£— 

rJS 

6 Sum to 20 terms a+a s - re*— a*-*-.—- 
7. Sum to 2n terms 1 — 2+4— S— . .... 

8 Sum to »terms3~|-*-|— 
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Note* The student will notice that the limiting value of the sum is. 
which means that however large the number of terms may be, the sum. 

of the series cannot exceed the value 

l-r 

Illustration Consider the senes 1, . . Here a a land 

Hence the sum of n terms 


-T^o-dH 1 -£h- 


1 

2 «-i 


By taking n very large, 2"* 1 can be made very large, and there- 
fore can be made very small Thus by taking n large enough, 


the sum of n terms of the series can be made to differ from 2 In 
as small a quantity as we please Hence the sum of the senes cannot 
exceed the value 2, even if we take an infinite number of terms 
This is briefly stated thus the sum. of an infinite number of terms n f 
the series is 2 J 


Ex 1 Sum the or .to infinity 

of terms" 0 t0 means “ fco the sum of an infinite number 


Here <*=§, r= — a proper fraction 
Hence sum reqd = j-^L=3x$= 2 \. 

EX. 2 Find the values of (i) f> and (u) 837. 
(l) 6= 5555 


(«) 


- 5 + 05+ 005+ 0005 + , . . 
_ 5 '5 ,5,5 

10 + l0 i + 10 s '^lu4'*’ 

837 = 8373737 ... 


= 8 + 037+ -00037+ . 

_ 8 37 37 

10+103+ iQ5 + •• infinity 


Here all the terms except the first form a or 
“lO* and common ratio =~j. Hence 


837 = 


8 37 

10 + 103 



_8. , 37 829 
10 + 990 990’ 


,-_37 10 - 

10S X 9Q 


whose first term 
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\ 

We thus see that Eccurrmg Decimals are good examples 
of infinite geometric senes The reason for the Arithmetical rule 
for converting a recurring decimal into a vulgar fraction 
is now obvious ' 

To convert *837 into vulgar fraction 

Let <= 8373737 , 

10i= 8 373737 , 

and 1000*= 837 373737 , 

lienee b) subtraction (1000 — 10}* =837 — 8, 

837-8 837-8 

S 1000-10" 990 


Examples CLXXXIX. 

Sum to infinity the senes 
1 £+«+tV+ • 2 9—6+4—, . 

3 31-2J+1}-. 4 -8-6-4}--.... 

5 -3J+i;-|+ 6 1+ J_ + | + _} 2+ . 

7. l+2x+4x 2 +Sx s +. 8 -+-,+-,+n+ 

X X 3 X 3 X 4 

9. Find b> the method of summing up a geometnc senes the 
values of 

(l) 378 (u) 03783 (in) 10536 (iv) 3 334615 


35T Theorem. In a o p continued to infinity, where the 
common ratio is less than unity, anj term will bear a constant 
ratio to the sum of all the terms winch follow it. 

Let the a r be a, or, or 2 , ar\ 

Take any term, saj, the nth term 

The nth term is ar n '\ and the sum of all the terms which follow 
it is 

or n +or n+l +or n+2 +. to infinity 

Thus the ratio of the nth term to the sum of nil the succeeding 
terms is ° 


„ , or n 
ar n ~ l -r ~ — = 
1-r 


1 — r 
r * 


winch, being independent of n, is constant whatever n may be 

33 
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Ex Find the common ratio of an infinite arm which the 
ratio of any term to the bum of all the suceedrog terms is § 

Let the a v be a, ar , ar 3 , or 3 , . , r being supposed less than 

unity 

Then whatever n may be, the ratio of any term to the sum of al 1 
the succeeding terms is 

—y =- by the question , whence j =§ 


358 Definition* If three quantities are man, the middle 
one is called the geometric mean, (a m) of the other two 

Thus if a, h and o are in a r , b ib the a jl of a and c 

Again if any number of quantities are mar, all the terms inter- 
mediate between the first ana last are called the geometric means 
of the two extreme terms 

Thus in the a r 1, 2, 4, 8 and 16, the termB 2, 4 and 8 are the 
three geometric means of 1 and 16 


359 Let three quantities a, & and o be m a r Then by definition 

Q- c 

— =the common xatio=-^, 

<? s =ac, or <?= ^/(cic) 

Thus the geometric mean of two quantities is the square root of 
their product 


360 To insert n geometric means between two quantities 
ct ana c 

Here the » means together with the first and last terms form a 
a p of n+2 terms, whose first term is o and last term is c 

Hence if r= the common ratio of the required a. r , the last term 


c= ar »+i [Art 352] , whence r= 


Thus if the senes is «, «r, ar s or 3 , > c> 
then the required means are or, or*, or 3 , . 

- * r ^ 2 3 

t tl+1 ✓/* Mi+l 

9 •• • 


* ton «(;)*", .(f)' 


Cor Hence if g v g t be two 
then ac~g 2 g s 


geometnc means between o and 


c> 
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Ex Insert 4 geometric means between 2 and 486 

Let the senes be 2, 2r, 2r 2 , 2r 8 , 2r 4 , 486, so that the mean^ are 2 r, 
3r 3 , Sr 8 , 2r‘, where r is the common ratio There are 6 terms , 
'therefore 486 =» the sixth teim = Sr 0 ' 1 , r 5 =243, or r =3 

Hence 2r=2 3=6, 2r*=2 3 s =18, 2^=2.38 = 54 , 2r 4 =2 3 4 =lG2. 
Thus the means are 6, 18, 54 and 162 


Examples CXC 

I. Insert 2 geometric means between 3 and 4 

2 Insert 3 georaetnc means between 4 and 20J 

3 Insert 3 geomctnc means between 4 and 9 

4 Insert 5 geometnc means between l and 

5 Insert 4 geometric means between } and — 24 

6 Insert G geometnc means between 14 and “SI* 

•361 Miscellaneous Examples 

Ex. I Sum to n terms the senes 1+5+13+29 + . ... 

JReqd sum=l + 5 + l3+29 + to n terms 

=(2 S — 3)+(2"-3)+(2«-3)+(2 8 - 3)+ to n terms 
=(2 2 + 2 3 + 2<+..,to '» terms)-(3+3+3 + to ?i terms) 

- -7T~ p' -3»= 4(2" - 1) - 3?i 


Ex. 2. Sum to n terms the senes whose «th term is 5n+3" 
Patn=l , thus tj=5 1+3 1 , 

»=2, . t s =5 2+3 ! 

?! = 3 , ■ /g = 5 3 + 3 8 

<•(< » • ••» • « • 


sum reqd =5(1 +2+3+ to n terms) 

+(3+3 2 +3 2 + to n terms) 

= 5 $n(n + 1) + ~pp= & n{n + 1) + 3(3“ - 1) 

Ex 3 Sura the senes G+ 66 +666+ to n terms 
Eeqd. sum=6(l +11+111 + . . to n terms) 

=Jx9(l + ll + ui + , . to n terms) 

**§(9 +99 +999 + to n terras) 
B *ff{(10-1)+(100—1)+(1000— 1)+ to n terms} 
=|1{(10-1)+(10 3 -1) + (103-1)+ to 7i terms} 
=s §{00+30 , +10 , + to n terms)— «} 

2 10(10 n -l) 2 20. 5? 

*=3 ~vS=T“ 3 ncs 27 (10n - 1 >-f w * 
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Ex 4 If a, b, c, d are m g r , shew that 

(a + d){b + c) - (a + c)(i & + d) H - c ) 2 

Bv def -=t=-> each being equal to the common ratio 
J ’ a b e 

Hence J a =ae, c 2 =bd, bo*=ad. (A). 

Now («rf d)(b +■ o) — {a + c)[b + d) 

= (ab +ae+ bd+ cd)—(ab+bo+ ad+ cd) 

=ae+bd—bc—ad 
—b i +o i -bo—bc, using (A) 

=& a +c a -2&c=(5-e) a 


Ex 6 If a, b, c, d are m g r, shew that « a -& a , & a -c a , c 2 -cP- 
are also mop 

Let r denote the common ratio 
Thus a=a, b—ar, c—ar * and d=ar s 
Now a 3 — b g =a 3 — a 3 r 3 =a s (l— r a ), * 

b i —c s =a s r a —a s r i =a a r , ( 1 — r 1 ), 
and c J — d*=a ? r*~ r 2 ) 

Evidently a 2 (l-r 3 ‘, a a r°(l-r 3 ), and a a r 4 (l-r 3 ) are m or t 
(the common ratio being r 2 ) , therefore also a 2 — b\ b a —c a , c*-dr 
are m g p , 


Ex 6 If the (p+g)th term of a o r —m, and the (p-g)th 
term=w, shew that the pth term= Jmn, and the gtli term 


P 



Let «=the first teim and r =thc common ratio of the or, 

then the (p+gr)th term=nr! }+ «* 1 =Mi (i) f 

and x the (p-g)th term=arP*4 _1 =7J rt .. (u) 

Multiply (i) by (n) , thus 

Extract the sq root , thus ar^- l ~ s /nm 4 

Again divide (i) by (u) , thus 


orr=(#, whence ^(5)'. 


,(lll) 
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p_ 

From (i), in =ar*’ + «' 1 =or 5 * 1 rP=or 5-1 ^ j from (m) 


or 5 ' 


n \ 15 > 


— S) 

Ex 7 The sum of 3 numbers in o r u 57, and their product 
is 343 , what are the numbers '( , 

Let £ a and a/3 represent the numbers, for they are in g p 

r 

Then bj the question 


and 


2 + a + a/9=57. 

^ a a/3=343i 
P 


n 


w, 

(«) 


From (n), « 3 =343, whence a “7 

Hence from (i), a ^ + 1 +/3^ =57, 

7(l+/3+/S s /=57/3, 

7/3 s - 50/3+7=0, 
(/3-7)(7/3-l)=0, 

/J — 7 or i 

Thus the required numbers are 3, 7, 49 or 49, 7, 1’ 


Examples CXCI. 

•Sum to n terms the senes 

1 1+3+7+16+ . 2 3 + 5+9+17+.. 

3 2+8+2G+80 + 4 5+11+29 +83*+ 

6 3 + 6+11+20 + 0 2+7 +24 +77+ 

7 Sum to n terms the senes whose nth term is 

(0 2»+2“ (n) 3"-2n (ii) cm+r" 

•8. Sum to n terms the senes 

(l) 9+99+999+ (n) 5 + 55+555+.. 

© What Value must a have so that the sum of the senes 

« ' 

2a+a,J 2+«H — ~ + .. to infinity may be 8 ? 
v * 
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10 Shew, by the method of summation of a geometrical series,, 
that 

J(444 )= 566 

11 If a, b, c, d are in G r, shew that 

(i) (b+c)(b+d)*=(o+a){c+d) 

, (u) (a+l)+c)(a-b)=a(a-d) 

(in) (b-c)*+(c-a)*+(d~ bf=(a-d) i 

12 If a, b, c, d are in o r, prove that 

(«+ b + o +<#,*=(«+ bf + 2(6 + e) 3 +(e + d) 2 

13 If a, b, o, d are in G p , shew that 

(i) a 3 +& 3 , i 3 +c 2 , fi+cP are m g p 
( n) (<* + If, (b + c) 3 , (c + d) a are in G, r 
(in) (a - bf, (b-cf, {c-df are id o l 

< 1V ) 'tf-V 1 ' b^c v cs^d* are ln ° r 

14 The arithmetical mean of two numbers is 15 and the geo- 
metrical mean is 9 Find the numbers 

15 Insert between 6 and 16 two numbers, such that the first 3 
may be m a p , and the last 3 in o p 

16 , If the arithmetic mean between x and y is twice their geo' 
metrical mean, then 

x 2+^/3 2-i ^/3 

fl-JZ 0 2+^/3 

17 The continued product of 3 numbers in g p is 216, and the- 
sum of the products of them m pair*, is 126 , find the nnmbers 

18 Three numbers whose sum is 15 are in a p , if ], 4 and 19 be 
added to them respectively, the results are mar Determine the 
numbers 

18 If JR be the product of n terms mar, s their sum and s' the 


( J5 

s’) 

20 If rbethepth term and Q the ?th term of a or, shew 


that the »th term 


Jpn-q p-q 


-CSS; 


21 If a, b, e be respectively the j?th, erth and rtli terms of a. 
o p , shew that 

aq-rfor-PcP-q — j 
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22 Shew that tho prodnct of n quantities in o. r whose first 

n 

term is a and last term e, is (aoja 

23 If a, &, c are m a r , and a, l, c+1 are m G r , prove 

that a=(«-5)s=(&-e) s 


24 If a, by c are m o r , and x, y are the arithmetic means 


between «, b and b, o respectively, prove that 

2 11 . (to 

v=-+- and 2=-+ 

0X1/ x 

25 Find the common ratio of an infinite geometrical senes m 
winch each term is twico the sum of all the terms which follow it 


V 


28 If S p denote the sum of the senes 1 +r p +r^ p +. ..to infinity 
and tp the sum of the senes 1 — r r + r’P — . ,to infinity, prove that 

Sp+f t = 2»Sj p 

27 If S u S<n Si ho the sums to «, 2«, 3a terms respectively of a 
o p , prove that B&S, - S a ) = (S 2 - Stf- 

28 If S n represent tho sum of » terms of a g r whose first term 

is n and common ratio r, find £ x + S a + S a + . +S n 


CHAPTER XXXI 

MISCELLANEOUS SERIES 

JG2 We shall now give some easy examples of the Summation 
of Scr km, winch are neither arithmetical, nor geometrical To sum 
such a senes, the method is to find the general term, which we 
shall call the rth. term , for then the law of the senes will be 
apparent and therefore tho scries can <be expressed as the alqcbraic 
turn of two or more known senes, and thus its sum can be found 

In connection with the summation of these senes, the results 
established m the next three articles should be carefully remembered. 

The numbers 1, 2, 3, 4, 5, 6, . are called natural numbers 

ItCS Ths sum of the frit ?i natural n um bers 

We have already seen [Ex 3, Art 342] that if « denote the sum 
required, then J 

■ „_«(«+l) 

* 2 * 
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364 The sum of the squares of the first n natural numbers 

Let s=the required sum , thus 

*=l 2 +2 2 +3 a +. . +» 2 . 

We have the identity 

o 3 -(a-l) 3 =3o 2 -3a + l, 1 

which will be satisfied by any value of a Put for of, the valnes 
1, 2, 3, , n, m succession, thus we have 

l 2 -0 3 =31 2 -3 1 + 1, 

2 s — l 2 s=3 2 a -3 2 + 1, 

3*— 2 s =3 3 J — 3 3 + 1, 

(ft- 1) 8 - (ft - 2) 3 =3 (n - 1) 2 - 3 (ft- 1) + 1 , 
ft 3 — (u— 1)3=3 n. 2 — 3 n+1 

Hence, by addition, n 3 =3{l 2 +2 2 + +ft 2 } — 3{l+2+...+ft}+n 

_3,-3 *?£>+», 

whence 3ec=n 3 -«-t- ^— 

«(to+1)(2jI'+1) 

S g . 

365 The sum of the cubes of the first n natural numbers 
Let s=the required sum , thus 

s=l 3 +2 3 +3 3 +„. +n 3 

We have the mdentity 

a 4 — (a— l) 4 =4a 3 -6a s +4a — I, 

which is satisfied by any value of a Put for a the values 1, 2, 3, . 
ft, m succession , thus 

l 4 — 0*=4 1 2 — 6 l a +4 1 — 1, 

2 4 — 1 4 =4 2 s — 6 2 a +4 2 — 1, 

3 4 — 2 4 =4 3 3 — 63 a +4 3^-l, 

(n - 1) 4 - (ft - 2) 4 =4 (n - 1) 3 - 6 (ft - If + 4,(ft - 1) - 1, 
ft 4 - (ft- 1) 4 =4 » s - 6 » a +4 n- 1. 
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Hence, by addition, 

ti 4 =4(1 3 +2 3 +3 3 + +7i 3 )-6(l 2 +2 3 +3 s + +n 3 ) 

+4(1+2+34- +n )— n 

=4*-6x J7z(n+l)(2ft+l)+4x^7i(n+l)-7i , 
4s=(n*+n)+ n(n + l)(2n + 1) - 2n(n + 1) ' 

=71(71 + 1)(ti 3 — 71 + 1)+ n(n + l)(2n + 1) - 2n(7i + 1) 

=7l(7l + l){(7! S -71+l) + (271 + l)-2} 
=7i(?i+lj(n s +n)=7i , ’(7i+l) 3 , 

ii 3 («+J) 3 fn(n+ iy| 2 
* S 4 2 / 

Thus the sum of the cubes of the first n natural numbers is equal 
~to the square of the sum of the numbers 


3GG Important Example Sum to n terms the series whose 
rth term is 3r 3 +2r 

Here the general term is already given 

Let r=l, thus ^=3 1 3 +2 1 , 1 

, ... r=2, . < s =3 2 s +2 2 • 

. r=3, . <3=3 3 3 +2 3 , 

• • • • 

. r—n, < n — 3 n 3 +2 n 

Add the first column and the second column of numbers separately 
’thus sum reqd =(3 l s +3 2 3 +3 3 S +. +3 7i2)+(21+2 2+2 3+ +2 n) 

=3(l 3 +2 3 +3 2 +. +7i s )+2(l+2+3+. . .+«) 

, =3 <!L±2|?n±l)|- Art 36 4] +2 . ^ 7l + i l [Arfc 363 ] 

= 171(71 + 1 )( 2 ti + 3 ) 

As every senes can be summed, when its rth, t e , general term is 
known, this example is very useful m the summation of senes, and 
should be carefully remembered 

36T We have seen [Art 362] that a series can be summed, if its 
rth or general term is known The following examples will shew how 
’the rth term, and therefore the sum, of a senes can be found 
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Ex 1 Sum to n terms the series 1 2+2 3+3 4 + 

Here the general or rth term evidently =r(r+l)=r a +r. 

Pat r=l, then *j=l a +l , 

. r=2, . 2 a +2 , 

. r=3, • ij= 3 a +3 j 

• • • i i« 

. r=n, . « n =w s +w 

Sum reqd =(l a +2 a +3 a +. +» a ) adding nos. m 1st column 
+(l+2+3+...+7t) adding nos m 2nd column, 

364]+^±iWt 363] 

O A 

n(n+l) f2n+l . ,1 n(n+l)(n+2) 

— ~ 3 

In this example the rth term is found by inspection 

Ex 2 Sum to n terms 1 2 3+2 3 4+3 4 5+4 5 6+ 

Evidently the rth term=r(r+l)(r+2)=r s +3r a +2r. 

Here, as m Ex 1 

*x=l s +3 12+21 , 

<j=2 3 +3 2 a +2 2 , 
t s ~ 3*+3 3 a +2 3 , 

• • i •• 

fn=« s +3il a + 2 7l 

Sum reqd =(1 8 +2 S +3 S +. +n 3 ) taking 1st column 

+3(I s +2 a +3 s + +7i s ) taking 2nd column 

+2(l+2+3+ . +n) taking 3rd column 

^_fcl) S [ATt 365]+3 n *±Wn±l\Art 364] 

+2^) [Art 363] 

=*»(»+ l){±n(n+l)+(2n+ l)+2} 

= + 1)(« 3 +5n+6)== §n(n + 1)(» + 2 )(n + 3) 

Here also the rth term is found by inspection 

Ex 3, Sum tdw terms 2 a +5 a + 8 a + 11 *+ >m 

Each term of this senes is the square of the corresponding term of 
the arithmetic senes 2+5 +8+11 + . .. 
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Hence the rth term of tlie given senes 

= {2+(r — l)3} s =(3r — l) 3 =9r 3 — 6f+l. 

Thus, as m Art 366, we have by putting r=l, 2, 3, &c., 

<i=9 1 9 — 6 1 + 1 , 

/ 2 =9 2 3 — 6 2+1 , 

<-,=9 3 s — 63 + 1 , 

• ♦ » • 

< n =9 n 2 — 6n+l 

Sum reqd 

=9(l 2 +2 2 +3 3 + +n^) — 6(l + 2+3 + .+n) 

+(1 + 1+1 + . ton terms) 

„ «(«+ 1)(2j? + 1) „ «(« + 1) , 

=9 6 — — +» 

=£n{3{2n 2 +3n+l)-6(«+l)+2}=An(6n a +3n-l) 

Ex 4 Sum to n terms 1+7+18+34+65+ .. 

Here the rth term is found as follows. 

Let s = the sum of r terms of the senes thus 
«= 1+7 + 18+34+55+ , 

also <= 1+7 + 18+34+ +< r 

By subtraction 

0»'l+6+ll+16+21 + . to r terms — t r , 

< r =l+6+ll 1-16+21 + , to r terms 

=£{2+(r-l)5}=4r 3 — 

Hence the* rth term being 4r 3 -£r, the sum required can be- 
found as in Art 366 Thus »=£n(n4-l)(5»— 2) 

Ex 6 Sum to n terms the series 

l+(l+2)+(l+2+3)+(l+2+3+4)+. . 

Evidently the rth term=(l+2+3+ +r)=4r(r+l)=V 2 +-^ 

Hence, as in Art 366, the sum reqd _ + 

=Jn(n+l)(«+2) \ 

Ex 6 Find the sum of the sones 

1 , 1 , 1 , 1 , , . 

— u — 4. — 4. — 4. ......to ii terms. 

23344556 


i 
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The rth term of the series^ — 


Now 


, 1 1 1 

^S3“2~3> 


. 1 - 1 1 
i2B= 34~3"4’ 


h 


jl_ i 1 

1 4C ,!= 4~5 , 


< II • • M I t 

1 1 - 1 
^“(«+iX«+si) »+i"»+ar 

Thus if t u t Zi t t , . bo added, we see that all the terms cancel 
■except the first and last. Hence 


sum reqd 


1 1 ( n 

2 n+2 e= 2(n+2) 


Ex 7. Sum to n terms the senes 

a + (a + d)* + (a + 2d}* 2 + (n +3d}*® +• . 

Let i = the sum required , thus 

st=o+(a+d}*+(rt+2d}* J +(o+3d}r 3 + .+(ff+n-l,d)**" 1 
**- o*+(a+d;* s +(a+2d)* 3 +. +(a+n-2 d)i«' 1 

+(a+n- 1 d)t B , 

- (l~*)«==«+d*+d**+dr 5 +. +rf*"-»-(u+n^Td}*« 
dx(l-v n ~i) 

=« + j ^ -OT B -(fl~])d* ,, 

l ~ x c 

• » «{ i - *") - («■ - i yix" + j 

«( 1 — * n )-(ra-l)dr n . d*n-*"'T) 

1-t + "u-'e) 2 

Cor If *< l, the sum of the gi\ cn senes to infinity 
a dx 

for then * n and * n_1 are each 0. 
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Examples CXCH 

Sum the senes to n terms 
1 (l 3 +l)+(2 3 +2)+<3 3 +3)+<4 3 +4)+. 


2 

(l 3 - 1) + (2 3 - 2) + (3« - 3) + (43 

-4)+ 

S 

23+34+45+56+ 

4 

1 2+2 5+3 S+4 71 + .. . 

S 

1 3+3 5+5 747.9+.. . 

6 

1 24+235+346+ 

7 

‘l 3 +3 3 +5 s +7 3 + 

8 

l 3 + 4*+7 3 +10 3 + 

9 

1 3 5+3 5 7+5 79+ . . 

10 

5 3 +ll 2 +l7 2 +23 2 + 

1L 

2+7+15+26+40+ 

12 

1+8+21+40+65+ 

13 

8 + 15+24+35+48 + 

14 

1+3+7+15+31+63+ . 

15 

1+4+13+40+121 + 

16 

1 3 +(1 s +2 3 )+(1 ! +2 2 +3 2 )+ . 

17 

5+6+9+18+45+126+ .. 



18 

JL+-L+ JL + .I + 

12 + 2334 T 45 T 



19 

i + - 1 +-i+-U 

13 + 35 + 57 + 79 + 



20 

J + J_+ JL+—L + 

2 5 o 8 811 1114^* 


- 

21 Sum the series l+2 2 +3+4 s +5 + 6 2 + to n terms, where 
n is an odd number 

22 

Find the sum of the senes 




l + (l +0 )x+{l+«+fl 2 jx 3 +(l+a+rt 3 +a 3 )x 3 + 
ad infinitum, -where a and x are less than nmly 

23 If (x-l)+2(x-2)+ 3(x-3)+ .. to n terms be equal to 

hi(n + 1), find x 

24 The senes of natural numbers is divided into groups as 
follows , 1, 2,3, 4 , 5 , 6 , 7 , 8 , 9 , 10 , and so on Prove that 
the sum of the numbers m the nth group is ^n(n s +l) 

25 On the gronnd are placed 7i stones , the distance between 
the first and second is lyd, between the second and third 3 yds, 
between the third and fourth 5 yds, and so on How far will a 
person have to travel who shall bnng them, one by one, to a basket 
placed at the first stone 1 
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In the Appendix a few examples of Algebraical Arfci&ces are 
given m addition to those of Chapter XXIV 

Ex 1 If x~(b-c)(a-d), y=(c-a)(b-d), z=(a-b)(c-d), find 
the value of x 3 +y 3 +s z —3xyz 

We have x+y+z=(b-c)(a-d)+(c-a)(b-d)+(a-b)(c-d) 

**a(b-c)+b(c-a)+c(a-b)-d{(b-c)+(c-a)+(a-b)}‘=0 [Art 

149] , thus x+y+z which is a factor of the proposed expression, is 0 ; 
therefore the proposed expression, is 0 

Ex. 2 Prove that 

(0 {(#-y) s +(y-2) a +(s-*) a } 3 =2{(a;-y) 4 +(y-z) 4 +(s-a:)*} , 

(u) (v-y) 4 +(y- 2 ) 4 +(«-x) 4 

= 2 ((x-yy(y-zf+(t/- 2 )Xz-xY+(s- *) 2 (x - y ) 2 } 

Put a—y—z, b*=z-x, c=x—y , thus a+6+c=0 , 

■whence a 9 +6 3 +c 5 +26c+2ca+2ab=0 [Art 148] , 

transpose and square, thus 

(a ® + h 3 + cy = 4(bc + ca + a&) 2 

*=4(& 2 c 3 4* c s o J + o 3 6 2 ), a+h+c=0 , 

expand, thus * a 4 +5 4 +c 4 *=2(6V+c 3 a 3 +o 3 6 3 ) (a), 

add o 4 + 6 4 +c* to both sides, thus 

2(a 1 +6 4 +c 4 )=o*+h 4 +c 4 +2(h 3 c 3 +c 3 a 3 +a 3 h 3 ) 

=(a s +h 3 +c 3 ) 3 [Art 148] (/3), 

Thus (a) proves the second identity and (/?) proves the first identity 

Ex, 3 If (by - cxf = (6 2 - ac)(y 3 - cz), 

prove that (6* - ay) 2 = (6 3 — ac)(»* — as) 

Prom the proposed relation, we get 

&V-2h«y+cV=6 3 y 3 -ocy s - Wcz+ach , 
whence cancellmg 6 ? y 3 , and dividing by c, we have 
-2bvy+cv i = -ayt-bh+acz , 
multiply by «, and add Wz- to both sides , thus 

5 3 * 2 - 2 abxy +aox*= 5 3 ^ 2 - o 3 y 3 - a 5 3 j+ ahz , 
transpose, thus 6 V - 2abxy +a 3 y i =b*x 2 -ab' 1 2 -acx 2 + a*cz , 

. (bx - ay)* = b°-(x* - az) - ac(x 3 - az) 
^(JP-ao^-az). 
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Ex. 4 Find the h c r of 

(ax + Z»y) 3 - (a — b)(x + z)(ax + by) + (a — bfxz 
ttnd (ax -by)'-(a+b)l.x+ s)(ax - &y)+(a+6) 3 xz 

"First expression / 

« (ax + 6y) 3 ~ { (a - 6)x + (a - J)z } (ax + 6y ) + (a - &) r x (a - 5)s 
= {(ax+Siy)-(a-6)x}{(ax+5y)-(a-&)z} [Art 74] 

= b(x +y)(ax + by) - (a - b)z) 

Similarly second expression 

= ((ax - by) ~(a + b)x){ (ax - by) - (a + b)z) 

= -b(x +y){ (ax - by) - (a + b)z } 

The it c f required evidently =b(x+y) 

Note The second expression differs from the first only m the sign 
of fi , therefore its factors might haie been obtained by writing —b for b 
in the factors of the first expression 


— . . .a+b—c b+c—a c+a—b , ,, . 

Ex. 4 Assuming that — -~.es — — = and that 

° a+b b+c o+a 

«+&+c is not«=0 shew that a«=&=.c {Cal, 1873] 


From the given relations, we have 

„ a+5-c n &+c— a 0 c+a— 6 
a+b Z ~ &+c, "* c+a ’ 

a+b+c a+b+o a+b+c 

0y -- - - - — t-~- . ■. — — 

a + Z> &+c c+a * 

divide by a + Zi+c, which, by supposition, is not 0 , therefore 

1 1 _ 1 _ 

, a+b b+c^c+a 1 

"whence a+b—b+c=c+a, 

that is, a=&=e 


Ex 0. Shewthatif- — - + ^^+^4- =1 and a-b+c is not=0, 

cab 


i=l+-. {Cal , 1875 ] 
a o o 


then 
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We have from the given relation, 


or 


■whence 


£z$ + l + *='_l + ^_l-0 ( 

c a o 

a-b+c b-c-a c+a-b _ 

j -j r — =u, 

c a o 

(„_}+,) {1-1+1} -0 , 


111 T 

thus either «-&+e=0, or j}+ — -=0[Art 282] , but by supposition. 


b c a 

a-b+c is not=0 , therefore 


1,11. 

i"^"c — ° r o b^c 


Ex 7 Shew that (1+*)(1+* 2 )(1+* 4 )(1+* S )=V-^. 

I"** 

Let y=(l +a)(l+* 2 )0 +* 4 )0 +x*), 

(l-x'y=(l -*)(1 +a?)(l +a: 2 Xl +**;(1 + 

= (1 - x s )(l + « 2 X l + * 4 )(1 + &) 

> = (1 — x 4 )(l + i 4 )(l +# s ) = (1 — ,r 3 )(l + a; 8 ) = 1 — x 10 , 

* l-*« 


Ex. 8 Express aft+ m terms of « and y, when 

2a«a?+a? -1 and 2/3^+y* 1 
Proposed expression 

J ggR g RR ■ 

-s( a ’ + ;)(j ,+ j) + v'K i '-5)’ !< 4(3'-j) j 

-H(* + M+sM*-H+^} 

"K 2 ' s ' + 4)“K^ + ^) 
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Ex* 9 Emd the first 4 terms of the square root o£a 3 +* 3 ,and 
from the result deduce the square root of 101 correct to 6 places of 
decimals. [Cal, 1877 J ' ' 


fi 




|* a + #4 


4« 3 


s 3 * 4 
2a+~-~~~ : 
a 8o B , 


* 3 x i 


4 a 3 


. *8 


4a 3 8a 4 "**64a u 


2a+ a ~4a 3 * r lG« E i 


*° g8 
i8a 4 "64a“ 

\— 4- ^ * W 
rT"A ‘ i/TTi "" i 


elS 


8a 4 16«o 64a8* r 2’i6i 10 


I0I=I00+1=(I0) 3 +1 2 , thus here a = 10, *=1, therefore required 

-lo t- 5 125 I- 1062 * 

10 (10)3^(10/ 

=10+ 05- 000125+ 000000625 


=10 + 05 — 000125 (rejecting the last term as it cannot 
_ affect the required result, for there are 6 zeros after 
the decimal point) 

=10-049875 


Ex 10 Divide a 5 ?- 1 / 3 " by v^+y 3 "' 1 [Cal, 1879) 

Let 2"~ 1 =o , thus 

(* an ' 1 ) a =(*<»)s=»2 a [Art. 195]-*» 

Hence* 3 =(# an “ 1 ) S Similarly ^ 2 "=(^ 3n ' 1 )*. 

Dividend = (a 3 ™' 1 )* — +y 3 "' 1 )(* 2 "' 1 -y s"* 1 ) , 

the second factor = quotient required 

Ex 11. A man receives pths of 10 rupees and afterwaifis 2 tha 

of 10 rupees He then gives away 20 rupees. Shew that he cannot 
lose by the transaction, [Gal , 1881 ] 


34 
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He recoives ( 10 | +l0 |) rapeeBand gives a way 20 rupees „ there- 
fore he has ^ 10- + lojj^ rupees — 20 rupees 

= lo(-+--2) rupees = 10 -- + ^~ 2 — rupees rupees 
\y x / xy xy 

How * and y being supposed positive, (x-y) s is always positive what- 

1Af gs — • f/\2 

ever values x and y may have , hence — — — is a positive quantity. 

xy 

Therefore ^10^+Iojj^ rupees is greater than 20 rupees [Art. 26]; 

and consequently the man cannot lose 

x 2a® 

Ex 12. Solve — p= ===== 7===s* 

*Jl+x+ >J1— x 1 — ^1— *® 

nationalize the denominator of left side, and multiply numerator and 
denominator of right side by 2, thus 

4a® 


xf^Jl+X- Jl-X) 

2x 


4a® 


W\+x-Jl-x? 


(Jl+x— »/l— *J*=8a®, 
tjl+x - */l-x=2a, ' 

2-2 N /"l-z a =4a 3 , 

^T^T®=l-2a®, 

1— **=1— 4a*+4a*, 

**=4a*(l— a 8 ), 

* x=2ajT^cfl 

Ex 13 Solve ^/a®— *®+j; N /a a — 1=* 0 *^/ 1 — x®. 

We have the identical relation (a 2 — x 2 ) — xHy! 1 — 1) = a 2 (l — x*) (1) • 

divide (1) by the proposed, equation, thus 


A/a 2 -*®-* Ja a -l = IN /l-«® 
subtract (2) from the given equation, thus 
2* ja % —\ = (a 2 - 1) 

4*® = (a® — 1)(1 — x 9 ), 
« 2 (a s +3)=a a — 1, 

. _ ' /^T 


(2)5 
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Ex. 14. Solve (a+x) l Jl+a+(a~x)Jl-a**2 s /a i +x*. 
Smcca , +s t '=*l(a+x) i +b(a—x) li [Art 143, (ni)J wo have by equaling 

(a + x)*(l + a) + (a - x)*( 1 - a ) + 2(n s - x 1 ) *Jl — a 3 =2(a+x)*+2(«- x) s , 
whonce by transposition, 

(«+r) I (l-o)+(fl- j)*(1 + a) - 2(« 9 - x 5 ) Jl-a* « 0, 

•or {(a+v)^/l-a-(a-x)Jl+a} t emO, 

thus (rt+x) s /l-fl~(fl-x) lv /l + ««0 

whence ^ , 

' «-* Jl-a 


x Jl— a 


(J]+a- Jl-a ) 3 


^-4 ^ - [Art 277]= — - -— g - ■ ■ — i 

« N /l+n+ v /l-n 20 

Ex. IS Solve 1±£=^SS-.>4S±^. 

l+x+«/2x+x l j 2 +x~~ *J X 

-Multiply numerator and denominator of first side by 2, thus 

2 + 2 x- 2 ^/ 2 x+x^ J 2 +X+ Jx 

2 + 2 x+ 2 ^o^- 7 ?” n ^ 2 +x-s/x’ 

(s/2+x— *Jx) 3 J 2 + x+ J x 

C^2+x+ lv /x)*“ n JZ+x-Jx* 

(v/s+i+^.y 

*/2+ r— s /x 

* TT JS S Pfll 

s '2+.r+ 

V2+x 1+fl 
l-o 1 

2+x /l+o\ 


x fl+«\ 

2 ^ i+a \ s i 4(1 . . * „ 


Ex. 16. Solve cx +(« +%+(«- b)s -•* 

«x + ( 6 + ej[y + ( 6 — 6 )e = ft 

6x+(c+a)y+(c-rt)r=c 
Adding tho equations together, we got 

(« + &+c)x+ 2 (o+&+c)y«=a+&+c, 

or x+2y**l 
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Again multiply (l)by a -l, (2) by b — c, (3)lbj c-ci, and add , thus 
{(«- 6) 2 +(&- c) 2 +(e— a^}z=a 9 + 5 3 +c 2 — 5c— ca — a&, 

•whence s ~h 

Substitute the value of z m (1), thus 

c#+(o+Z>)y=fl— ^(a-5)=^(a + 6) (5). 

Multiply (4) by c, and subtract from (5 ) , thus 

(a+6-2c)y=i(a+6)-c=5( a +^—2c) , 

yHr 

Hence from (4), jf=l-2y=0 


Ex 17 Solve 

(6 + e)* + + <« =(<! + a)y + ez + a* = (a + &)s + a* + 


xyz — (c + a — b)yz -(a+b—o)zx-(b+c—a)xy^ 2 xyz 


(fi + lfl + C 2 
( a+b+c ) 2 


Prom equations (1) by transposition, we get 

(fi + c - a) x = (c + a - b)y =(a + h - c)z = l suppose 
Prom (2) by division by xyz, we have 

l . (t+0 _ i) i. (0+s .^_ (s+0 . 0 ^w^ j 

ot( 0 +«-S)!+< 0+ l- 0 ^ + (6 +0 -.)l=,l_^^, 


( 1 ), 

(2) 

(3) 


_ 2&g+2c«-f 2a&~q 3 -5 2 — <? 2 
• (a+&+c) 2 

substitute tbe values of x, y, z m terms of l from (3) , thus 

(c+a-^+p+t 

_ 26c4-2ga+2flb-q a — h 2 — c 3 

(a+6+c) 8 ’ * 


^{c 2 — (a— &) s +b 2 — (6-o) 8 +6 2 — (g— 

_2&c+2ca+2a5— a 2 — 6 2 — c 2 
" («+&+c) a "> 

whence t £=( a+ 5 +c ^ 

Thus from (3) and (4), »the values of x x y, z are known. 


( 4 ).. 
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Es. 18 Solve 

(6 - 1 - c)(y + r)=a(s + 1) 

(1), 


(c + a){z + x) = 6fy + 1) 

(2h 


(a + b)(x+y) = e(r+ 1) 

(3). 

By transposition 

— ax + (6 + c)y + (6 + c)z— a , 



(c+a)x— by+{c+a)z=b, 
(a+6)x+(<j+6}y— cc=c , 


■whence by addition, 

{a+b+c)x+{a-*‘b+c)y+(a+b+c)z=a+b+c, 
or x+y+z= 1 (4). 

From (1) and (4), (6 +c)'l-x)= a(x +1), 

* " a +5+o 

Simflarl) from (2) and (3), the values of y and z maj be found. 
Note Observe that (r), (2) and (3) are collaterally symmetrical 


Ex. 19. The expression ar— 36 is equal to. 30 when a: is 3, and 
to 42 when x is 7 , what is its value when x=4 3 and for what value 
of x is it zero ? \Cal , 1874 ] 

By the first condition, 3a— 36=30 (1), 

B} the second condition, 7a— 36=42 (2). 

Subtract (1) from (2), thus 4a =12 or a =3 Hence from (2), 6= —7. 
Therefore when sr=4 d=4£, the required value 
=3x4£-3x -7=34 

.Again, 3*-3x —7=0 gives, when solved, ar= —7 


Es.20 H *+,+.-<* tta. § ^_+^ i+ ^-T 

From the given relation, s— ~(y+r) , X s — -xty-*-z) , hence 
2x- +y : = ^ + x” +gz =x 9 --x[y+z) + y;= (* -y)[x - 2) 


•Similarly 2y*+zx-(y-z)(i/- x), 2: 1 +xy-(z-xX=-&) 


Left side* 


^2 


y l 


i—i 


(x-y)(x-z) (y-z)(y-x) (z-xfe-y) 

[See Art 190, Ex. 1 ] 


Ex 2L If then each of these ratios =-, 

cy-az by-ax =+** y 

unless 6+c=0, 
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Let each ratio =*£, thtiB 

. bx-ay . ex-az _ gfc+y) r Arfe> jgn 
ey—az by— as a(s+*) L 
Jbx-oy)+(cx-a=)+(az+ay) r 2ye Cor . n 
(ey — at) + (by - ax ) + (az + ax) 


(b+c)x _x 

= ‘{b+c)y~y 


5+flia not =0 


Note If£+r=o, then£*=^~= 2 , thus the value of k would be 
indeterminate [See Ait 283] 


EX. 22 If 


y 


then 


l(mb+nc — la) ~~ m[nc +la—mb ) n{la + mb — no)' 
l m n 


x(by+oz—ax) y{ez+ax—by) z[ax+by—cz) 

Divide the terms of the first fraction by l, of the second fraction b> 
m, and of the third fraction by n , thus 

* £ t 

l m n ' , 

mb+no—la c= nc+la—mb~la+mb—nc~ sa ^’ 

y _+ i f + * f + y 

« , 771 "* 71 nl l m 


2 la 2mb 2nc 


ny+mz lz+nx onx+ltf 
~ 2lmna 2lmnb ~ 2lmno ’ 

hence . 

a b 0 

now multiply the terms of the first fraction by ar, of the second frac- 
tion by y, and of the third fraotion by z , thus 

cij^ r _ nxy+mxz lyz+nxy mxz+lyz 
ax by c z 

2 lyz 2mxz 2nxy 

~by+cz-ux~cz+ax-by = ’ax+by-cz' 

Next multiply the terms of the first, second and third members of the 
liNtt equality by x, y and z respectively, thus 

2 Ixyz , 2mxys 2nxyz 

x(fiy +cz-ax) B *y(cz+ax- by)~z(ax+by - cz ) * 
divide by 2xyz } thus the required relations follow. 
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' + L + L i+ J.„o 

X s y i 2 * xyz 


Ex 28 If ia=B^+e-, B=c-+a?, c=a-+2^, 
z if x z* y x' 

1 

prove that 

From the first two equations )iy transposition, we get 

— a+Z^+e-=0, a-— 5+c-=0, 
z y ' z x 

whence by Cross Multiplication. * 

— =£ suppose. 

*x £+£ i-S 

z x y y z x 2 * 

• -*M0- 

substitute a, 5, c, in the third equation, thus 

divide by £ and transpose, thus 

«» + * + 3 + i.o. 

* s y 2 2 1 

divide now by xyz , thus the required relation follows. 


Ex 24 Ifa+5+c=0and 

a(by+cz^ ax) = 6(02 +0*— By) = c(ax +by— cz), 
then will x+y+z—O 

From the first and second members, by transposition, 
a(a+b)x—b(a+ b)y +c(b—a)z= 0. 

From the second and third members, by transposition, 
a{b - c)x - b{b + c)y + c(b + c)z= 0 
Hence by Cross Multiplication 

£ y / 

— bcty + b)(b + 0) + bc(b + c){b -a) ea{b- c)(b -a)-ca(a+ b)(b + c) 


or after reduction, 


z 

-a&(ci+ b)(b+c) +ab(a+ b)(b — 0 ) 

x _ y * z 

— 2abc[b+e) —2abc(c+a)~~ —2abc(a+b) i 
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whence e+a a+b***' su PP ose » 

thus x=l(b+c),y=l(c+a) J s=l(a+b) , 

therefore x+y+s=U 5 + e) + I(e +o) + £(o + 6) 

=2X(a+5+e)=0, * o+5+e=0. 


Miscellaneous Examples 


1. If o=l, 5=|, *=7, y=8, find the value of 

5(o- b) %/(a+sW s - 6 J( a +*)y 

2. Multiply (* 2 +*— S} 2 by * a +4*+4. 

3 Shew that (3a: 3 — 4a?+2) 2 — (2 o; 2 +9j?+ 3) 9 la divisible by * 2 +*+l 
without performing the operation of division , and find the quotient 

4 Find the h o f of o(o— l)* 2 +(2o a — l)*+o(o+l) 

and (o 2 — 3o + 2)* a + (2a 3 -4 a + 1)* + a(a — 1) 

6. If 2s=o+6+c, prove that 

(« - o)(« -b)+(e- b)(s ~c)+(t- e)(« - o) = s 2 - J(o 9 + 5 2 + c 2 ). 

6 Shew that 

o s (6 - o) 2 + 5 3 (c - a) 3 + o s (a — 5) 8 = 3o5c(6 - c)(o - a)(o - 5). 

7 Shew that the sum of 

x x x ,0,5,0 

x+a x+b x+o x+a x+b x+o 
is independent of x 

8 If *±^=y, shew that * s ±^=y s +3y 


0. 


10 

11 


Te 1— 2o*+o 2 1— a a x—y 2 a 

l—a 3 l+2ay+a s>ttien l-xy^l+a 3 ’ 

Find the square root of « a +8*- 64*' l +64* -2 

Find the expression whose square is 3x— l+2 s /2x*+x~ 6. 


12 Solve 6 *~- 7 

9x+6 12* +8 12 


:+6 lly— 

in oT ' 


5 


14. If o . 5=o <f, prove that 

o s d-5 8 c+5 2 e? o 2 o+5 3 <i=rf , c+cf 
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15 Of the candidates in a certain examination 45 per cent, passed 
If there had been 30 more candidates of whom 19 failed, the number 
of successful candidates would have been 44 8 per cent How many 
candidates were there ? 

10. Find the value of 


^y-*)-35 
•when ^,y>=2 
17. Multiply 

■ by 


J(2x)+ */2(2*— 1)— 

) 

"-I 


18 Divide 


/ , 3*+* 3 \ 3 

Vl+3* 3 / 


3* 3 —l 

* 3 -3* 


+1 


n/( 2») ' J{ 2*) 
9 _33 — * 3 
* a 3*2+1 
3 2(* J +3) 


+ N /2(2*-l)-^/(2*). 


by 


* a (* 3 — *)■* 

19 If o s =(*+y-2s)(y+a-2*), 
6 a *=(y+a-2*)(s+*-2y), 
c 3 r= (r + * - 2y)(* +y - 2*), 

■then fa 3 + 6 3 + c 3 )(x + y + s) *= 3(3*y z - ** - y 3 - c*). 

20. If 2*=a+&+c, then (t— a) s +(« — 6) s +(«— e) , +3a6c>=« s 

2L If 


>-c)+^c-a)+-.(a-6)=0 J 
x y z 


then J(y-*)+j(*-*)+ 5 (*-y)- o. 

22. If =3, shew that o s +^*=0 


23 Find the value of 27*+48* 3 -8* 4 when x=i(is/21-3) 

24 Find the square’root of 57 — 12*/ 15. 

25 


20 


x . 6* 3 — 15*— 8 5*-9 , , 
801,6 i 4 " io(«-3) 6- +1 ' 

«+* b+y a+b+o J 


27. If * I y=a ; b, shew that (* 5 -o ! )(y 3 — 5*)*=(*y-o6) 9 . 

28 A and B shoot by turns at a target , A puts m 3 arrows out 
of 7 and B 2 arrows out of 5 , how many must each shoot, that they 
may put m 29 arrows between them ? 

20. Find the value of * 2 -6*+7, when *=3— J3. 
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30. Shew that a(a — x)(a — 2x) 

=(a- b)(a - 6- *)(o +26 - 2ar) + 6(6 - *)(3a - 25 - 2*)> 

31 Find the coefficients of x\ « s and ** m (*+a) s (a!-a) 5 . 

32 Find the value of 

( a+ 5)( 6+ !)( <,+ “c)"( a "«)( & "^( C “c) 

33 Find the square -root of (a* + 5*)(* 2 + y 3 ) — (ax + 6y) 2 . 

34. Given 2s=*a+b+c+d t shew that 

4(5c +ad) 2 - (6 S + c 2 - a 3 - cP) 2 = 16(» - «)(* - 5)(« - o)(«-efy. 


35 Prove that 


(, + l) 1 + ( J , + i) s + (^+i) , =4+(*+i)(y+l)(^+i). 


«■ *£*’&*"** 


a-x 5-y 


and 


«+y 5+jr 


1+oa; l+6y 1-ay 1-6* 

37. Simplify • 

War — a /Jx+aJ fJ(x+a) 3 -ax 


38 Prove that 3(^/3+ I) 2 -2U/2+l)«= N /69-24 N /6 


3a?*+I 


39 

40. Solve ar+y+2=0, aar+5y+c«=0, *-^-+ — |--^-e=3 

o— c c— a a— o 


41. If a . b—x y, shew that a 2 +6 2 . — r=* 2 +y 2 * 

a+b 


x 3 __ 
x+y 


42 The crew of a ship consisted of her complement of sailors. 
and a number of soldiers , there were 22 soldiers to every 3 guns and 
10 over ; also the whole number of hands was 5 times the number of 
sailors and guns together After an engagement m which the Blam 
were £ of the survivors, there wanted 5 to be 13 men to every 2 guns. 
Required the number of guns, soldiers and sailors 

43. Fmd the value of|- ^/j~+ when and 6=|. 

44. Simplify 4 {«-| (6- j- |l(2a-6)+2(6-c) J- . 

45. Find the four factors of (1 +y) 2 - 2(1 + y s )ar 2 + (1 -y) 2 * 1 . 



40. If t*=a+ b+c, prove that 
(s-SaJs+^-S^+fs-ScJ^Stfa-S^+CS-c^+Cc-fl)*}. 

«. »— *• - 

48 If *=£±4 shew that (a -«?)«+(*»- 1)(6 S -<P) is a complete- 
6— a 


square. 

49. If -®*-+r+-+ ••• .to n terms, shew that 

s a b o 

$ —a g—b s—c , . _ 

1— r— -j K... to n terms=l — n 

aba 

2 2 2 2 
®°- “ <-»=? u ~a=i t_ s^’ then <= * 

! e 2 Solve ar+y+a=l, 

61 Solve -i--~*=6 oar+6y+«=<Z, 

1 -- a'x+bhf+c'g~<P. 

^ 1 C/ 

53 If a 6=c d, prove that 

t 

(W> + «W0(^ + 2)-(W +mc >)(^ + y). 


54 The express leaves Bristol at 3 pm and reaches London at 
6 ill , the ordinary tram leaves London at 1 30 p m and arrives 
at Bristol at 6 p h If both trains travel nniformly } find the time- 
■when they -will meet , 

56 Simplify 3a-[6+{2a-(5-c)}]+g+^|. 

60 Eesolve {* a - (6 + c)a? + &c } 3 - (ar - c)\x - a) 9 

67 If «=*«+&+<?, prove that 

(a* + bo)(bs + ca)(c* +a&)=(&+ c) 3 (c + a)*(o + &) 9 

68 Prove that 

(* + &y)(*+^ ) (*+■?) - (*+;*) (*+gy)(*+5*) 

_ xy(x-y)(a-l)(b-c)(c-a) 
abo * 
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60 Simplify ^ — — 7 * 


61 Find the value of (*°) 6 - e (xV' 0 (*«) a ' 6 

62 The coefficient of * in. the expansion of 

(x-a)tx~l)(x-d)(x-d)(x-f) is 2Q+5+J+5+|)» 
find the valne of A. 

cfi+fp+c* 2(1 1 1\ 

If «+5+<s=0, prove that ^S^+z\a + % + o J~° 


68 . 


_ , 2x 1-| 8*4-1 
Solve T «jJ- 


04. o«n. a— «J 12- 

65. Solve x+y+z**a+b+e, 

&*+cy+as*=ov+oy+6a»»6e+co+fl6 

66 If 0 , b, c, are m continued proportion, prove that 

(M) (H) ' - 

'IS a ratio of equality 

67 At an election, where each elector may give 2 voteB to differ* 
ent candidates, but only one to the same, it is found on casting up 
the poll that of 3 candidates A, B and C t A has 158 votes, B 132, 
and G 118 Now 26 electors voted for A alone, 30 for £ alone, and 
28 for G alone How many voted for A and B jointly, how many 
■for A and (7, and how many for B and G'l ' 


68 Find the value of , when ar*=l, y= # 2, z 


02 . 


Resolve o6(* 2 +y 2 )+(o z + b*)xy +(«- b)(x — y)- 1 
Simplify 

(a + x ) 1 + 4 (a •+■ *) 9 (« ~ *) + 6(o 3 - * s ) s + 4(a + *)(a — *) s +(a — *)* 

If 3s=a+6+e, prove that (s— a) 4 +(*—&)*+ (a— 

=2{(s - «)«(« - 6) 3 +(s- b)*(s- c)*+ («- c)»(g -a) 2 } 

a “ 2 73. Reduce g 

o s ar+2o 9 * , +2o* s +# 1 


69 

70 

71 


72 Simphfy 


*-2-' 




x-1 


x—i 


^4 Fmd the value of c which will make a? 4 + 5* s + Yx 3 -t-cx-2c 
divisible without remainder by x s +3x+2. 
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75 Establish the identity 


g 2 -gy-fy 2 f 1 t _ll 
x*f- \x y) 


y-yz+s 2 
y 2 * 2 


{H} 


^±X2 + !?fl 


s*2 


a 3 2‘ 




76 Shew that (2g+r 1 X2y+g- 1 )=(2giy-+g~V^) S ' 

( *_ -V 

flg-y »/&*-? 

fyb^xa^J ’ 


77. Simplify 



78 Solve 3 


79 Solve ^?-±g.}. 5 -^±y =1 oa *J*-y _ 3Jx-y ^4 

* y y * 5* 

80 I£ rt_^ b—e . d, shew that 

h+mb lc+md- JiptP+gV) JipP+gdP) , 

8L A letter earner has to go daily from P to Q m a presenbed 
tune If he goes a mile an hotir faster than his ordinary rate, he- 
arm es at Q half an hour before the time Bat if he goes a mile an 
hour slower, he arrives three-quarters of an hoar too late Find his 
ordinary rate and the distance from P to Q 

82. Find the value, when a=2, 6=3, of 

a «-i66 + i- (a + 1}»(6 - 1)° + a*’ 1 6 a+1 . 

83. Simplify (fl+b+c)(x+y+z)+(fi+c—a)(y+z—x) 

+(c+a—by ik z+ x— y)+(p+b— c)(x+y —z) 

84 Eesolve into factors 


{x-y){x~2y){x - 3y) + 9 y[x -y){x- 2 y) + I8y 2 (r-y) 6y 3 

85 Expand {(x s +s-^l)'x i — a?+l)(® 3 — l)} 2 m powers of x 

86 Find the square root of (* s -3s+2)(* 2 -4*+3Xj 2 -5»+ 6) 

87 If 2j=o+6-i-c, 2ff 2 =sa 2 +6 2 +c 2 , shew that 

(ff2_a 2 )(c 2 _&2) + ( (7 3_5S^ 0 2_ c S^ + ( ff S_ c 2j( ff 2_ a S^ = 4g(j_ a ^ s _ 6 ^_ c}t 


88 

89 

a and 6 

90 


Simplify 



1 1 f x ~ +1 

X'+X+aJx) 1 


If s+y=a and *y=6 2 , express a^+y 5 and 


£-1 ] 

-/o+dJ 

x i +y i in terms of 


Prove the identify 

. 1 + 2* . 4X 2 8x 7 

a+x a 2 +x 2 a 4 +ar* oP+sP 


1 


a—x 


16x* 

a^-x^ 
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i 


91. 


92. 

93 


Ifg* 


1 

Ja^+F*’ 


then 


a 9 5 s 
1+bx 1 ±ag 


*(a4-6)(« a +& 3 )* 


^ x t x a 9 +6 3 +e 9 +<2* 
SoIre ^a+fi 3 + c 3 + (P “(ac + bd)* + (bo - arfj* 
Solve 5*- a +3 »-®=14, S* +1 -3«' +2 + 104*0 


94. If a+5+e= 0, then 

(5-<Q a (5-fc-a) fc-a) 8 fc+a-&) (a-i) ; (a+5-e) g^ 
a(a— 5)(q~c) b{b—e)(b—a) c(o—a)(o— 6) 

95 A cnmin&l having escaped from prison, travelled 10 hours 
"before his escape was known He -was pursued so as to be gamed 
upon 3 miles an hour After his pursuers had travelled 3 hours, they 
met an Express going at the same rate as themselves, who met the 
criminal 2 hours 24 minutes before In what time after the com- 
mencement of the pursuit will they overtake him ? 

90 Find the value of Z/£(3b+o)(b i —2a-c)(2b—a) 3 , when q«= 5, 

5*4, C— 3 

97. Multiply x*+(a~ l)g+(a+ 1) by (a - l)r— (o s +a+l). 

98. Shew that (a+b+c)(a3fl+by s +ez 3 )-^(ax+by+cz) a 

* = a5(g — y) 9 + 5c(y — *)* + eo(s— *)* 

99 Besolve into factors (a 3 * 9 - b*y a )*+4abxy(bx -t-ayf- (5#+ ay)*. 
100. Shew that 


fl! 4- h * . 1* 

(a - 5)(a - c)(l +qg) (5- cj(b - a)(l + bx) {p-a){c- b)( 1 +c 

1 


(1 +aa?)(l + bx){l + ex)' 

101 If 2«*=a+5+<^ 2ff s *a s +5 3 +c s , prove that 

(«* — a 8 )(* — a) + (< »* — 5 S )(« - 6) + («r s — c 8 )^ — c) = a* + 5* + e* — ja 8 

102. Bxlmtth. H iu !1 re M oto£^. ! +^j+^+i!(^+i + ^). 

108 S ““<^ 

104. Ema tte 

(a®***®)* 

105. If shew that the value of ^~ a ) i t>- <; ) a + _i a . c _ 

0+0 a a 4-c a la+c)* 

is the same for all values of a and 0 . 


108. 


Simplify 


yq+*-Ja-g ya a -g a x 

«+#+y a a +«» x ya+ y® x q— y« a— g** 
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107, If s +y =x$ *=3, prove that j 3 =v s = - 1. 


108. Solve * 3 ■ - X ■■ =~ - 

x x—a 

109. Solve (<i+6).*-(a-&) i y=33&, (a + b)y-(a-b)x=ab. 

110. If a b=x : y=>p . g, shew that 


11L A, B, C, start at the same tame from P to run to Q, their 
rates being such that B is always as much behind A as he is m ad- 
vance of G After A has reached Q he returns at once to P at the 
same rate, aftd meets B at a point whose distance from Q is equal to 
-one-fourth of PQ Shew that A meets C at a distance from P equal 
to one-third of PQ. 


112 Find the value of (s/x'+y 9 - a)('s/* 3 +y s + : 0, "when x~4, 

jfc=5, jbG 


113. 

1U 

116 

116 

117. 


Resolve (1 -I- ^^(l {(,l-xi)(l~yz)+2xyz} i 

Find the square root of 

x * + 2* s (y + 2 )+ * 3 (y 3 + 2 3 + 4 ys) + 2 xyz(y + z) +y V. 
Find the value of ^12+^ K /75+6 (N / 1 V 


Simplify 



118 

119 


120 

121 . 


T . x » i e . 

If r~. ™ —r — r- — n — > prove that 

o+c — a e+a — b u+b—e l 

(a + b + r/y z +zx+xy)=(x+y+:)(px-t • by +cz) 

Shew that 

( ab — ed)(n 1 —b i + c' i —d i ) +(ac — bd^ifl+b*— c 5 — <P) 
(a 3 — 6 s -f c 3 — (P)(a*+ b i — c 3 —d i )+4(ab — cd){ac — bd) 
(a-t-c?)(6+c) 

~(a+d) s +(b+c)* 

If c=o N /l — 6 9 +5 s /l -« s , prove that 
(a + J + c)(6 + c — a)(c + o — 6)(o -i- J — c) = 4a s i s c* 

Sol vo (x - o) 3 + (x - b) 3 + (x - cf «3(* - a)(x - bX* - c). 
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122 Solve ax+by+M=*a+b, bf+cy+a:=*b+c t ox+ay +&3=»c+<r, 

123. If 2a— b a+2b=3c—d m c+2d, then 
3 a— 3f>=*4e+d 2c*»3c£ 


124. .d was following B, who after a time turned and without 
changing his pace walked m the opposite direction , A now approach* 
ed B six times as fast as before Compare their rates of walking . 

125. Find the value of x i -2a(a— 6)a? 2 +(a*+ b s )(a — b)x— a-b 3 , 

when a=l, b<=-2, #=3 

120. Divide 9a s J s — 12n 4 5 + 36 s + 2a s 6 3 + 4a 6 — 1 lab 1 
by 3J s +4o s — 2a6 s 

127 Resolve into linear factors 

(x-a)\b-cf+(x-b)H.c - o)s+ (x - c)'(a - b) 5 


128 

129. 


Simplify— 

Simputy (&0 _ 1)(ya ._ fl) _ (3 _ 5yXy _ c , ) 


Reduce 


(2-^ 
\ y 


3x 9x-~2y 3 
+ y A + 3xy 


3 ™ x+yj 


130 Find the fourth root of 

~s 3a s x 7 , 2 I» 4 * C 27a 0 * 5 , SlaM 
” b + 86 3 ” 166 s + 2566* 


131 Simplify 1 + J8+J2- ^27-^12 + V75-V19+6VJ 

ft 

i \y 9 

132 If x v **y s , prove that =&~ X , and that 2, if also 

if * 

s?=2 y 

188 y(^)} -h{- y( 4i £% 

find the value of x s +y\ 

134. Solve /-+ /W- c )(*c-l>x) 

V « V abc 

135. Solve (a+b)x-(a-b)y*=m(x 3 -y ! ), 

{a — b)x + (a + b)y = m(x 3 —y s ) 

136 then each 

_ o(y+s)+5(s + x) + cfa? +_y) 

2(6c+c«+o6) 
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137 A fruiterer sold for 19a 6 d. a certain number of oranges and 
apples, of winch the latter exceeded the former by 180 He sells the 
apples at the rate of 5 for 3 d , and 15 oranges "bring lum m lid. 
more than 35 apples How many are there of each sort, and what 
are the oranges worth a-piece 1 

- 138. From { m(2m, - 3p) - 2n(4u- 3p) } a; + { m(p -m)— p(2n +p) }y 

^ ^ O 

take 3{/>^2n- y) -|(2m-3_p)}:r- {p(p-m)+2n(2n+p)}y , 
and find the value of this difference when y=m*= —2 


130 


Beditce 


12x* — 4gg 3 — 4 - 9a 3 x — 9a 4 
8x 4 -14a a x--9rt*, 


140 Multiply ^-5|+^+3by^-af+3 


14L B&olve into lmear factors 2x 2 — 7ary — 22y 2 - 5a?+ 35y — 3 
/r * s - 

142. Simplify — — • 

f L+f +1 

y x v 1 y y x 

143 If x l»e the l c ir and y the a c F of a and 5, and if 

b 6 1 

, prove that v 3 +y 3 =m 3 a 3 +— 3 


144 Find the value of {^+£r^} • 

145 If x(y-z)*-z(y+z)*=: 0, then 

4 fa 3 — I) 


146 


3—2* 2j— 5 
1- 


Sol, ‘ CT-2^7 -1 '?^ 


■\Gx+4x* 

147. Solve x+y+c=(o- l)(o -c){b- o), 

ax + + cz = afa + 6 3 y + c 3 r = 0 

148. If a, 5, c, d be m continued proportion, shew that 

149 The sides of a right-angled triangle are as 5 to 12, and the 
hypotenuse is 130 /find the sides 

150. Find the value of a* +3a s b+ 4a 2 i 3 + 3a & 3 + ¥, 

5+ v /13 , * 5-*/13 

when a = — ^ — and 6= — g — 


35 
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151 Multiply a 8 +a s -aa(a s +« 8 ) ty a 3 +a s -aa(a+a) 

152 Find (a s - 2ay + 4y 3 )- m terms of a and 5, where a = 9a 2 + 12 ab 
and y*=2 b i +6ab 

153 Multiply together Jx-Zjy, tjx-2jy, Jx- Jy, Jx+\fy, 
tJx+Zjy, and l/x+ZJy 

154 Extract the square root of 

9?— 24 /- +34-24 /^+9? 

y V y x x 

Shewthat 

x 2 y J - 2 + a ty 3 (a +y)- 

If ^/« i +6 2 +a— &a, find a - a" 1 and a + a* 1 m terms of a and 6 
Shew that 3 /( JS /B+2)-V(^5-2)=l 


166 


166 

157 

168 

169 


.+! 
X 


Solve — 

a 3 +l a+1 a^+2a+l 

Solve x 3 +y*+z*~ Zxyz^Q, 3a-a+s=3&-y+a= 




if x y _ z 

2a—b+2c 26 — c+ 2a 2c— a+26* 

a 6 c v 

2a+2y— a 2y+2z-x~ 2z+ 2a -y 

161. ^4 has twice as many pennies as shillings B, who has 1« "d 
more than A, has twice as many shillings as pennies together they 
have one more penny than the} have shillings How much has each $ 

162 Prove that (px-by+cg-duy+ffly+bv-cu-dz) 3 

+{az~bu,-cx+dy) s +(m+bs+cy+dxy 

= (a 2 + b 3 + u 2 + cP)(x 2 +y s + s 3 + u 2 ) 

163 Divide * 8 +^+-*+^+ i by a«- 

y 8 y i s° y* y yV f 3 V 

perfect sqSL* ^ ° f * ^ ^ make * 4 +6* 3 +ll* 3 +3*+3l a 
165 Shew that the difference of (e* + e -*) 3 and (e* - e-*) 3 is mdepen 
dentofa, and that thesumof (i+*)g_*) and (I+a)' dimi 
m hes as a increases 


160 

then 


166 Find the square root of (3a+l)(3a+4)(3*+7)(3*+ 10)+ 81 
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167, 


Simplify 


a 2 | 


) + 0« 

(l-l) 

(i 

(H) 

\+b\ 

(Hi 

|+c( 

H) 


168 

169 

170 
171. 


Find the value of — - --f - r -1 — when x—-~. 

I+n/1 + v 1 + ^/1-# 2 

If ni=a s , n=»a t ', a^=(m v n-y i shew that xyz— 1 


Prove that Vy+ *j2xy- v 2 + Vy- >j2xy-x i ~ J2x 


Solve 


6 - o a-c 


- - «U — - — » ..i— - i J.v. . 

x+b—e x+n—c x+n x+b 


172 

173 


If 

then 


b+c 

c+u 

a+b 

X 

V 

«s 

a + 26+c 

2a + 6 — c 

— 46+c’ 

m 

b 

c 

x+'2y+z 

~2x+y-i 

; 4x~ 4y+z 


174 A waterman finds that he can row with the tide from A to 
£, a distance of 18 miles, m an hour and a half, and that to return 
from B to A , against the same tide, though he rows back along the 
shore where the stream is only three-fifths as strong as in the middle, 
takes him just 2 hours and a quarter Find the rate at which the 
tide runs m the middle where it is strongest 


176 Multiply (2«— 3c)y s — {«— c)y+(2a + c) 
hy (2« + 3c)y 2 + (a + c)y - (2a - a) 


176 

177 

178 

179 

180 


Fiud the co-efficient of x l m ^1 — ~ + j 
Resolve 

(b - c){b +c-2a) 3 +(c- a)(c + « - 2&)* + (« - 5)(o + 5 - 2c) 2 
Simplify 


o 4 . b* o 4 

(a-bX<i-c) ( b—a)(b—c ) (c -a)(o-b)' 


Reduce 


c?~ v +xi/~ 1 + yx~ l + e v ~ = 
xy-'et-v+Z+yx-hv-*' 


If y =#+^, express terms of y 


l 


l 
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w+w 

fn-n 


isl *~<gr. 

182 n,= {-| + yc-4)} i+ {-1- y(r-|)}' 

prove that # s — bx + a = 0 

183 Solve 

(*- 9)(»- 7)[x- 5)(x- 1)= (a?— 2)(x- 4)(x- 6)(x- 10) 


184 Solve fy- Ja-x— Jy-x, 


Jy-x+ Ja-x a-x 5 . 2 

1Q5 Two persons A and B run round a field, starting from the 
same point m opposite directions , A reaches the starting-pomt 4 
minutes and B 9 minutes after they meet , if they continue to run at 
the same rate, m what time will they meet at the starting-point l 

186 Find the product of — - — , *r - and — , and keep it m 

1-fl*’ 1 -bx 1 — cx r 

an integral form 

187 

188 (| + f + IK! + J + !-)- 1 -(f+;)(;+j)(f+!). 


189 


If 

then 


2*4 and 

a b «(l-*) + 6(l-y; > 

X JL = 1 

« 6 1- J(l-aXl-fr) 


190 

191 


!f *= then B tall 1 “* 


1+x I + n/I-s'* 

( 7 m- 1 -?!-! \-s~t -4 /-/TO-S-TO-SvS. -a 

Ha-^a^+j-V / tllTJTR'j / *■ 


Find the value of 

to -1 — » -1 


192. Prove that V 1 ** ^ /1 ~ g - 1 ffl — i ~ l 

*J l+**+Jl-x°- x l\ VCTj* 

193. Solve (s - 2«/>+ (x - 2b f= 2(x-a~ bf 



APTESDTS 


549 


194 Solve 


„_3L±]2. £4-5* 

" 5 * y 8 * * 


ar-2 19-V 






106 


2 3 6 

Fifteen guineas should ■weigh 4 oz. but a parcel of hght 


gold having been weighed and counted, was found to contain 9 more 
guineas than was supposed from the weight and a part of the whole, 
exceeding the half b> four guineas and a half, was found to be 3* oz. 
deficient in weight. 'What was the number of guineas ? 

100 If ^i=»c ! (ox+5) 8 {3a(cx+d)-c(o3:+6)}, 

B — a\cx + df { 3e(ax + b) — a(ex + S)}, 

the simplest value of (A — B)^. 

107. Multiply (a J rb)x-—abxy+(a- b)y 3 , 
b> (a— b)x i +dbxtf+{aAr'b)y 1 

198 Find the coefficient of x° m the product of 
l+ar+a^-f. . . and l~ar+* a — 

100 Eesolve 

(y-zy^+s-Zx)+(z-x)\z+x- 2 y ) + (x — y) a (a? +y - 22) 

Simnhfv ~ 3 + 7*(s-- *)+**(*•-?) 

Eeduce to its simplest form 


200 

20L 


1-x , g-y . y-1 0-gKg-y)fy-l) 
I+x x+y y<n" r (l+^Xw+yXy+l) 


202 . 


Find the value of 

Jx-+a~+ Jx- — a - 


when x* 


J- 


a*+l 


203. If 
prove that 

204. Solve 


205 Solve 
208. If 
shew that 


u^xjl+y-+yjl+x-, 


N /l+u a *=j?y+ J(l+ar 5 Xl+y 2 ) 

<1) 2az«-(5-l)z’ ,+ i=(a-l)z , ‘+5jf" + » 

(2) n /2+1 ^—«0. 

2*-l 

tf«y«*=aS»> + »5» x n y m ‘=a n b tB '’ Hi . 

s[b - c) +y(e - a) +s(a - 1) *= 0, 
bz—cy cx—az ay—bx 
b—c c—a a— o 



550 


HUB SEW 2U.TBJ0JTEA.T1 OS AIiGEBBA. 


207. Two loaded waggons were 1 weighed, and their weights were 
found to be m the ratio of 4 to B, parts of their loads, which were 
the ratio of 6 to 7, being taken out, their weights were then found 
be as the numbers 2 and 3, and the sum of their weights was then 
What weie the weights at first 1 


in 
to 
10 tons 


208. 

209 

210 

211 

212 

213. 


Shew that (* s +y a -l) a +(*' a +y' a - l) a +2(as*',+y,y') 2 
=(** -f *' 2 - i; s +y' 2 - l) 2 +2(xy + x'y'f. 

Resolve into four factors -s 2 + f/ 3 + 2 2 - 2sy - 2yz— 2,xz 

Reduce — V*~ ~ V }!f — to its lowest terms 

„ _ t o 4 (J 3 — c 2 ) + J 4 (c 2 - « a ) + c 4 (a a — i a ) 

Simplify a 3(ia_ 0 sj + js( fl 9_ + c s( a s_ ^ 

i - 3 

Q/g”m _2®+™ x n 

Find the square root of a~ "x ™ + — ~ 

9a" 

If xyz—1, shew that 

(l+a:+3r 1 )" 1 +( 1 +^+iS' 1 )- 1 +(l+z+jr- 1 )' 1 =l. 

(x 4-y)-+(a?-y)" v Jx- fy- J~x^% 


214 Simplify 


Fi 


aiB sd - t/M-t/W-w 
216 Sd ™ (;)"(!)”- 6)*©’-* 


-Jg-y l 
-Jz-y J 


217 If*— z y~z> a* 2 y a , shew that *+a ; y+r=-+2 -+2 

y * 

218 A pedestnan finding that he could walk forwards 4 times as 
fast as he could backwards, undertook to walk a certain distance (£ 
of it backwards) m a given time But- the ground being bad, he 
found that his rate per hour backwards was -|th of a mile less than 
he had supposed, and that to have won his wager, he must have 
walked forwards 2 miles an hour faster than he did What was his 
rate per hour backwards 'i 

219 If x+y+a^O, xy-b=0, then (l+* 3 )(l+^ 3 ;=a a +(l-5) a 

220 Resolve (o+b+c) 2 abe— (bc+cct+ab)* 

22L Reduce A «*)-(*+*» )(V+z*)fo+y* ) 

l-x a -y*~z 3 -2xyz 
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222 Simplify 

ho , ae t ah 

a{a I -lfl){a‘-c t ) + 6(5 J - a 3 >(6 3 ' ::: c*) + c(^- 6 2 j( c ir_ fl 2 y 

223 Find the square root of A — ^ f 1 - ] 

'* l 1 -* I 

224 Pro\ e that 

x 3 — 3x-f (x 2 — l)Jx' 1 —4 — 3 x+1 lx— 2 
j s -3x+(j: , -l) N /^sZ4 + 2 =::: a:-l V x+2 

225 If *>/n 3 -y ! +y x /(i*-s 3 =(i J ) ther x s +y 2 *=a ! . 

220 Solve \/T+o(j~~)^+ Vl— 

227 The trinomial «x*+7jx4-c becomes 8,22 and 42 respectively, 
•when x becomes 2, 3, 1 ; -what does it become when x=* — J 2 

228 If and then o 4 +4a 2 =6 s . 

y x y 5 i 1 ' 

229 Keduce to its lowest terms l- ^L — ~ j — — s 

* (X+y)5-X*-^ 6 

230 shew tlmt j* - y - c=- 

*' a-for 1-ay » 

231 Solve (l/x+a+ijx— a) 3 (1/x+a —*Jx—a)=2c. 

232. Solve (x— «)’(&— e)*+(x— 6} ! (e— a) , +(x— c) s (a— 

233. If -*»r=-, prove that 

« 6 o’ 1 

gx~6y 5y-cj «-ox _ 

(o - 6)(x +y) ***(6— c;(y +r;" t "(c- a)(; + x) 

234 If x+y 3y=6x-y . 8x, find tho ratio x . y. 

236 A person, sculling m a thick fog, meets one barge and over 
takes another which is going at the same rate as the former , if a be 
the greatest distance to which he can see, and h, V the distances that 
he sculls between tho times of his first seeing and passing the 
barges, shew that 


* 21.1 




answers 

I 

I top 5-7.] 


1 

20m 

, 240m , 4m , 

8m 2. 

* * 

20 * 12 * 5 2‘ 

3 

V 

240’ 



4 

a 

192 

a a 
* 12 * 96 

6 3*536*,^ 

6 

12*, 

X 

3 


7 

20m+7i+^— . m+— + -£- 
12 ’ 20 240 

8 x+ T6 + 

s 

19 2 

; 16*+y+^. 


9 

10* . 

f 100* , 1000* 

* 

'1000 

10 — 
10 

y y 

» 1000 * 1000006* 


25 

12- 

*«5 20 

m— 15<=»2 

30 

(* - 10) years 38 y—x 

'—a. 

> 




II 

[P 8] 






1 

15 

2 23 3 

12 4 

22 5 

4 

0 2 7 

19 8 

2 

' 9 

o. : 

10 43 1L 

15 12 

55 13 

530 

14. 

282 

16. 

210. 

10 

2J 

17 i 18 

& 10 

3 20 

1* 

21 


22 

4 

6« 




hi 

to 9 ! 

1 





1 

108. 

2 103 3. 

0 4 0 

5 

84 0 

i 

7 

i 8 

1 

*9 

56 

10 1120 

11. o 

12 

4* 

13 

165 

14. 

0 

IB 

10 

10 64 

17. 6 

18 

60 

19 

iflr 

,20 

0 

■21 

lOjg 22 6 

23 88 

24 

39 

25 

98 

20 

42. 

-27 

0,0 

1,0 

28 if 

29 

4 

xr 

30. 

3}. 




iv. \pp lo—ii] 

L 15 2 1. 3. 40 4 10 6 23. 0 6. 7 2 8 8 

9 8 10 1G 11 1 12 14. 13 0 14. 8. 15 2. 

10 2 17 20 18 11 19 1 20 48 21 24. 22 33 

23 4£ 24 3J 25 21| 20 2f? 27 3rffo 28 122. 

29. 6/f 30, 2 E V ff 31 10 55 32 , -035 3 3 3 4599. 

V Ip J 2-] 

1 125. 2 64 3. 784 4 1728 5 G250000 0 729 

7 32 8 1536 9. 224 10 5332 1L 0 12 82944. 
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13 

1154 

14 

396 15 

0 

10 

20480 

17 

196608. 

IS 

o 

0 10 

25 

20 64 

21. 

648 

22 5 

23 

4096 

24 

1000000 

25 

129800000000 , 

26 

11025 

27. 

15552 

28 

1124 

29 

180 

30< 

2688 

31 

291600000000 

32 

18144 

33 

24192 

34 

m 

35 


36 tfr 

37 

o 

HJN 

38 

27 

30 

m 





VI [pp 13—14 ] 


1 

12 

2 

432 

*8 

300 

4. 

108 

5 

4860 

6 . 

6 

7 

120 

8 

810 

9 

27 

10 

24. 

11 

4. 

12 

X 

13 

6 

14 

& 

16. 

s*r 

10 

sV 

17 

0 

18 

h 

10 


20 

4 

21 


22 

i 

23 

125 

24. 

109 

25 

23 

20 

13 

27 

17 

28 

37 

20 

73 

30 

3 

3L 

27 

32 

28 

33 

64 

n 

80 
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[P 

15] 





1 

25. 

2 

250 

3 

159 

4 

722 

6 . 

204 

6 

24575. 

7 

29 

8 

230 

9 

20. 

10 

39 

11 

161 

12.' 

723 

13 

65 

14 

15 

16 

4069 

16 

62 

17 

840 ' 

18 

290 

19. 

243 

'20 

232 

21 

vs 

22 

Ws 

23 

52- 

24. 

2 

25 

5 

26 

86 

27 

3 is 

28 

*& 

20 

3,9, 

17, 27 

, 39, 53 

30 

35, 

24, 15 

, 0, 0, 

24, 80 








VIII [p 20] 


23 

-10 24 

-5 25 5 26 -2 27 -13 28 -3 

29 

-# 30 

-13# 31 -19a 32 -Uni 

33 — 6y 

34 

8 ab 35. 

— 16a 2 36 -9#=. 37 0 38 

0 39 17# 

40 

-11a 9 

41 Gains -S5 , loses +R5 42 —2 miles 


+2 miles 

43 A, +8m, B, -5 m, A, -8m, B, 

+5m 

44 

— 1 mm. i e, 1 mm to 12 noon. 

( 



IX [pp 23—24] 


1 

+ 1, -14, 

+2, -3 2 -7, +1 3. -5 4 

+ 15, +7, -4 

5 

+6, -25, 

+ 18, -6 0i -6 7-2 8 

+4 9 +10 

10 

-4, +5 

11 +5,0 12 -2,-2 13 0 14 

0 15. +2 

16 

-16 

17. +16. 18 -24. 19 +14 

20 +26. 



ANSWEBS » 

X [p 25] 

1 +13, -13, —1, +1 2 +5 m, + llm, —11 m, —5 m 

3 — 2, — 1, +1. 4 -4', -1, -100 5 The latter by +2 

6 The former. 7. Yes, by +4 8 The former by +3 

XI [p 26] 

1 16a 2 17y 3 56* 4. 26a 5 24»i 8 37n 7 33r~ 

8 46y 9 -42c 10 -25* 11 -21y 12 -25a6 

13 — 16xy 2 14 -73 m3* 15 &-ab 16 ?£-xyz 17 — 

18 $3p<? 10 (a+5+c+efJr 20 (a+p+9)x 

XII [pp 26 — 27] 

L — 3a 2 a 3 —2* 4 28m 5 — 27*y 6 a6e. 7 0» 

8 3£a*y 9 0 10 limn 1L -8a 12 -Viz. 13. -566y 

14 — 2-£ab 15 (a — 6+e — <£+/)** 16 (4a+4p— y)x. 

17 (7+4a)*»y 

/ XIV [p p 29—30] 

1. y 2 a—* 3 a*+l 4 2a+2c 5 3a— 2b— e. 

6 -*+y+3* 7 7a- 136 8 4a-26+2c+3tf. 9 6 

10 2 ax+2cy U y 3 

XVI [pp 32—33] 

1 2* 2. 58 3 r ' 5a 4 5a*+6y 5 ab—^xy 

8 38a+26+4c 7 — ah— Zed 8 — a+156— 8c 9 3y. 

10 14*3 ii — 9a*+6&y— 7e* 12 15a+36~6c+5<f 

13 7a 2 +25a*+2y s 14 - 7 { ?-x»-£S-a6+ 3/^,3 i5 12 * 3 +7y s 

18 6+8a6— 46c+15ac 17 — 9* s +2ax ! — 31a 2 *+lba 3 . 18 a—e 

19 3*— 7* 20 26-*-d-/ 21 116 s 22 10*®-6j7m+llr s . 

23 -* 2 +2*y+4*-y 24 -26* 3 +6d-l 25 7* , -2*y-2y s . 

28. 4r 3 — 22* 27 5* 3 +4y 3 +2s 3 — 24*yj 

i 

XVII [pp 34—35] 

1 a+6 2 a+* 3 2y 4 11*— 5y 

5 12a +15 6 15a +12 7 2a+! 8 J*+5y-2 

9 -nm- m*+my+2n. 10 — 2a*+26y+5 1L *+5y— *iz. 
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12 

16 

18 

21 

24 

26 

“29 

30 

3L 


-*-3y+4c 13 5a— 56+c+l 

P?+l 16 a 2 +7a+36-6 a 

2— m?— »i 9 +«i 4 19 ^ar— *,»/+!. 
3a6c-3a6-2ae— 1 22 a 2 — 2 a*. 

(a - p)x i - (6 - jO* 8 +(l-r)* 

3* 8 +2*+3 27 -£*y+iy a -$ 28 


14 a+6+2c— 5d+9. 

17 * 3 -* 8 +2*— 2 

20 — * 2 +2,y a +3z s 

23 2ar-6r a -2a 2 

26 * s +2* 2 +4*— 2 

-iy— ¥«-A*+i 6 « 


7a 4 + 2a s & — 2 ab s —7 6 4 


ax i -gx i +2hxy + 2fxy + 6y 2 - 7t,y 2 + c+ d. 

2* 4 — 5* 3 -2* 32 (a- l)* B +2* 2 y 9 +(6+5)y B . 

V 

xvm ip 36 ] 


1 

6+* 2 

*- 

y 3 3a-75 

4 1-2* 

5 

5*— 3a 

6 

x-a 7 

2* 

8 2a — 2&+y 9 y 2 

10 

12a -6 

1L 

10a— 46 

12 

12a -3* 13 

2506+25^ 

14 

4c 

16 

21+3* 

16 

40-66+c 17 

— 25*+2y. 

18. 

a— 26 

19 

a+86-c 

20 

m-lln 


f 



XIX. [p 37] 

L (1) a-6+(o-d-c+/) , (2) a— 6— (d+e— o- /). 

2 (l)(«-5)+(o-d}-(« T /)-( S r-/ t ) 

(2 )a-(b-c)-(d+e)+(f-g)+h. (3) (a~b+'c)-(d+e-f)-g+h. 
(4) a -(b-c+d)-(e-f+g)+h (5) a-b+o-(d+e-f+g-h) 

(6) a— (6— c+d+ej+f— g+h (7) a — 6+c— d— (e— f+g— h) 

(8)a-(6-c+d+e-/+gr-7i). 

Examples for Be vision (A) [pp 37—41] 

2. 24| 8 1 4 6a* a +2a a *-a* , 6a+2a 9 5 ««+'>«-&, 8 

6 2*+Sz 7 —2 y 8 (*+15) years 9 — * 9 +2*— 1 

10^2,6 11 6-a+c 12 2*— 3x 8 , — 1. 13. 2p-j. 

14 ^xP-Zxy-y* , x*-2g 3 16 lOx+y 

16. e( 60-^), B(eO-a-l) 17 2,3,a,6+c 

18 -3* a +4*-l,-l 20 4*-y+9 2L 3-8a+66 

•22 3a— 85— 2c 23 * a +a*-l. 

24 R(a-*), R(6+x) , R(a-*+y), R(6+*-,y) 25 50. 

■26 18 27 5+6o, 28. x-2y+9x-4. 20. *-3y+3z+l. 



ANSWERS 


5 


31 

Jig 2 — a& — |Z» 2 

32 

Assets of B100 


33 -1 

34 

3*— 5 , 0 

35 

—3 ,a+b—c — 3 


38 x+y+5z 

37 

— 8a+3t+c 

38 

* 2 +G*-6 

39 

5xy—x 2 —2y\ 

40 

*=y+30 41 

3-5* 

42 0 43 

- 

5a— 36+3e-f 2<7 

44 

a 4 — a 2 — ai — 5 3 +2 


46 m—3n 

46 

3a— a&+2& 

48 

*— c/t miles , 10 miles 

49 G. 




50. (j) +33°, (11) +13’, (ill) -24° 51. 8x 2 -3a*+a 2 

52 -7-|+~^+l 53 6a+3&— 4c 55 +* 2 -y 2 

4 3 4 


50 

58 

61 

07 


£0, -2, -7, -5, 2,26 67 -3a-26+*-4 

o ( ,2_j3 + o c 3 59 The latter 60 -&-2 c,l- 2c 

13x—Gy—2z 63 3 miles north 05 1— 3ar s +3*y— 3,y 2 60 


Gft 6 17c _3a b Ur 
2 ~2 + 4 ’ “ 2 + 2~ 4 


08 * 3 — * 2 — 3 


6 . 


69. 2x— 5y+10; 70 —1 , — o — 3&+1 

71 (l) 0';(u) — a s +4«6+5J 3 72 (2a: +3) rupees 


74 

-1, - 

1,0 

70 

* s -2* 2 -5*+l 

77 

^Sx^+GxSy 

79 

33, 23, 

15,5, 

3, 5 and 9 

80 J3a- 

-2) rnpees 





XX. 

[P 43] 



L 

-93 , 

2 

-128 

3 

16 

4. 

90 6 25 

6 

-64 

7 

-120 

8 

-216 

9 

16 10 648 

1L 

760 

12 

-200 

13 

-45 

14 

-540 

16. 

64 

10 

-*1440 

17 

-192 

18 

-108 19 0 

20. 

152 

21 

-6 

22 

59d 23. 

0 2 4 27 25 —125, 

* 

247 

27 

-16 

28 

164 


29 0 30 0 

8, 14, 22, 58 


32 

18, 2, -2, 

0 , - 

18, -52 

33 

+1 , - 

•1 , +1 , -1 









XXI. 

[p. 46] 



7 

— a m+1 

8 


9 a 

10 

-a m 

11 -a m+1 . 


12 — Ga 3 * n+1 . 


XXII [pp 46—47] 

1. 3«x 2 2 — 10xy 2 3 — 104ap* 2 4. — 2a s &cx 

6 5Ga5 2 c 2 . 6 pq-r"x 7 — Ilbabcxy: 8. I7472flwipgr. 



1 


9 64Ba5 edys 
12 -340 abr*sM 

16 -I0fl s 
19 -3a s x 3 20 
23 -6x l y* 3 24 

27 -2la s b 7 ni s 28 
30 cfibax 3 31 
34 -640abe*ys 
37 19200aW*V 

4L 3 aPbxfiy-z 
44 5a*6 9 c J m*V- s 


HEW JTATMCGLAWOir ALGEBRA 

10 -3Sa#y 11 80 ttypgqr 

13 63° 14 50j w 15 ~60p°. 

17 72m ir 18 772lS * 

-G&y* 21. 2a 8 6 3 e* 22 4»i 4 ft 9 r 4 

24a 3 6 s 25 - 2a 4 &V# 28 12a 4 

160a 3 Jy 6 ^ 29 16a 2 , -8a 8 b 8 , -a 5 b 5 c 5 , 81#« 

ZOxbodef 32 -120a5ci 33 360a6cpx 

35 -2160abarsxys 86 960 a^e 3 

38 6*® 39 ~22imc 7 40 -60a 14 

42 — 216 a 7 6 s c 3 x B ^° 43 -12Qacf*gxy. 


XXni [pp 48—49] 

1 3a 3 #-3ax 3 '2 -ax+ay 3 ab+b 3 4 2a 2 .rjr— aby 9 . 

5 12d i b' , c 1 -3abc' 6 5ab 2 c4-5bc' , rf 7 -2a#+2a/~4« 

8 — fa^+Sb-r+ai 1 * 9 — ab 3 c" — a 3 bc 3 +a-b~c 

10 - 6 x^/ 2 + 3 xy s x+l 2 xy<,- 11 2a t b i c*+2a-bW+2a i b s c* 

12 3« ? <£+2abrf— 4ac<i+a^^ , 13 — 2a s b 2 c 9 +3a 9 bV+4a s b 5 <£ 

14 ' 15 - |« 3 6c + |« s 6 2 c 4- §a 3 bc 

16 fa s 6+?a& s +?a6 17 -}a 3 # B +§a 4 * 4 18 -fa «b 4 +&aSb B +£a»J« 

19 20 10a B b 3 c+15a s b c c+20a 3 6 3 c 4 

21 6a 3 6 4 c s -24a6 B c l -15o s & 3 c B 22 - 4a 4 * 3 + Sn 3 # 10 + 1 2a*x b 

23 I6x i tj i i ! ~ lix 7 y s J +6x*y 5 z i ~ 24 8* 4 y— 24x 3 p 3 +24# 2 p 3 -8:cy 1 

25. - QaWc-d+Zab^cP + G^ba^d 3 - 12aWcd* 

28 — 20a s i 4 «y+12a 2 &# , i y 3 +4« s b a j? 3 i y— 4ab« 3 p 5 . 27 —4a 1 

28 , t 3 + 3? 2 ~2 29 4a 9 #— 4a# 3 30 21a# 3 +21&# 8 31 18a 2 -246 3 

32 32# 3 +12p 8 33 2 *Y 34 4rt 3 -a s 6+2a 3 c 35 , 38 , 37 0 


XXIV. [p 52] 

1 # a +6#+5 2 # 2 +2*-15 3 # a +#-5B 4 # s -20#+93 

5 — a 3 +8a— 12 6 # 3 -}-(<*+ &)#+<!& 7. # 3 +(a — b)x~~ ab 

8 # s -(«— S)#-ab 9 # s -(a+6)#+ab 10 # 3 +16#+63 

11. a 9 +2ab+b 3 12 a 3 -2ab + b 5 13 a 3 -& 3 

14 4a 9 -13ab+3b a 15 l+4*~96jr 9 18 2-I0# 3 p+12#y 

17 15a 1 + 3a 2 b - 10a s b s — 25 s 18 24a 3 6 3 + 18a 2 be - 4ab 3 c - 3c 2 

19. 6(, 3 b-— 12a 3 Jc— 10aSc s +20c 3 20 35a 3 6 3 - 5a 2 c 3 - 21a6V+ 3t B 


4 
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21. 8x 4 -26xfy+15/ 22. 24a 6 — lOa^e— 215 4 c 2 

23 ac+6e— ad— 6d 24 ae— Be— ad+&d 25 ae—bc+ad—bd 
20 2m , +17m— 117 27 6x 3 -13xy+6/. 28 a 3 x 9 -& 3 / 

20 30 3L 2*“4** 

32 -Ugr 33 x 3 -5x+4 34 7a-a 3 

XXV [p 53 ] 

1 ti 3 +7a 2 +l7a+35 2 x=+8 3 x 3 -27 4. x 4 -l. 

5 1 — 5x — 6x s + 13x s + 60s 4 0 6/+5/-19y-20 

7 p 3 +Gp 3 g+l2pgr 9 +8/. 8 6x 3 — 19x 2 ^ + 29x/— 21/ 

9 125x 3 -150x 2 ,jr+6Dx/-8/ 10 aS+3a 2 -4a+6 

1L — x s — xty+Sxy 3 — 3/ 12 — 4c 3 — 4e 2 d+5cd 2 +3d s 

13 * T -4x 3 /-x 2 /+2/ '14 35a 6 -49a*+19a 3 -24a+64. 

16 125a 3 — 86 s 10 125x s +512/ 17. a*+6 6 . 

18 ax 3 +{a 3 -b)x-~ 2a&x+ 6 3 10 40x*-30x s +52ax 3 +6ax-12a s . 

20 c 3 — 9«i 3 + 3c 2 n — 27c 3 21 x 4 -a 4 22 8x 3 -13x+18 

23. 4a+3u 

XXVT [p 55] 

3. x 5 +6x+9 2 a 2 +8a+16 3 1+4 x+4t 2 4 4x 3 +28x+49 


5 

a 2 +4a5+46 s 

0 

9x 2 +Gax+a 3 

7 

4x 3 +12«x+9i 2 

8 

a*x-+2ax->-l 

0 

9 + 12xy+4x 2 / 

10 

x 5 - 2 xy+/ 

11 

9x 2 — 2ix+16 . 

12 

l-10x+25* 3 

13 

4x 2 — 12xy+9/ 

14 

9x 2 — 48ax+G4a 3 

15 

x 3 — lOxy + 25/ 

10 

9a 2 -24a&+16& 2 

17 

64— 48ax+9n s /. 

'18 

1 — 2aic+a 2 6 2 c 2 

10 

a 2 6 9 — 2a5xy+ x 2 /. 

20 

Z 4 +2Z 2 J/m+m*» 3 

21 

4p 3 /+4pgr 2 +r 4 22 

a s 6 3 +4aSc 3 +4c 4 


23 c 4 — 4a&c 2 + 4a 2 i s 24 9//-24p?r"+16r° 25. l+2a+a 2 

20 9a 2 +6a+l 27 a 4 +2a 3 x J +x 4 28 4a 2 x 3 +12a&x,y+9& 2 / 

20 x°— 2a 3 x 3 +a 6 30 a B -2a 4 x 4 +x s 31 a 4 x J +2a 2 x 3 +a ! x t 

32 a 6 — 6a 5 &+9a 4 & 2 33. m i n i -2l i m 3 n~-i-t s 34. 4a°+4a s i s +5 (! 

35 x^+Gx^+fyV 30 

XXVII [p 58] 

1 x--4 2 x 3 — 25 3 1-x 3 4 a 3 -9 5 4x 3 -49 

6 9-lGx 2 7 49-100x 3 8 121 -25x 3 0 4 x 2 -/. 

10 a 3 -iV. 11 x 2 -a 2 / 12 * 3 -m’ 13 4a 2 -/ 



8 
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14 

1 - a 3 * 4 

15 a 3 * 3 — 9 10 

9a: 3 — 16y 3 17 

4a 2 * 2 — 9y s 

18 

x i -4y- 

19 4a* - 9b 2 c s 20 

a 4 —* 4 21 

a 4 — 45 4 

22 

4a 2 b 2 —c i 

23 25,r 4 — 9a 2 6 a 

24 16c 4 — 49a 2 5 a 

25 * B -1* 

20 

4a°— 95 4 

27 9.1 s — 25a° 





XXVIII 

[p 57] 


1 

* 3 +3*+2 

2 * 2 +2*-3 

3 a 3 — 13a+36 4 

a a -3a-4(L 


5 0 s — a-110 0 * 2 -53:+6 7 * 2 +10*+21 8 * a -*-20* 


9 

z 2 - 15.&+50 10 

* 3 +19*+88 


11 m 2 — 3m— 54 

12 

y 3 — 5y— 24 13 

y 3 - Hay + 28a 3 

14 

* a +8ax+15a 3 

15 

4m 2 + 4m— 3 16 

4a 2 -20a + 21 

17 

49a 2 +7a— 12 

18 

9* s +18*+8 19 

a 3 m 2 -6am-55 

20 

25* 3 -85* +66 ' 

21 

16* 3 + 4a* — 45* — 

ab 

22 

16* 2 +44*+10 

23 

m 3 * 3 +7m*+12 


24 

m 3 x 2 — 18m* +80* 

25 

4x 3 — 2a* +2bx—ab 

26 

3P+(c+d)z 2 +ccL 

27 

x 4 + a 2 * 3 — 5 2 * 2 — a 2 5 2 

28 

4x°+24x 3 +27 

20 

4* B -24* s +27 

1 

30 

9p B -9p 3 -4 



XXIX [p 59 

3 


1 

5^* 2 — 8ac? 

3 — 17m* 

4 

5cx 

- 2 ^ 6y. 

0 

-| 5 ? 7 - 

c 

8. 

1 

2nx 

3px 

a 

»3 az 


XXX [p 60 ] 

1 -«=*- 2 3o5 3 -4 a* 3 y 4 -4a B &cd 5 43 *-*. 

a 3w p _ 

2 a" 7 2 «* S J' 8 -4 xyz 2 9 ^ a js m s 10 | a3je ^ 


XXXI [p 61] 

« ™”,, 2 ' 2 °+ i ® 3 °- 2i 4 5 -4S+2.S, 

10. f* 3 +2*y-3y 2 11 ~«+3&+2c ' 12 8a 3 *+a-2w 

13 Ua*+Qad-8b* 14 -fwW+3*- 2 «y 15. «-5*s+4 tf 
16 3a -4a&+55 17 4ay-|ar +Jf 3 18 55 3 -4c 2 +2c*-l 

19 -?+*,-&+& 20 4 ^ 3 _ W+2 ^ +1< 



All SEVERS 
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XXXII [pp 64 — 65 ] 

1 x+3 2 x+3 3 x-7 4 y+5 5 2*+l 8 x+5 


7 

2m+3 8 5 

-4a 9 3 

—2* 10 5 -4a 1L 

2x+l 

12 x-Zy 

13 

2x+3 14 

9x 2 +3x+l 15 4a 2 +4a+l 

16 

2x 0 — 2*+l 

17 

2* 2 — 3*+4 

18 

wi 2 -4m + 3 

19 

2x 2 -x+l. 

20 

x 9 — ax+a 2 

21 

x— 4 22 ax— i 

b 

23 x+5. 

24 

2a6— 36 2 

25. 

27-18x+12* s -8* 3 

26 

x 3 — ax+1 

27 

x 2 +ax— a 

28 

ax 2 +6x— a& 

29 

x 2 +2x— I 

30. 

3x 2 — x— 4 

31 

x— 5 32 9x — 36 

33 

4y-8a 

34 

5x— 4 

35 

8 38 *-?y 

- 



Examples for Be vision (B) [pp 65—68 ] 


1 3a 2 — 2*y+3c 2 2 bx—ay 3 * 3 -a(a+l)x+a 9 4 x+3a, 

7 5x+50 8. 0 9 Zbx+2{c-d)y 10 a 2 +3a+5 

11 —,8^+ 131i 9 — 364*+ 264 12 * 2 -2x+l 

14 (3*— 24) years. 18 9* 2 -/. 17 3(a+*)-20+6(*+y) 


18 

-52 19 ax 2 

— bx—a 

21 8 (a +6) , 

a +96. 

22 

3,1, 5,2, 3,5 

23 

27x-15y+34: 

24 x— 3. 

25 

* 2 -« 9 

26 

ax 3 +3x— 1 

28 1*. 

29. 

Horn , second , not how , fourth , horn , third 


30 

3x— 1 , * 3 +l. 

31 

x 4 +2* 3 — 2x— 1 

32 x+3. 

33 

, x 11 

34 

• 3B - 1 

+f+2 

4 

37 

— a 3 +6a 2 x— 4ax 3 

36 

— 23* 3 +14xy 


39 

D^dQ 40. 0 

42 

12a— x 43 « 2 +6 <k+36 2 , 79 


44 4r— lOjr 45 0, 0 43 x 3 +2x+l 48 (4x+3a) rupees 

49 28, 6, 1, 3, 36 5 0 99 5L - 2a 4 + 3x^ - 3xy 3 + 2yK 

52 a s +2a 2 x+2a* 2 +x s . ffS 2* a +x+3 , 2* 2 ~7*+9 

55 29ax— 10x 3 — 10a 3 57 —72 58 x i —a i 

69. 2xp 3 , -46p, -1 60 25* 2 -50*+25, * s +2*+l. 

81 4* 2 — 38*+85 6 2 15 63 - 73,-13,-4,-1,32,71. 

64 6ax-* 9 -2a 2 65 y 3 - 9x 2 y + Zxy 3 - 27* s . 

66 *— 1, —2 67 4* 2 — ax- 5a 2 . 

68 x*~xy+y 3 , (a+&) 9 -(a+6}e+c 2 =a 2 +2a&+6 2 -ac-5c+c 9 . 

69. p+2? 70 - 55,-17,-3,-1,15,53 


36 
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P 

XXXIII [ pp 69—70] 

1 9x a +4y i +9z 3 +I2yz~l&zx-12xy 

2 4x a +36y 3 +z a +12yz+4zx+24xy 

3 9a a +25b 3 +16e 3 +40be+24ea+30ab 

4 a 3 x 2 + b 2 y 2 +c 2 z 2 - 2bci/s+2cazx - 2 dbxy 

5 a 2 b 2 + x 2 y 2 +c i +2abxy- 2c 2 xy -2dbo 2 

0 o 4 + 2a 3 5 + 3a 3 6 3 + 2a& 3 + 5 4 . 

7 1—4*+ 10**— 12* 3 +9* 4 8 a 4 +& 4 +c 4 +26 9 e 2 +2c 3 a 9 +2a 3 & 3 

9 a 3 + 6 3 + fl 3 + d' > -2ab - 2ao + 2acZ+ 2bo - 2bd— 2 cd 

10 16a 3 + 25J 3 + c 3 + 4d? + 40a 6 - 8ao - 16ad - 10&e - 2Qibd + 4cd 

11 2*(3y + 4s) + ( 3 y +4 s) 3 =■ 6xy + 8*2 + 9y 3 + i62 3 + 24 yz 

12 9*°+a°-6a 3 * 3 — 12a* 5 +4a 4 * 3 13 y i + 2*y 3 + 2x 2 y 2 + x s y 

14 20a* 3 — 37a 3 * 3 + 30a 3 * — 9a 4 15 p 3 +g 3 +2p+2g+2 

10 4 jj 3 - 9? 3 -4p+6g 17 625 18 0 10 0 2 0 25a 3 . 

21 4* 3 22. 4 23 * 3 24 4* 3 25 46 3 -8&+4. 

XXXIV [pp 70-71 ] 

1 (a+5) 3 -c 3 =a 3 +2a6+& 3 -c 3 2 a 3 — 6 3 -c 3 +25c ' 

3 a 3 — 2ac+c 9 — 6 3 4 a 3 +2ac+c 3 — 6 3 . 

5 * 3 — 4y 2 — 9z 2 -12yz 0 x 2 —4xy+4y 3 —9z 2 . 

7 v 2 —4y 2 —9z 3 +\2yz 8 a 4 -2a 3 & 3 +6 4 

9 * 4 +a 3 * 3 +a 4 » 10 * 4 +a 3 5 3 +2a&* 3 -& 4 

11 (a-&) 9 -(c-£Z) 3 =& c 12. (*+l) 3 -(y-2) 3 =&c 

13. a 4 -* 4 14 *®-y 8 15 *«+* 4 +l 10 a 2 -d 2 , 

17 4a 3 18 45 3 +8&c+4o 3 . 19 8a&-4a 3 6 3 -3 

20 aW+Wd? 

l 

XXXV [pp 72—73] 

1 (*— 2) 3 =* 3 — 6* s +12*— 8 2 8* 3 +36*°y+ 54*^ 3 +27y s 

3 1 25m 3 + 150m 3 ?! +60m?i 3 +8n 3 

4 125* 3 -225* 3 ^ + 135*y 3 -27^ 3 5 27a s + 54a 3 & + 36a& 9 + 8& 3 

8. * 3 — 3* 3 +3*— 1 7 l + 6*+i2*2+8* 3 

8 8* 3 -36* 2 ^+54*2 a -27,y 3 9 8* 3 -48* 3 f 96*-64 

10 1 — 12* + 48* 3 — 64* 3 11 1+3* 3 +3* 4 +*c. 

12 8— 12* 3 +6 , b 4 — *° 13, a 8 *3 — 3a 2 x 2 y 2 +2a%y i ~y° 



ANSWERS 


II 


14 {(ff+i)-(rt-i)} s =(25) s 15 Sx* 16. -64 17. 27a 3 

18. SVfr+lJ^ST^+SU’+Slar+S? 18 8^ 20. (Gc-2bf=&c. 


2L 

-144 

22 

0 

23 '-740 

24 43 25. 

26. 

2G9 

31 

64 

32 (5 5 

33. L 




XXXVI [pp. 73- 

-74] 

14 

l+x° 


15 

8x=-27 

16 27x°-8^A 

17 

G4a 0 +12 jr >x 3 

18 

8m°— 729n fi 

19. x+y 

20 

x*-Sy m 


21 

2«"+2ax 5 — x' 



XXX Vn [p 74 ] 

L (x+a) ! +3(x+f«)+2— &c 2 («+I/) 5 +3(£i+J)-10a&c 
3 (x+y)*-S / x+y)-C*=&,c 4 (x+2jr) 5 -4(x+2p)+3=&,c 

5 (ax— ft) 3 — 4(ax-&)— 21 miS.c 6 (x*— xy) 2 +10(x s — ‘*y)+24=»&c 
7 (2'i-J) s -n(2a-l»)+28»&c 8 (2x-3*) ! -(2x-3y)-30=4c 

0 (3x s -lx) s -I4<3x 3 -4x)+4S=.Sc 

10 (2a , -aJ) s +5(2«*-«&)-24*=&c 

11 <1x-ty) s -3(lx-5jr)-f.4«&c. 

12 { 3x - 8)’ +i/(3x - 8) - 20/ = 

13 (a 5 +3'i6) 5 — (c*+rf 3 ){« 3 +3a&)+(j ,, rf I ~&c 

14 (x 5 - 4-Y— 5y'(x 3 - 4i 5 )+Cjf 4 » &,c 

XXXVIII [p 75] 

1 a(b+x) 2 m(l+x) 3 x(2-t) 4. a(a-c) 

6 m(»i+2x) 6 3r(r s -5«) 7 ab f K n+b) 8 b(a—c+ac) 

0 2a(4'i— lb — 2c) 10 r 'p(4g-3pr 4-lIr) ill 3a&(a 3 -63). 

12 «5(2a&4-3) 13 Spq^p'-q) 14 Sx^-Smx 3 ). 

15 Gwi E (3m 3 — «) 16 xy(3x+2y+l) 17. 4a&(a 3 -4a+5&) 

18 xtf(2x"y n — 3 rx + 2 ry) 19 3x-j(2x ~3y+ 4xt/) 

20 OxyCOx'+T/J 21 Gm*rX4mW-7r) 22 7a 2 xy 2 {a+2x-3y) 


1 (a+cX&+ ( fy 

4 (2a-i){x-2y) 

7 (x-w)(x+p) 

10 (T+h)(jj-c?i) 


XXXIX [p 76] 

2. (i/i+nXm+l) 

6 (l-x)(I-y) 

8 (a+l){a 5 +l) 

11 (a+ic)(6+ac) 


3 (a +1}(^+1) 

6 (a-6X«-<0 
0 (i-*XH-* 2 J 
12 (ax-6Xex~d) 
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13 ' (a-cq){hq-a) 14 (yz-x 3 )(zx-y 3 ) (a+b)(x-y+z) 

16 5m(p-q)(p+2q~5m). 17 x(y+b)(z+c) 18 g(m+3)(&-4) 

19 m(my-x)(mx~y) 20 8mn(ni-2?i)(«-3p) 

21 2a(ag -2bf )(2 ah -cf) 

XL. [pj> 77-78] 

1 (1+*)(1-*) 2 (m+4)(m-4) 3 (8+g)(8-y) 

4 (l+92)(l-9-) 5 (5 t y+l)(5 i y-l) 6 (4a+36)(4«-3&) 

7 (5ax+7b)(5ax — 7b) 8 (12*+13a)(12*-13a) 

9 (9g+8r)(9 2 -8r) 10 (25a*2 + ll)(25a* 2 ~ll) 

11 $p+lO0(9p-lOg) 12 (12ar+ny)(12*-lty) 

13 (7ac+9£P)(7ae-9d 2 ). 14 (lm+nq){lm~nq) 

15 (3s 2 + 4xy){Zz 3 — 4xy) 18 (5az+Zcy)(5as-2cy) 

17 (a — x)(a + r)(a 2 + x z ) 18. (4**+5a 5 )(4i 2 -5a^ 

19 (2a 2 +J 2 X2a 2 — 6 s ) 20 (6a 3 +x 3 J(Ca s -s: 2 J 

21 (6a 4 + 3 £ b X5o 4 — 36 s ) 22 (m 3 +4X7JH-2)(m-2) 

23 (4a 2 +l)(2a+l)(2a-l) 24 (l+af»Xl+*»Xl+*Xl -*) 

25 (a 4 + s: 4 )(a 2 + x")(a + x)(a - x) 26 (x 8 + a 8 Xx 4 + o 4 Xx 2 + a 3 )(x + a) 

x(*-a) 27 x(x+2y)(x-2y) 28 2a(5n+lX5«-l) 3 

29 3(l-4aa?Xl+4«af} 30 2(4mm + l)(4m7i - 1) 

31 3 a(ct+x)(a~x) 32. 5a*(2a+&X2a~&) 

33 Zx(5x+4y){5x~Ay) 34 3*(l+2*Xl-2x) 

35 2(Px'H$ab+2xyX5ab-2xy) 38 3r(9x 2 4- 4,y 2 )(3^+ 2^)(3 j - 2y). 

37 3 x(x+$y)(x-$y) 38 2a(a 2 + Jx 2 )(a + {x)(ct - hx) 

30 2a 3 6 2 (9« + 46 2 X9a — 46 2 ) 40 (x-y+z){x-y~z) 

41 (m+2n+q)(m-2n-q) 42 (JSy-4b+6v){3y+4b~6x) 

43 (6a? — 8y + l)(6a? — — 1) 44 (2a+3&-9c)(2a-3&+9c) 

46 (4+I5s+18mX4-153-18k) 46. (5o+6^-2)(5jp-6j+2) 

47 (5x-2y+ 3z)(5x -2y- 3s) 

48 (2lx -2my+ 9xy)(2lx - 2my - Qxy) 49 25(r-s+<)(r-«-0 

60 (a+6+fc+dXa+l>-c-d) 51 (3*-2y+2s+lX3x-2 i y--2s-l). 

52 96x 63 — 60a& 64 13(a — &)(a + b), 66 4(2ax — by){ax +2by)* 

66 —4ax(a 3 +x 3 ) ' 67. (3«-26-cX«+46-5c) 

68 -4(2«+cXa+26+5o) 69 (l+«Xl~*)(l+y)(l-y) 

60 y(y+r)(y s -xy+ 2x 3 ) 81. (m + l)(m - l)(x +y)(x^y) 
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62 

(p+q)(p- 

'?)(r+*Xr-*) 

63 

8ar(«s+x 2 ) 


64 

60S00 

65 

758000 

68 

S1933 

67 

19455 

68 

3393600 

09 

4096 

70 

7225 

71 

21025 

72 

37249 

73 

173056 

74 

978121 

75 

99980001 


XLI. [p 79] 

I (a+i)(a*-4a+lG) 2 (j-2y)(^ 5 -f 2xy+4^) 

3 (Za-b)(M+2ab+b‘ 1 ) 4 (3x+a)(9x s -3«r+a*; 

5 (2rt+lX4« s -5a+l) 8 (4£-l)(16jt 2 +4£+l) 

7 0+3l)(l-3i+91 s ) 8 (8x— 3}(64* s +24r+9) 

9 (5«+3x)(2Bn s -15«r+9x 9 ) 10 2(3m-l)(9jn : +3m+l) 

11 (x+4y)(r s -4xy+16y 9 ) 12 (ax-4tf) a*x a +4axff+16y*) 

13 (4a+5&)(lG'» 2 -20i&+25& 3 ) 14 (2ac-6)(4a !! c s +2«6c+6 2 ) 

15 (7x+2)(49c 5 -14x+4) 16. (* 2 +yX* 4 “ *-y+'J:) 

17 8(3«~x s X (lrt2 + 3 '»* 9 + *‘) 18 27(3 +2c)(9 — 6e +4e 2 ). 

19 (ar+lyX^—Jj-jr+iy 5 ) 20. (rt-6x 3 Xd« s +?f»« 3 +9i 4 ) 

21 xy(x+2j)(x 3 -2xy+4y 3 ; 22 3p s y { (4p) 8 - (5gr)' t } = &c. 

23 {x-2(y+r)}{i s -2x(y+c)4-4(3r+c)*}«=:&.c 

24 {4(«+&)+3e}{lG(«+&) 2 — 12(a+&Jc+9e*}=&,c 

25 f(«+5)x— 2cy} {(a+&) , x 3 +2x(«+5)c i 5r+4c^ 2 } =&.c 

20 (x-tfXs J -6ry+7y a ) 27 (a 2 +&<0(a«-4a=&c+7& s c 2 ). 

28 2(x + fl)(x — rt)(x* — 2a~x ~ + 4 a 4 ] 

29 -(*-l) 2 (*«+2* 8 +0* s +2*+l) 

30 9x 5 -30x+100 31 1 -4a 32. 9a+66. 

XLII [p 80] 

1 (1 + «){1 — a)(l +ab) 2 (a+b)(a-bXl~ab) 

3 (o-l)(n+lXa 2 -«+l) 4 (x-lj^+x+l) 

5 (x+lXaf-lX* - ®) 8 (l-av)(a+x)(a-x) 

7 (l+2xXl+*Xl-*) 8 (a+b)(a-b-ai) 

9 (a + &)(« - &)(x + 1 )(x - 1) 10 (x-!/){x+y+a) 

II (*— &){x i + *!/+&• +ax+ay) 12 (1+axXl+a-ax) 

-13 (o+»X«+2*Xa-2x) 14 (o + lXa-l) 3 (n 2 +a+l). 

16 (a+lX«-lX*+lX* 3 -*+l) 16 («-lX«-lX* a +»+l) 

17. (o +!)(«— l)(x+ l)(x — 1) 18 (rt — l)(a 3 x+ax+x+ 1) 
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10 (1+2 x*)(l+cv-2x 2 ) 20 (fl+&) 3 (a 3 -«6+& a ) 

21 (a+x)(a-x)(a*+ax+x*) 22 (a-l))(a+bf(ar-ah + b-) 

SLIII [pp 82—83 ] 

1 (x+3)(x+4) 2 (a+2)(a+5) 3 '(#+3)(s+7) 

4 (?>+4)(p+20) 5 (s+14)(z+3) 8 (tf+4)(*+5) 

7 (a-l)(a-3) 8 (a-4)(a-5) 9 (tf-2)(*“4) 

10 (a— 4)(a— 3) 11 (i-2)(*-3) 12 (s-17)(«- 10) 

13 (*— 4)(*+8) 14. (a+3)(a— 7) IB (o+9)(a-8) 

16 (r+4)(*-8) 17 («— 4)(£ + 10) 18 (*-2)(*+21). 

19 (*-6)(*+7) 20 (s-9)(ar+6) 21 (j?+3)('C — 18) 

22 (m-8)(TO+12) 23 (m+3)(m-32) 24 (j»+4)(m-24) 

26 (a — 10)(a + 12) 20 («+B)(a-24). 27. (p-9)(p+16) 

28 (*— 4)(«+12) 29 («— G)(*+8) 30 (s+3)(*-10) 

31 (i-l)(i+20) 32 (Z+3)(J-26) 33 (1+G)(1-13) 

34 (*-l2)(*+13) 35 (s+6)(*-26) 33 (a&+3)(fl&+12) 

37 (a&-2X«&— 18) 38 (xy+3)(xy-G) 39 (pq~2)(p$ + l5) 

40 (mn+2)(m?i— 8) 41 (ax — 4)(ax + 9) 42 («+G&)(«-96) 

43 (*+5y)(3-20y) 44 (x-4y)(x+Gy) 46 (x+2y)(x~\2y) 

46 (a-66)(a + 106) 47 (/+3m)(l+15m) 48 (a-3&/a+20&) 

49 (m+16n)(m— 8n) 50 (m+4n)(m—22ri) 61 (p-19gr)(p+20g) 

62 (6+6*)(6— *) ' 63 (8+13a)(8-15a). 64 (l-4m)(l+6m) 

65 (£+20)(i-21) 68 (»+26)(x-25) 57 (?+25)(?+S0) 

68 (l-3a:Xl+6x) 69 (1 + 2*)(1 - 9*) 60 (3 7 4 j:)(3 + 8j) 

61 (3+2*)(3 — 16t) 62 (3-2*)(3-14*) 03 (5 - 12m)(5 - Gro) 

64 (6-2r)(6+8ar) 05. (5+*)(5- 16*) 80 (m-20)(ro+15) 

07 (m+Zn)(m—\Qn) 68 (x — 8n)(# + lOn) 69 (1— xy)(l+4xy) 

70 (1+30^(1+25^) 71 (1 + 16)(1 — 12) 

72. (*+4y)(«-10^). 73 (a-18)(a + 27) 74 (*+18)(*-20) 

76 (*-14)(*+40) 70 (a? — 8)(16 — a?) 77 (*+6)(12-ar) 

78. (*+20)(4-*) 79 (*+3&)(*H) 80 {x-3)(x-}) 

81 (a+2)(*-§) 82, («+ 2 )(a+ 2 ) 83. (x+y)(x+ay), 

84. (y+x)(y+x-l) , 85. (*-«+2)(*-a-3) 

86 (*-y+l)(#-y+3) 87. (*+2y-])(*-y+2) 

88. (s +a 3 - 2aZ> + 6 2 )(* - a 2 - 2a& - & ! ). 80. (*+«+])(«+»- 1) 
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XLIV [p 84] 


1 

(*+2X4*+3) 

2 

(n+4X r )ft-l) 

3 

(2* +3X3*— 4) 

4 

(2* -9X3* -4) 

5 

(s-yftx+S) 

8 

(*+8X4*— 9) 

7 

(2p— '»)(4y+7) 

8 

(3*+8X5*-12) 

9 

(4*+lX3*-5) 

10 

(2*-lX5*+4) 

11 

(3m+7X3m-4) 

12 

(*+8X8*— 3) 

13 

(5* +3X3* -71 

14 

(4* -3X2* +5) 

15 

(3r— 8X l*+5) 

10* 

(2s- lX4x+7) 

17 

(3* -2X2* +5) 

18. 

(4*+3 y)(x-4y) 

19 

(2-r3j)(5-0j) 

20 

(3*+ 2X4* -3) 

21 

(2*-5X6*-l) 

22 

(4i+7X*-3) 

23 

(Gp-C ? X4p-7g) 24 

(l-5*X3+2*) 

25 

(9xy—2)(xy+G) 

20 

(*+4ffX8*-3«) 

27 

(3+2*X2-5*) 

28 

(Sa-3b)(2't-5b) 

20 

(3*+4yX 4x+Sy) 

30 

(2a-5b)(6a+b) 

31. 

(3m + 5n)(6m — 7n) 

32 (4a 

:-3aX3*-8a) 


33 (3v-4)(Ux+ r t) 34 (7y+15r)(8y-3:) 

35. (82+9y)(3*-Sy) 


XLV. [pp 8S — S9 ] 


3 

— 2S. 4 

+6 

6 

+28 8 

-8 

7 

+2G 

8. -25 

0 

20 

10 

R3 

10. 184 

; 14 28 

, 19 G 

20 51 ft. 

21 

23 4 ft 

22 

4 3m 

23 

2 m 


24 

22f ft 

25 

42 ft. 

20 

15 ft. 

27 

28 }d 


28. 

15 miles 

29 

27 mi 

30 

2G mi 

nearly 

31 

2x30 

ft 



XL VII. [pp . 94 ] 

1 8 2 8 3 i 4. 3 6. -1 0. 5 7. 12. 8 1 

9 5 10 G 11 5} 12 4 13 3 14 r s 15. 3 10 10. 

17 15 18 4$ 19 20 29 21 4 

22 -3$ 23 3i§. 24 -for 

XL VIII [pp 95—97 ] 


1 

12 2 

6 

3 

8 

4 

10 6 

s 

6 120 

7 

10 8 

30 

9. 

-IS. 

10 

2J 

11 

7$ 

12 

“iff 

13 

Gf 

14. 

8 

15 

S/t 

10 

2 

17 

3 

18 

H 

10 

2. 

20 

16. 

21 

13. 

22 

5 

23 

«1 

3 

24 

7. 

25 

2. 

28 

9. 

27 

2 

28 

2 

20 

-3 

30 

13 

3L 

0 

32 

3 

33 

7 

34. 

10. 

35 

3f 

36 

-2 

37 

9. 38. 

5. 39 

. 3 
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40. -8 41 3 42 9 43 8 44. 5 45. 8. 46 8 

47. I? 48 3 49 35 50 72 61 51 52 7 53 8 

XLIX [p 97] 

1. 122364 55265 32 7 13f 8 20 

9 '-39 10 1 11 4 12 11 

LI [pp 101—103 ] 

• _ 63 

1 3*-a 2 31-* 3 4 5+y 4 20-* 6 — 

0 54a? 7 (*+34) yra 8 (50-3*) miles 

9 .4, (6* +3) miles, B, (6x-6) nnle3 10 (6*+20)s 

11 6* 12 (*-6)yrs , (*+G)yrs 13 ill r 14 — g™. 

15 Jab 13 — , J 92 17 12* miles 18 — . 19 — lire ' 

20. ^ miles 21 (y-*+3)Rs. 22 (*+y-20)Rs 23. 5(*+3)yrs 

24 miles per hr 26 A has (*-y)Rs , B has (*+y) Rs 

26 2m,8(m-3) 27 10*+^,10,jM 8 100^+10*+*, 

100s+10*+y 29 10*+y 30. *=a + 15 31 y—5-x 

32. *-3=y+4 33 ^^=5,9 34 45-*=8*,5 

35 3*+3=54,17. 36 3*=81 37 40-*=7(10-») , 5 

38 *+15=3(*— 15) , 30 30 x=4(*-m) 40 18=(a~*)7i 


LII [pp 103—107] 


I" (1) 162f sq ft II <(1) 600 sq f b. Ill (1) 20£ sq ft 

(2) 11 ft 3 m (2) 72 ft (2) 5 ft 3 m 

. (3) 12 ft. (3) 32 ft 8 m. 

(4) lOsfc * 

(5) 18 ft 

IV. (1)5 ft 2 m V (1)34 04 sq cm VI (1) 11 ft , SO cm. nearly. 
(2) 36| sq ft . (2) 25 cm. (2) ljyd 

(3) 12 75 cm s (3) 5& m 
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“VII (1) 707 14 sq cm. , VUI (1) 176 sq in X. (1) 3541$ c. ft. 



50 29 sq in. 


(2) 

8 cm 


(2) 8 cm. 


(2) 6 cm 


(3) 

114 m 



/ 



(4) 

20 cm , 

15 cm 


XI 

(1) 14142 9 c cm 

XU (1) 

439 

Xin (1) 37 


(2) 84 cm 


(2) 

17 


(2) 5 




(3) 

12 


(3) 16,30 




(4) 

14 


(4) 7, 24 

XIV (1) 15 miles 


XV (I) 

49 ft 

XVI (1) R152 4a. 


(2) 3 hours 


(2) 

4 6 sec nearly 

(2) R615 


(3) 45 





(3) 3£ years 







(4) 4 



Lin tpp 108—116] 



1 

10 2. 120 3 

114 

4 71 

5 28 

6 

31 ’7 4 

8 

810 9 24, 10 

9 

11 18 

12 98 

, 85 

13 38 , 53 

14 

16,10 15 60,65 

10 

35,29 

17 

22, 14 

18 

539, 540,541 

19 

381 , 383 

1,385 

20 

256, 257 

2L 

15, 21 

22 

Rs 875 , 

Rs 125 

23 153 , 54. 

24. 

A 693 , B 570. 

25 

276 , 245 


26 

Rs53, Rsl9. 

21. 

117 , 102 , 130 

28 

Rs 114 , 

Rs 95 

29 

A, 30s ,B t 21s 

30. 

£1 10* , £3 15s 

31 

9 jears 


32. 

In 15 years 

•33 

3 jears ago 

34 

45 yro 


35 

40 yrs, , 35 yrs 

36. 

38 >rs , 13 jrs 




37 

42 j rs , 12 yrs 

38 

A’* 35 &s 30 , (Po 27. 



39 

50 yrs 

40 

A >«. 12 , 30 , C»s 6 

41 

Rs 48 


42 20 , 15 

43 

A Es 30, B Rs 15. 

44 

Rs 60 


45 Es 250 

40 

A Rs 510 ; B Rs 

460, 

47 

30 ft 


48 42 

49. 

1512000 sq miles 


5o' 

72 5L 30A 62 22 days 

53 

12 Ji-cr , 40 h-sov 


54 

3 sov , 

12s , 

60 six-d 

55 

pence 6 , shil 27 , 

h-cr 

9 56 

3$ mu per hr 


57, 

14| mi from A* a i 

starting pt 




58. 

4 mi per hr 


59 

7 mi per hr 


80 

hr. after the second 

pipe is opened 
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LIV [fip 117 — 119 ] 


1 

39 

2 

23064 sq ft 

CO 

fco 

CO 

4 

§f 5 

1 s 
35* 

e. 

25 

7 

128 

8 

1680 

9 

672 sq ft. 

10 

72 lb 


11 

144 

12 

275 

13 

420 

14 

56 

15 

6 mi 

16 

110 

,90. 

17 




18 

201 



18 

36 yrs 

20 

A Es 

20 

8a , 

B Es 10, 0 Es. 18 

8a , 

, JD Es 13 





21, 

A Es 30 

, B Es 27 

, 0 Es 23 

22 

A, 

320 


280, C, 200 

CO 

c* 

£2 10s. 

24. 

12 gals 

25 

44, 

45 

26 

51 

27 

13s. 

28. 

10,14 

20. 

Es 690 

30 

Es 

100 


31 

30,40 


32. 

21 tolahs 


33 

20 

34 

A £60, 

B £50, 

G £30 


35 

2J and 3j yds 

36 

162 

, 108 

37 

654 








LV 

[P 

121] 






7 

7 8 

-2 

9 

2 

10 

3 

11 

-61 

12 

* 


I, VI [pp 123—124] 

JTB — The values of s. and y are given in order 


1 

44,15 

2 

74,7* 

3 

8,3 

4 

7, 

6 

5 

9, 

11. 

6 

4,-3 

7 

3,-1 

8 

1,3 

9 

12 

,9 

10 

1, 

5 

11 

3,2. 

12 

3,3 

13 

4, 10 

14 

2, 

3 

15 

4, 

7 

16 

-2,2J 

17 

8,6 

18 

15 , 20. 

, 19 

18, 

i 15 

20 

12 

,3 

21 

9,g 

22 

12, 20 

23 

5 ,10 

24 

24 

,12 

25 

4, 

2 

26 

12,5 

27 

12,9 

28 

7,8 








L VII [pp 127—129 ] 

2TB — The values of x and y are given in order ' 


1 

25, 1 

2 

1 

09 

10, 11 

6 

9 } 8 

7 

8, 10 8 

5, 12 9 

12 

6,8 

13 

5,4 14 

2l S 5 , 14 

17. 

40,60 

18 

5,6 19 

7, 10 

22 

4,3 

23 

4 , 10 24 

i,i 

27 

2,1 

28 

3,2 29 

3,-4 

32 

-5,4 

33 

2,3 34 

1,1 

37 

5,6 

38. 

131 , u 

39 

41 

4 , “17. 

42. -02 , 2 9 43 


4 

10,4 

5 

8, 10 

3, 

2 10 5 , 

, 2 11 2,3 

15 

144 , 21b 

16 

24, 12 

20 

*,1. 

21 

4,* “I 

25 

31,‘2J 

26 

1|,24 

30 

A , is 

31 

3 ,b 

35 


36 

},1 

-2| 

,* 

40 

11, 8 

?jf , iY" 

44 

10,5. 



ANSWERS 


19 


LVIII \pp 130—131 ] 


FT B — The values ofx,-y and z arc given in order 


1 

5,2,4 

2 2,1, 

3 3 

16, 15ij 16£ 

4 

8,2,6 5 1,5,2, 

0 

3, -2, 1 

7 2, 

-3, - 

4 8 

11, 

15, 17 

0 6, -1,-4 

10 

4,2, -1 

lL 

2,4,6 

12 

5, 

-3, 8 

13 5, 8, 12 

14 

5, 12, 4 

15 15. 

, 12, 20 

10 

14, - 

■18, - 

8 17 2, 2, 4 

18 

2, 1, -3 

19. 5, 

11,7 

20 

8,6, 

12 

21. 64,80,100 

22 

15, 13, 18 

23 

5,7,6 


24 

6, 7, —3 


LIX f [p 132 ] 

B T B — The values of a, y and z are given m order 

1 l > b i 2 6, &, £ 3 i, h i 4 3, 4, 6 5 2, 3, 6 

6 4, 6, 8 7 1, }, i 8 Each =2 0 *, £, £ 10 1, 2, 3 

'll 3, 5, 8 f 

LX [pp 133—138] 

1 93, 85 2 49, 16 3 32, 15 4 63, 21 5 10, 16 

0 24, 36 7 52, 18 8 232 9 & 10 % 

11 £§. 12 ££ 13 | 14 f 15 & 16 & 

17 8p , la 18 Rl5 8a , R8 4a 19 8 20. 24 bales or 72 casks. 

21 69 fl , 36 half-cr. 22 667, 533 2 3 43, 34 2 4 75, 100, 125 

25 35 and 14 jra 20 40,16, 14 27 18,11 28 6 oranges, 

4 apples 29 96 apples, 108 oranges 30 20, 18 3L 22, 26 
32 40,21 33 60 34 16 and 12 ffc 35 Wine 40, water 15 

30 36, 24 

LXI [p 140] 

1 58 or 85 2 97 3 54 4 37 6 91 0 48 7 17 

8 63 9 38 10 17 11 631 

LXII \pp 144—150 ] 

(«)<? {h)G (c)P (d)AT (e) B (f) A (g) R (A) E 

(i)F (j) L. ( l)S (Z) G (n)ff (p) K (q) D 

(r) T (s) W ( t ) F (u) Z. 


1 
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2. A( 9,7) 5(12,15) a (-3, 6) D (-8, -4) 5(11, -14) 

5(8,0) (?(— 12, 11) 5(— 5, —13) 5 (—10, 0) L (—5, 13) 

21 (0,-8) 5(13,13) 0(0,0) P(-6, -10) <2(14, -12) 

5 (0, 12) S (- 7, 9) T (7, - 11) F (- 3, - 9) 7P (6, 10) 

Z(10, -12) 


3 (r) to (v), take 3, 4, 5, 3 and 4 divisions respectively as unit 


4 

(«) 5, 7 

(J) -6, 

8 (c) 

-7, - 

■10 (d) 9, 

-9 (e) 0, 0 


(ft o, 0 

(7)0,4 

{h) 

-6,1 

(t)- 

1, -6 0) 6, -2 

8 

(fl)10 

(6)"l3 

(<017 

(d)5 

(«)io 

(f) 13 (g) 13 


W 17 

(*) 15 

0) 23 




7 

20 

8 25 

9 7 81 

10 30 sqs 

11 144 sqs 


12 81 sqs 18 35 sqs 14 50 sqs 15 48 sqs 10 48. 

17 52 36 23 8,-5 24 6, 0 ,-1, 1 27. 17 


IiXIII [p 152/1 

1 -17, -12, -7,-2, 3, 8, 13, 18, 23 

2 8, 7, 6, 5, 4, 3, 2, 1, 0 3 13, 11, 9, 7, 5, 3, 1, -1,-3. 

4 -I -3, -3, “*,0,£,!,I 

5 -i, ~h -b h 1 1, h b # 

6 J ri Ij si h ~|j -si - 1, — ^ 

7 12, 10 , 6, 5 , —6, -5 , -12, -10, 

8 14, -5,9, -3,4, -I , -1, 1 , -6, 5 , -11, 5 

9 -17, -2,1, -1, 13, 0 

LSZEV £p 154] 

3 220 sqs , (i) 40 sqs , (u) 48 sqs , (m) 72 sqs , (iv) 60 sqs. 

LXVI jjp 159] 

thepoints U ^ e< ^ ma ^ obtained by drawing a line through 

7 (0,2); (3, 3). 8 (2, 2), (6, 3) g (0, £), (--§, O) , take 

3 divisions of squared paper as unit 10 (— 1, 2), (3, — 1) 

11 (7, 4), (15, 9) 12 ' (0, -j), (ij, 0) , take 3 divisions as unit 

18. (0, 3), "(8, 0) 17 (0,6), (2,0) l 8 (-4, 0), (0, 2) 

19 (0,-5), (2,1) 20 (2, —2), (—1, 3) 21 (3,0), (0,-5) 
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22 (-4, 0), (0, 5) 23 (3, 0), (0, 4) 24 (5, 0), (0, - 3) 

25 (2, -2), (7, 1) 28 (4, -5), (5, 2) 27 (10, 0), (-6, -2). 





LXVII 

[pp 161 

—162] 



1 

-2,3 

2 

1.4 


3 

5, 2 

4 

3, -3 

5 

2,6 

8 

-4, -3 


7 

3,0 

8 

0, 5 

9 

-4,0 

10 

-3,4 


11 

-2, -3 

12 

1,3 

13 

4,5 

14 

*=5) "J— 

-2 

15 

4, -5 

18 

-3, 

17, 

At the points (3, 0), (0, - 

•2) 

18 

\]y=5x 




Miscellaneous Examples LXT7TII [pp 163—164 ] 
1. 32 units of area 2 98 umts of area 



-1 

,2,5 

, -4, 

-7,0, -Q 

8 (0,0) 8 (5,0), (-5, 

6), (0,-4). 

9 

5, ~ 

-2 

11 

17,3, 5,2, 

-7, 1, -19,0 

12. 

(0, 2) 

13 

No 


16 

<0 

II 

II 

12, 9 and 2 8, — 14 

17 

9 

18 

3y= 

■Ax 

19 

2x— 9y=»37 

20 7x+26y=33 

21 

(-3, 4). 





LXIX [pp 166—167] 



1 

24 


2. 

14, 6 

3 8,35 

4 

1 

6 

12, 

64 

8 

112 

7. 125 

8 

17,2 


LXX. [pp 175— 176 ]l 

1 149 m , 201 kilos ,2 30 fr , 19s 3 6 6 cent ,31m 

4 817,22 6 E3 11o,27Ur 0 R18 5a,18dajs 

7. 39 , 64 8 20a , R3 , R14 , 22a 6 \p , R7 8a , R25 15a 

9 10a , R2 13« , 6a Ip 10 R474 , 1150 copies 

11 2 hr 24 nun , 84 or 96 nu from start , 1 hr 48 min after start. 

12 7 hr 25 mm, 13. At 4 48 pm, 14§ mi from A’s starting 
place y at 2 pm 14 At 6 p m , at 3 36 p m , at 8 p in. 

16 (1) At 4 p m , (2) at 5 pm , (3) at 6 p m , (4) A 3 miles ahead 

of B } B 7 miles ahead of C. 10 3 4 days 17 12 days, 

18 18 sec 18 13m 20 sec 20 1 hr 

o 

LXXII [pp . 178— If 0] 

4. 31 1 , 32 3. 5 14 5 lb , 9th month. 


3 310,411. 
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6 R 23 , R27 , 37 yrs 7 6 66,108 8 581b, 551b., 

81 lb , 83 lb , both 104 lb 9 la 9 k? , Is 8c? , Is. 6£c? , Is 6£c? 

10 E2 4a , E5 12 a 11 1828 and 1845 , 1858 

12 50,95, 13 

Examples for Revision (C) [pp 180 — 184 ] 

1 2d- 25-20 2 | 3 2bx+2cy 5 fc) £ , (a) 19, 3 

6 34 7 Rl7 8 2a — 66 9 002 / 

10 2ax-2by, (a-l)*-p 12 (i) 10, (n) 3, 2 13 18. 

14 ~ 15 6* 16 *«+ 32** -320* -1024 17. 2 , * 3 

19 (l) 9 , (u) — 3, 5 20 855300 6. 2 L 15, 10 22 (a?-ab-b*)x 

+(a a +a6+6%-(a 2 +,a5-6 2 ;s 23 3*+8a 24 s^+bx-y 

+7*p 3 +8y 3 , -* s +8» ! |y+7*y*+7 £ 3 25 (a + 6-l)(a-6-l) 

26 (i) 2-J, (u) 3, 2 27 695 mi from A, 663 mi from B. 

28 14c? , lOd 29 3c 30 Dlff =(*-y) 2 31 (l+2*)(l+4* 3 ), 0. 
32 (i) -2 % , (ii) 33, 3 33 «/3sec 34 In20dayB 35 3*— 4y=24 

36. a+45,0 38 (a+b~o)x+(b+<;—a)y+(c+a—b)z 

40 (i)7J,(u)4, 5 41 ax+by ,i(2ax+bp) 43 59 
44 C«+6)(a+6+2c). 45 * a -*y N46 (i) 2 }$ , (n) 2, 6 

48 156,54 49 *«=3 50 8a-36,0 61. 83 3 +6«5-26 a , 

8a-26 6 2 0 6 3 4 9 64. 13 65 14,7,24 

66 25c?, 28c? 29c?, 32c? 

IiXXIII [pp 186] 

1 x*+aW+a* 2 a 4 -2a z 6*+6 4 3 I0a 4 +a 3 6+18a 3 6 z -72a& 3 

-276 4 4 * 4 -7*y+9p 4 6 * 4 +2a6* 3 4-a 3 6 2 -& 4 q, * 3 +t/ 3 

+3ay-l 7 a 3 +6 3 +c 3 — 3a6o 8 ap* 3 +2(«sr-6p)* 3 + 

(cp— 46y)*+2cgr 9 *°-5* 4 +3* 3 +6* z -7*+2. 10 3 * 4 - 

5x^/+6xY +5x^-3^ 11 4*»-10*»p+10««y*-21*y- 

5*W+5xy&+f 12 6n 6 6-7a 4 6 3 — lla s 6 3 +9a z & 4 — 5a6& 

13 a* - 2a z 6 z + 4abd l + 6 4 — c 4 ,14 35a 2 +lla 3 - 15a 4 +18a 6 -68«c 

+28 ° T 15 - (bp -ao)^+ (bq -cp- ar)* 3 + {cq + rp)x - rq 

16 a a (5+c)+6 3 (c+a)+c 3 (a+6)+3a6c 17 x^-px^+qx 3 -^*s 

+p*-l 18 4+5*+8**+10* 3 — 4*° 

19 l-£*- £**+&,*-$*« , 20 l+ix-ix*+§°x*-ix* 
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21 s 5 - #* s + -V -* 4 “ + - 4 1 * 5 - £ * + 1 . 22 . ag^+figh+afig*# 

+(bg+2fh)xy' i +bfy* 23 « 2 * 8 +(2<*c— & s )* Q +(2a/— 2&<Z+o 2 )* 4 

+(2cf—d 1 )x*+f a 24 Z^+my^ww^y+ta^+^Zy— l)* 2 

+ (2/m - l)y 2 + 2(/+ my)*y +(Z- 2y)* + (m - 2/)y - 1 

LXXTV [pp 188—189 ] 

1 1+* 2 -* 4 -* 0 2 -c s + 151*-264 3 *° — 4* s — 4* 4 + 22* 3 — 

12* 2 — 12*+9 4 *®-y s 6 * 8 - 6*° + 2* 6 + 9** — 13* 3 + * 2 

+21*— 7 6 a 7 — 2a c 6+3a B 6 2 — Sa^+Sa^+SaS 0 — 2b 7 

LXXV [p 189 ] 

1 t s + 6* 2 +11*+6 2 * s -(a + 5+c)* 2 +(6c+ca+a&)*-«6c. 

■ 3 a Jc + 5c* + acy + a Z 12 + c*y + bxz+ ayz + xyz 

4 1— (a+6+c)*+(«&+ea+5e)* 2 — a&c* 3 

5. a 2 &+ab 2 +i 2 c+6c 2 +a 2 c+ac 2 +2a6c 

6. al 2 — a 2 &+5c 2 — 6 2 c+ca 2 — c 2 a. 

7 * 4 — 16a 4 “ 8. 1— a 8 9 s 4 — 4* s — 7* 2 +22*+24 

10 * 4 +(a+&+c+d)* s +(a&+a 0 +aeZ+&c+&d+cd)* 2 +(a&c+a«Z+ 
bcd+abd)x+abcd 1L * 4 — (a+6+c+(Z;* s + 

(a& + ac + ad + be + bd + «Z)* 2 — (a&c + acd + JaZ + a&tZ)* + a&crf 

12 1 — (a* + by + ez) + a&*y + acxz + beyz — abexyz 

13 a 3 * 3 — a 2 (& — c + d)x-y -~(abc—abd+ accZ)*y 3 + &«Zy 3 
14. a’Cfi + c) + S 2 (e + a) + c 2 (a + &) — a 3 — & 8 — c 3 — 2a6c 

16 9* 4 -62* 2 y 3 +64y 4 16 a°-*° 17 *“ - a*« 

18 a 8 +a 4 * 4 +* 8 19 2& 3 c 3 +2c 2 a ! +2a 2 & 2 — a 4 — b i — c 4 

LXXVI [pp 191—192] 

1. x+6 2 — 2* 2 +8*+l 3 3# 2 — 4*— 2 4 — Sa^+SaT+a 2 . 

5 1— a+& 0 * 2 +y 2 +a 2 7 * 2 -*y+y 2 8 a 3 +2a&+26 3 

9 2r 2 y 2 +2*y+l 10 16* 2 — 4*y+y 2 11 1— 2*+4* 2 

12. a 2 +3a&+6& 2 13 2* 3 -3* 8 +2* 14. 2x*+2x--5x 

15 a 3 +2a 2 &+3a& 3 +4& 3 16 2a 3 +3a&+2& 3 17 * 2 -*y+y 2 . 

' 18 y— 2*~a 19 * 4 — 2* s y+3* 3 y 2 -2*y 3 +y 4 . 

20, 5* 4 — 4* 3 +3* 2 — 2*+l 21. m 4 + 2m 3 n + 3m 2 w 2 + 4 ??m s + 5n 4 

22 * 2 — 2a* - &* + a 2 + a J + & 3 23 a 2 -«&+& 3 -a-&+l. 


I 
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24 l-#+2y+* 3 +2ayr+4y 3 25 - 4x 3 -y 3 -z 3 -yz+ 2za? - 2ary 

26 _fl2_53_9 fl s+3Jffi-3tfa — a& 27 7* 2 +4a?-9 

28 SaS-^^+Sa^+S®'' 29 s 4 +3a» 3 +8« 2 x , --8a 4 . 

30 4x 2 -Sxy+2y 3 31 « 3 +y 3 +s 3 +l 82 o 3 +6 3 +c 2 +cf 5 _ 

33 a 3 -2csb+b 3 -c 3 34 xZ+x'-y+xy'+y 3 

35 x i ~sc i y+x 3 y 3 -xy 3 +y i 88 a+b-c 37 4x 2 — 2ay 2 +y 4 

88 * lt +y 3 +z 3 +xy—xe—2yz 39 9« 4 +6a 3 * s +4* s 

40 a? 2 +(?»+l) 2 ?+l 41 a 4 -a 3 6+o 2 6 3 — o& 3 +6 4 . 

42 a s -3a 3 a?+?r s 43 y i —(m— l)y s -(m-n— l)y 3 — (m —l)y+l 
44. « 3 +a(l— p)a?+a 2 45 $+2a+3a 3 40 1— 

47 a— b 48 ac—bc+a 3 — 6 2 49 y 3 -yz+z- 

LXXVII [pp 193—194] 

15 2 — y 2 3 5#— 3 4 2y 3 6 m 9 +2mn+l.. 

0 a? 3 — 2a?+3 7. 216 8 a?+3 9 * 2 +2 

LXXTin [p 195 ] 

1. a? 2 +6a?-4 2 3# 2 +9a?+14,r=G3 

3 8a? 2 + 15a:- 72, r =272 4 3t 3 ~2x 3 +l4x-28 

6 x*-3x-2 6. 16x s —24x 3 y+36xy 3 —27y 3 j r—y\~ 

7 3* 2 -4*+5 8. x 3 +xy+3y* ,r=xy+7xy*-7yt. 

9 2a? 2 -3a?+4 , r=« 3 -4*-l 10. a? 3 -2a?+3 , r=a?-l. 

LXXIX [p 196] 

1 l+2T+2a? 2 +2a? 3 2 l+oa?+a 3 * 2 +a 3 * 3 3. 

a a 3 a 3 * 

4 1-(J+c)|+c{5+c)? s -c 2 (&+c)^ 3 5. l-x+2x 3 -2x 3 . 

8. l+a? 3 +a? 3 +a? 4 

LXXX [p 197] 

2 5,2,1,26 3 4, -2, 13, -1 

5 0,0, -60, 120. 0 6,0, -6, -120 

8. 2(a a +a? 3 +2a?— 3), 9. 32. , 

LXXXT [p 199] 

3 -3. 4. 5. 5. 0. 0. c 4 -3c 2 + 1. 


1 3, -13, 19, -5. 
4 2 12,0,42 
7. 6a?- 1. 


1 12 2 9 
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7. — g 5 +2g a +8j+10 8 0 13 4 14.16 15 p=- 10, ?=8. 

16 fl=5| J=24 

r 

LXXXII 200] 

1 fl 8 ?a 2 6+aJ a +Z> 3 2 a*-a s b+a*b 3 -ab 3+5*. 

3 a s +a*b+a s b s +tf 3 b a +ab*+b B t 

4 x G ~;r 1 y+;t 4 p s — X^+xfy 4 — xy 6 +y Q . 

5 * 7 +z*y+xfiy' i +* 4 ,y 3 +afy* +xy + ;ry G + ,y 7 

6 afl~x l y+xPy i -x B y*+x i y i -x i y 6 +*V“ tjF+y* 

7. a 9 +a 8 jr+a T * 8 +a c j? s +a B j; 4 +a 4 x B +a 3 *°+a 2 .e 7 +a* 8 +* 9 
8 a“ - a # j? + a 8 * 2 - a 7 * 3 + a 9 * 4 - a B x B + a*x* - a 2 * 7 + a 3 *® - ax 9 + *k>. 

9. X K +x M a + * u a s +j l3 a s + x u a* + x w a* + x°a a +x 8 a T + x r a a +x°a 9 

+x B a 10 +x i a u + v"a 12 +x i (( ,2 + to 14 +B 1 *. 


IiXxxiii ip 202 ] 

1 484 2 1. 3. 15 4 85,97,170 5 63001. 

6 529282 , 235359 7. 6a 3 J 3 +2(a 4 +&«) 8 19. 9 37. 

10 3a 3 J 3 +c 3 cP, a 3 J 3 +3c 3 (* 3 . 11 (1) (*-5) 3 -5 9 , (2) (x+9)*~9>; 

(3) (x+3a/-(2a) 9 , (4) (*+a) 3 -(2a) 3 , (5) (s 2 +5*+7) 2 - 
(2x+5)* or (x i +5x+^-)-’-(v+i) 2 or (* a +5#+5)*- 1 

L XXXIV [p 203] 

L 36 2 | 3. 2,40 4 26 5. - 296 8. 100, 

7-9 8. 3 


1 15x 3 +22x+8 

4 15x s +2x— 24 

7. 12a 2 - 25a +12 


LXXXV [p 203] 

2. 6x s +13x+G 
5 6x 3 — 25x+24 

8. 3Ga 3 +33x— 54 


3 32x 9 +28x~15. 

6 18x 9 +43*-5 

9 I6x s — I34X+I05 


L XXX VT [p 204] 

!• fli 8 + 6m 3 + 11m + 6 2. x 3 -6x 3 +llx-6 3. x ! +4* fl +*-6. 

4 x 3 +15x 9 +66x+80 5 X 3 +2£ 2 - 111-12 0 p 3 +2p 3 - 91^+88. 
7 * 3 ~2z 3 — 11«+12 8 A 3 -/* 9 -30/ +72 9 x 3 +6ax 3 +lla 3 x+6a 3 . 
10 a^-Va 2 ^— 6a 3 11 x 3 — 9ax 3 +23a 3 x— 15a s 12 y 9 -4my-+m‘y 

+6?n s 13 m 3 ~16m 2 +53m+70 14 /i 3 -5nA 2 -2n 3 /j+24n*. 

15 27x 3 — lS5x 9 +182x— 40 10. 125x 3 -125* 9 ~10x+24, 

37 



26 


'"the hew matrioe£atioh algebra 


L XXX VII [pp 205—206 ] 

2. 256 3 § 45 65 6 (a+6+o)*=&c 7 (a+5)*=&c. 

L XXXVIII [p 206] 

1—10 0 


L (2*+3)(3*+2) 

, 4 (3j-8)(8*-3) 

7 (*+8)(8*-l) 
10 3(4*+l)(*-4) 
13 (*+9)(9x-l) 

16. (m—8n)(8m—n) 
19 7(*-2y)(2*-y) 


L XXXIX [p 207] 

2 (3* +5X5* +3) 3 

6 (*- 12X12*- 1) 6 

8 (3m-4)(4m+3) 9 

11 (t+16)(16*-1) 12 

14 (x-6)(6*+l) IB 

17 3(3* +4X4* -3) 18 

20 (*-7y)(7*+y) 21 


(3*+4X4*+3) 

(5* -8X8* -5) 

(15r+lX*-15) 

(*+ll)(ll*-l) 

(5*-9);9*+6). 

(S*+2y)(2*-3y). 

(•>*— 8yX8*+6y). 


1 

4 

e 

8 

1L 

14 

16 

18 

2L 

23. 

26 

27 

1 

4. 

7. 


10 . 

13. 


XC [pp 208—209 ] 

(a+b)(a-b)(a-c) 2 (ax+b)(cx n -+d) 3 (*+«)(**-&*+!) 

(*— 2c)(**— 2a*+3a*) 5 (*-a)(*-6_r) 

(*-J)(*+2 a+b), 7. (1 — a*)(l —ox— cx-) 

(3* — l)(x + 5y + 4) * 9 (a— *)(ay+a~*) 10 (x-y)(x-5y+2 z ) 
(a-6)(a+2&-3c) 12 (a-4b)(a-9b+5c) 13 (*-a)*(*-6) 

Put c s «=m , (a— 6*)(a — 46*j(«— c*) 15 (x*+px-q)U 9 —ax- 11* 

(*-2y)(*+3y-l) 17. (*-y+] )(*+y- 2 ). 

(*-3a)(*+a-2) 19 (a+2)(«+66-5) 20 (a+3&)(a-&+2c) l 

(* — 3a)(* + 5a + 2) 22. (x+a+ab){x-b-ab). 

(*-3«-6&)(*_2a+6J) 24 (*-a&-a*)(*+a&-5*) 

(* — y + 3)(* — 3y + 1 ) , 26 (a-3&+2e)(a-&-2cH 

(*-3a)(3*-2a+6&) h 

\ 

XCI [pp 211—212] 


(*+f) J -(#) s 2 (*-10)2-10*. 3. (*-9)3-93. 

(x+J#) 2 -(^)3 5 2{(x— 1)3— (|)i) 6 

( m\* ,5m-,*' _ . ” J 

^*2 / ” ^ 2 J 8 (*+g-i)*-($)* 9 (**+3*+l)*-I, 


(**+«*— a*)*— a 4 . 11 (*+l2)(*+16) 12 (/.-6)(*-15). 
(a+18)(a-9; 14. (*-8)(*-l0) l 5 . (a+i9)( a -20> 
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10 (3*+4)C*-8) 17 

19 (4+7fl?)(3-ar) 20 

22 (4z— 3a)(x— 12a) 23 

25 (45-35X02-40) 26 
28 (*+^+3)(*-y-l) 

20 (a— i— (J)(a— 5&+e) 

32 (a— e)'a— 2&— 3c) 

34. (#-a-*-c)(3»+rt— 3c) 
30 (2ar+3y+4Xy-3X 

38 (x+5y+4)(3x— 1) 

40 (jr4-3^+3a)(jf+y+a) 


(3a-2)(4a-5) 18 (5-*)(6-5 jc) 

(5x+3y)(2x-5y) 2L (3x-2a)(2ar+9aX 
(3 — 20jf)(4+3jr) 24 (5.r-31)(3*+25). 

(y+94)(y — 95) 27 (*+81X8* -135). 

/ 29. (x+y-4)(x—y-2) 

3L ,(x+y+z)(x+9y—s) 

33 (a-6)(a+3&— 2c) 

35 (*+2p+3)(y+l) 

37. (s+y+z)(*— 2y— z) 

39 (2 y-x+a)(y-2x—ay 


XC3 X [pp 214—215 ] 

L 0 2 0 3 (6— c)(c— aXa— 6) 4 —(b—c)[e—a){a—b). 
5. iy-z]{z-x)[x-y) 6 -(y-zJ'z-jrXx-y). 

7. — (i— cX<J— aXa-6)* 5 . 8 — (6 — cXc —a){a— b). 

9. — (ft— cX c— a)(a— J) 10 (6-c)'c— aX fl ~ typ+b+c) 

1L —(b—c)[c—v)[a—b)[a+b+c) 12 (6— c)[e—d){a—b) 

13 — (6 - cXc — a)(a — &)* 14. — 4(6 - c)(c - aXa — b) 


L 

6 

10 

12 

20 


XCIII [pp 215—218 ] 

aP+b*— c?+3a&c 2. 8**— y 3 +s 8 +6*yz 3 2T* 3 — 8y 3 — 64z s 
-7 2xyz 4 l-^+SySJ-Gzy 5 -^-8j 3 -18xy+27. 
27a 3 — 64J 3 — 72aJ— 8 7 x*+y--r3xy—\ 8 (a+6+1) 

x(a 3 -a&+J2-a-&+l). 9 (a+2&-l)(o s -2a&-*-4& s +a+2&+l) 
(* +y — «X* 5 — *y +p 2 +ax+ay+ a?) 1L 1(y-z)(z-x){x-y) 

ZabcQt - cXc - a)(a - 1) 13 3(2x-y)(x+y)(x-2y) 19 0 


2*3= 


137S42 

421875 


XCIV. 

L (x+l)(*+2X*+4) 

3. (5?-lXar+2X*+8) 

6 (*+lX**+3*+8) 

7. (2ar+l)(s+3X3a?-2X 
9. (a- lfta+2) 10. (*+!)(* 


[p 220] 

2 (s+lX»+4)(*+5) 

4. (*-l)(*-3(*+5). 

6 (*-2X«+3X*-4) 

8 2(*+2X*-2)* 

2)*. 11* (*+lX*-f-5)(*-6X 
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12. (2a - 5)(2o 3 + a5 + t 3 ). 

14. (2® - 3)(4x 3 - 2a? — 3) 

18. (a+J)(a 9 +8a&-8&*) 

18. (a — 3&)(a s + at +36 8 ). 

20 (x+l)(5x-3XG*-2) 

22. (x-2)(x+4)(x--2x+12) 
24 (x-3Xx 3 -2.r s -Gx.-18) 
26 (a - b)(u + 2Z>)(3fj 3 + 2a6 + 4 &' 
28. (x - 5)(* + 1 }(3x + 2)(4* — 3). 


13 (x+l)(x+3)(4x—Z) 

16 (a-Zb)(a*+2<ib+Gb*), 

17 (x~2y)(x-4y)(x+ty) 

10 (a— 5)(2a — i)(3a + b) 

2L C*+2)(*-3)(jr 3 +x+7). 
23 (2x+l)(2x— l)(3x 2 +l), 

l 26. (x+1)(x-2X3x s -2x+ 4) 
! ) 27. (x-l)(x+2X*-3)(*+4) 


1 

4 

8 

8 . 

10 . 

11 

12 

13 

15 

17 

10 

20 

21 

23 

26. 

27. 

29 
30. 

31 

32 
33. 
36 

30 
38 


XCV. [pp 222—225] 

(I-x)(I-x-6) 2 (2m+2?+3) s 3 (<ix-y)'fix-y-l) 

ajr(x+y)(3x+3_y— 1) 6 (a+l)(a+b+ 2 c) 

(l-ff+s)(l~!/-s) 7. (l+«*+xXl+ax-x) 

(l+«+6XI-«-i) O (n + 5 +c)(« -b+c)(a+b- rX<« - 1 - e}. 

(tf + 5 + cX& + c - <«X<! + « — &)(« + 6 — c) 

(x+^+r-ti)fx+y-5+u) 

(6+c+d-aXc+rf+«-6X^+«+&-cX«+ 6 +c~rf> 
(x 3 +2x+2X* s -2x+2) 14 (2a 9 +2«6+i 4 X2*''-^«?*+5 ,, J 

(x*+x+lX* a -x+l) 16 (« 3 + at + b')(a* - ab + t 3 ). 

<x s +2x+3)(x 5 -2x+3) IB (x 3 - fM - pxv _ 

(x+ lXx- l)(x+ OJC x - 5) 

(a 1 — a s x* +x 4 )(« s +rtx+ x 3 Xo s - ax + x*) 

(x + a)(x - «X3x + 5a)(3x— la) 22 (Ox*— «x+lX* J — 2x+5)_ 

(x+y)(x-^) . 24. (a+3tX«+t— 3) 

(x-v-rXx-y+s+2) 20 (x+y-sXx-p+s+l) 

(a-&-cX' , +&+c+l) 28 (x+2X(e-2}% 

(1 -*)’(! +xXl~4x+x 3 ) 


(* +;/)(* -y)(x*+xy +f)(x* -x#+ f) 
{x-2(y+2)}{*»+2x(f/+;)+ %+-)*} «=&<• 
-(x-l)"(x<+2xS+6x»+2x+lX 

2(x+aX*-«)f* < -2a 3 xS+4«‘) 34 (a J +6c)(ni-4n 5 tc+7J 3 c 5 ) 

(x-y-z){x"-2xy+x: +f-y: 

(*-y+lX* 3 +^+y 3 -x- 2^ + 1 ) 37 (a+26X« 5 +at+t») 
(a+l>-lX rt2 +2fi6 + & 3 +rt+t+2) 
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39 (x - 2«X2* ? - Bet# + 17« 9 ), 40. (a+5+c)(a s +5 ! +26c+c 8 ). 

41 (^-1)(#+1)(# 9 +12) 42. (2*-l)(3# 9 +4) 

43 (*-y)0e+yX2# 3 +3 y 9 ) 

44 (*+1X2^-1X* s -«+1X^ 9 +2*+1) 

45 (x-!/)(x i +xj/+!f i )(3x s +!&/*). 

46 (a + 2 )(a ~ 2)(« 2 + 4)(2<? 9 + 2« + 1)(2« 2 - 2a + 1) 

47. (a + *)(o - *X« a + * 9 )(a 2 + 2ns + 2» 2 )(f? 2 -2 ax+ 2s a ) 

48 (^ + 1 )(x + 2)(a? + 3 )(a + 4) 49 (*+lX*+2)(s 9 +3s-3) 

50. (s-1X*+5X*+1X*+3) 51. (*-4X*-6X*+ 1 X*- 11 ) r 

52 (s+ l) 9 (s— l) s (x*—2x 3 +3) 53 (s-3X*-4X3s 9 -21s--8) 

54 (x — 2)(3« + 4)(3x 2 — 2s — 6) 56 5(x+^){Sx+1y) 

50. (5 jc 3— 3^( I3y 3__ i lje 3; 57 (2a+7*X«+l°*) 

68 (<i 2 + 2«6 — i 3 X flS — 3«6 + 46 s ) 50. (*+y) 9 (*+4f/)(10x- Uy) 

60 (a-l)(a+l)(a+B)(a+7) 61 (*+2Xs+7Xi s +9*+4) 

62. (*+5Xjc+6X^ 9 +11«+8) 63 (s+lX*~6Xs 9 --5s+16) 

64 (2*+aXa:-3«X2* 2 -ea*+8o 2 X 

f 

XC vn (jpp 229—230 ] 

1. — (6— 6)(c—a)(a—b)(bc+ca+ab) 

2 (6 - c)(c - «)(« - &X&c + ca +o&) 3 - (6 ! - c 3 )(c 3 - rt 2 )(a 9 - 5 2 ) = &c. 
4 - (6 9 - cS)(c 3 - a 2 )(n 2 ~ &5) ,= &c 6. Z(,b+c){c+a){a+b) 

6 ('i+6+e)(6c+c«+a&) 7 (6+eXc+oX«+6) 

8 («+&+eX6c+c«+fl&) 9. Expanding wo get 0(6® -c 9 ) 

+6(c 3 —"n 3 )+c(« s — 6 s )— 3fi6<s{(6—e)+(e— «)+(<*-- 6)} , 

(b — c)(o — a)(a - b)(a +b+c) 

10, 11 — (6— c)(c— aX a “^X° 9 +^ a + cS +^ <5 + crt + a ^ i 

12. Ex 10 with sign changed 13. Expanding we get 

«6fl{(6— e)+(o-o)+(a-6)} — {o s (6 — c)- 6 s (<j— a)+c s («— 6)} } 

(6 - <j)(c - a)(a - b)(a + 6 + <j) 14 Expanding we get bc(b-c) 
+ ca(o — a)+ab(a ~b)—abo{a 3 (b—c)+ 6 ? (c— a) + c 2 (a — 6)} , 

(6 — c)(c - a)(« - i)(a&c — 1) 

15 Wo have (J 3 -c 2 X&+o) 3 +(c 9 -« 2 X c +«) 3 +( a2 - &s X«+&) 2 
*= (b* - a*) + 2bc(b* - e 9 ) + (o* - a*) + 2cn(c 2 - a 9 ) + (a 4 - 6 4 ) + 

2a6(a 2 — 6 s ), -2(b—e)(o--a){a—b)(a+h+c) 

16 . Proceed as m Ex 15 j 2(6 — oXc — a)(« — 6)(« + 6 + c)i 
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THE SEW MATRICELATIOS ALGEBRA 


xcvm [p . 23i ] 

L »s+(a+6-c)a s +(«6-ac-&c)ic-a6c 2 asf s +&# s -6®-« 

3 a 3 + 2a s a— a(6 2 - Sc - c 3 ) - Sc(5 - e) 4 * 3 -2fa 3 ~(fl 3 ~a&-& 3 )r 

+«5(a-5) 5 (o s + l)# s + (rt — 2)* 3 + 2* — 1 6 (s 8 - l)a B - 

— (* 3 +* 3 — 2)a s +(4af 3 +3*+2)a—3(*+l) 7 a 5 -& 8 +c 3 +3a&e. 
8. * s -3* 3 +3*+^ 3 ~l 9 a*(& - c) - a(S 8 - c 3 ) + Z> 8 « - bcl 

10 (m+l)a 6 — (m 3 — 2)o 4 +(»t 8 +2}a s +(»n 8 — 2m— l)a 3 — (m 3 +«i+2)a 
+2m II (a® 1 - J s )j?*+(a s +2aJ+3& s );5 3 — (a 3 i>— a& 3 +2a+2&+a 3 
+a6+6 3 )**+(a+6-2a6)*+a& 12 2(a— ft)* 6 — (a 2 — 2a&— ft 3 )* 4 
+2(fl + 5 - a J 3 )* 3 — (2a 3 + 2& s — a 8 ^ 8 )* 3 + 2ah 3 ar — (a 9 — & 3 ) 

13 aW - c 3 ) - « ! (i s ~ c 3 ) + Pc*(b - c). 

XOIX. [p 232] 

1 u*-'fl5'fi s “2s+5+l 2 a 3 +S 3 +ff'+5<?+<xa+<iJ 

3 x—a+b 4 a 3 +b 3 +e 3 6 x—c 6 a+b+e. 

7 * 3 +a?+(«— &) 8 o/ri/ is a , a 2 (6— o)-o(b 3 — c ! ) 

+ 9. Symofrefisa,a 3 —xa+z 10 x—a—b. 

11 (a-b)x+(a 3 -b 3 ) 12 x 3 +(a-2b)x+a 3 +3b s 

13 (a 3 +a+l)z 3 +(a+l)*+l 14 a*+b 3 +c*-bo-ca-ab. 

15 1— tf+2^+* 4 +2«y+4^r 3 16 (a+b)[x+y)+l 

17 x J —a 3 +(n+1)az 18 Sym ofrefiBa,(x—l)a+x 3 

19 x 3 -xy+y 3 20. Sym of ref is a ; (2x-y)a 3 +(x-{-y)xa—s&. 

C [pp. 233—235] 1 

1 a 3 -«5+5 s 2 x-y 3. a-J+e-c? 4 2(#-y) 

5 * 3 -*y+jf 8 -3*--3y+2. 6 * 3 +y 3 +s 3 +l 7. a+h 

8 a*-oJ+&*-2a+i+l 9 x 3 -ax+a 3 10 (l+«) 3 +* s 

1L 8a& 12 * 3 -ay+y s +ar+y+] 13 -^-*3-1 

14 3(6+c) 16 x 3 - 2xy+4y 3 +x+2y+l, 16 a-J+e 

17. (a^+sar+a^a? 4 — a 3 * 8 — a 4 )=&c. 18 x 3 +3x—l. 

21 The other factor*=af 3 +^ 3 +^ 9 +2jiy«— I 22. x+y+s+xyz, 

23. « 3 +2a6+6 2 — ga— 5&+4 24 4(o 3 +J 3 +c 3 ) 25 8 (ac+bd) 

26 a: 4 +8x s +24jp a +32a?+16 27. 13 28 4a 8 5 8 

29 (6+e)(c+aX«+6) 30 0. 31 1 - 32 0 34 0 

35. i 36 37 b-ap+g 38 
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40 (ab+a— i+l)(ab— o+5+l) 4L (a — 5) / a+6+c)(a 3 +a&+5 3 ) 
x(a 3 +6 3 +e 3 — be— ea— db) 42 (2x+o) 3 (x— 4a) 43 (a— 6)* 



x(a+26) 

44 (* 2 +x+o+lX* 3 -*-a+l) 45 

{(o+6)x+ 

“ 

(a-6)y}{(a 

— 6)x+(a+6)y} 66 (x— a)(x- 

-6)(xs 

-o5) 



Cl. [pp 236—237] 



L 

a6 2 

ax 3 o 3 4 a s 6 3 

5 

o5 3 c s . 

6. 

l r jfl 7 

21ax 8 a6 9 4 

10 

16m 3 

1L 

7a 3 6 3 xy. 

12. 3xyr 13 a s c 3 

14 

4 m s x 3 

15' 

2mp\ 

16 ax. 17 lSm^s 

18 

18a 3 mx. 


% 

CH [/ip 237—239] 



L 

a+x 2 

a 3 -ax 3 2ax 4 x+2c 

5. x 

6 

a-1 7 

x-2y 8 !/(x+g-z) 

9 

(a + bfx 5 . 

10 

a(a— 6)* 

1L a(p+q)x 12 

4(a— 

l)=(x-a) 3 

13. 

6fi(x— aj^x 3 

-p 3 ) 14 8(o+x) 15 

3(a+6) 

16 

8(x 3 -x+I) 

17. 3o(o— 6)(o+6) 3 18 

5(x+l)(x+2) 

19. 

4a(o— x) 

20. 3(a+b)(a-b)*. 2L 

4(x+l)(x+2) 

22 

*+2. 23 

2x— 1 24 x+2. 25 1+x 26 x+3 

27 

a— e. 

28 1+x 29 -x-2 

30 x-2 

3L 

OF — 1. 

32. 5x 3 — 1. 33 x 3 -l 

*34 xy+ab 

35. 

1— ax 

36 2o+36+c 





CIII [pp 241—244] 



L 

x-3 2 

x-2 3 3x+l 4 2x+3 

5 x+5 

6 

3x— 2 7 

* 3 +x+l. 8 x 3 +2x— 1 9 

x+6 10 x— 7. 

1L 

2x— 1 12 

x— 3 13 x+2 14 3x— 

7 15 

x 2 +x+ 1. 

16 

2x 3 — 3x+l 

17 x+4 18 2x 3 +l 

19 

x 3 +7x+5. 

20 

x 3 — x+1. 

21 3(2x+3) 22 2(x ! +ax- 

2a 3 ) 

23 x(x— 2). 


24 2x(2x-l) 25 x(x+2) 26 2ab,2a~3b) 27. x-2 

28 2x-L 29 x+5 30 2x*-xy+y ! 31 a s +2a&+35 s . 

32 x-3a 33 3x 3 +,y 9 34 a-2b 35 x-3 36 a^+3x+5. 

37 2x 3 -6x 38 2 x-y 39.' a 9 x-3a,y 3 40 x s -2x s +x. 

4L x 9 +7xy-,y 3 42 * ! -l 43 x 3 -o 44 x 3 -(o-6)x+6*. 

45 (x+l) s . 46 2x s -4x 3 +X-l 47 x*-2x+3 48 x ! +2x+3, 

29 o-26 
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' t hb KBW MATRICULATION ALGEBRA 


CIV. Ip 245] 

L *+7. 2 a-2. 3 a- 6. 4 *-2a 5. 1+2# 

6 #— I. 7 2#-9. 

CV. 248.] 

1. 10» 3 6 3 . 2 24#y 3 . 3 48a 3 6 4 63a 3 #* 6. 168#y. 

6 7. 2a 3 #* 8 60a 3 6 3 # 9 9 50m*ft 8 10 570a 9 &# 9 y s . 

*1L 24a 3 # 3 12 60a 3 #*. 13. gSOaVyV 

CVX. [/!P 248—249] « 

1 3a# 3 (2+#) 2 «#y(#-y) 3. oy(*+y). 4 6a(# 9 -y 2 ). 

5. 12#(# 3 — 1). 6 60*y(a 2 -# 2 ) 7. 2l0(a*+a 3 6-a& 3 -5*). 

8 ( 2 #— 1)(8# 3 +1) 9. 10(* 9 -y 9 X*+y) 10 (a s +# 3 )(a 3 +a#+# 3 ) 

11 42#(# s -y 3 ) 12 2ar(a 2 -# 9 ) 13 (#-yX* 3 +y s ). 

14 f# 9 + 1X^+1) 16 (1+aXl-a)* 16 12 #^ 3 (# 3 -y 3 ; 

17. (y-«)(z--#X#-y) 18 -a# 2 (a*-# 2 ). 19 #*(# +!)(#+ 2) 

• 20 120#y(# 2 — y 2 ) 21 (#+2) 5 (#~2) 3 . 22 75(#+y)(#+2y)(#+3y) 
23 36*y 3 (# 3 -y 3 ) 24 12#y(2-a 3 ). 26 a 3 # 3 (a 3 -y 3 ) 26. #®-l. 

27 60(#+y)(#-y) 3 (# 3 +# 3 ] 28 *(# 3 +#+lX#*~I) 

29. # s y 3 (# 3 -y ! )(#°-y 6 ) 

CVII [p 250] 

1 (3#-l)(#-3)(#-6) 2 (# — 3)(2# — 7)(3# — 14). 3. (#-l)»(#+l) 

4. (#-a)(#-6)(#-c) 5 (3r-2y)(#-y)(4# 2 -y 3 ) 0 (#-lX*®-4) 

x(# 3 ~9) 7 #(#-2X#+3)(#-4) 8 W7t(# — 1)(# - 5)(# +6) 

9 (a— #)( 2a +3*X5ta s +2a#+# 8 ) 10 ab(a 9 — b 9 )(ax—bp)(x 9 — y 9 ) 

11, (# 3 -lX#*-4X#+3) 12, #°— a®, 13. a 2 #(2a-3#Xa+3#)* 

x(3a-#Xa-») 14 (#+3aX#-a){# 2 +(2a-3)x-6a} 

15 (# 3 — 2# + 3J(# 9 — 2# — 4)(# 3 — 2# — 5) 

16 (2# 3 -lX*-6X#+8X3#-lX#+20). 

CVIII Ip 251 J 

1. (#+2)(2#-l)(3#+l) 2 (#-3)(2#-lX4#+5) 3 (#+9X*-8) 3 
X (3# + 10X3# — 10) 4 (1 + 2#)(1 - 2#)(1 + 2# + 4# 3 }(1 + 2# - 4# 3 ). 
0 (9# a -lX9#*-l)(# 3 -3) 3 
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L 

6 

8. 

10 

12 

14 

27. 


L 

6. 


9. 


13 

18. 

.20 

25 

29. 

33 

•37 

40 

44. 

-47. 


Miscellaneous Examples CIX. [pp 253—254.] 

x4-2 a 2 **- 2*4-3 3 s-S 4. **4-2*4-3 15 4a*-3ab4-&*. 
<x s -*-2*-3X* , 4-3X**-‘-2*4-3) 7. 6(x - 2a)'s 3 - Qa*)(x°— 16a 11 ). 

<jr+6j(x-7)(* s -25). 9 ®(x - 1){3* + 1 )(4s ! 4- 2® - 1). 

(x-l)*{7*-5X2z*4-3x-5) 11 bx+a; (bx+ofaW-b*) 

jr+y-1; (x-t-y-rlX^-fS^xy-l) 13 8(x*+y*) ; 48(x*~y*). 
x-8 , (x+<))(z- 8>*(9x*-100) 15 x-y 16(x-l) ! . 

x*-3a*4-2a*. 18 3x— 1 , l 19 2. 20 8 


CXI. Ipp. 257—259] 


3a 

5c 


2 


fy 

5x 


e ny_ 
y\4x+5yf a-y 

C x 

3* 10 

4a(a*-a&4-5*/ A * 


3 


2a*5x 

3y 


7. 


2m— n 
2a * 


IL 12 

y 

2a*(x— a) 
3x*(**— ax4-a*) 


1—n — b , a+6+c , 0 2x-3a 

1-5 * 1/4 18 ‘ 4x-+6ax+9j ! ' 


1 —a 
1-5* 


2L 


x-1 

x+1* 


22 . 


X4-4 
x— 4 



4. 


7n* 

45m r 


8 


3m 

p- g * 

4x* 


3a(2x+3a) 
15. a(m+fl). 


19. 

24 


ax4-5y 
ax— by* 
3a-2* 
3a+2x 


2a-3* 

2a4-5x* 


20 . 


ax—hj—c: 

ax+by+c: 


30 


1 4-4® Q 3>/4-4 
34*2® 5,y-4* 

(aJ-5)x — al fl-r5 

(a— 5)x— a6 31 * a- 5* 


**-*4-1 

**-3x4-1 


34 


x* - x 4- 1 
**J-x4-l 


35. 


x 3 — x4-I 
x— 4 


28 

32. 

38 


x4-(a-5)y 
x-{a-b)y 
3y*+3y—5 
7y~5 * 
3x s 4*4x4*2 
4x 9 4-x4*2* 


2x*-6x4-5 qo x(x 4-5) on 6x *-4ax-a* 

3x*— 5 38 9x*— *— 3 30 6(x— a) * 


x5-®y+t^s ,, 
x*4-x,y4-,y r 

a— 5x 

An a*— a54-5* 
a*4-a54-5*‘ 

43 

3a* 4- 25* 

a 4- ex" 

5a(2a4-35) 

2**4- 3x4-5 

45. 

x Sj -x— 12 

46 

3a*4*ax4-2x* 

2x*4-3x — 5 

x*— x— 12 

2a*4-a*4-3x*‘ 


Safa’-IaS-t-lsS 3 ) 2(x*-2a*4-3a s ) 

2&(a*4- 7a5 4-125*) 48 3a(2x*4-5ax-3a*/ 
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TUB 2TE17 MATRICnTIiATION ALGEBRA 


CXEI [pp 260—261] 

20a 7 5a 84a 2 4# 27y 10 s a 3 5 8 c s 

1 180* 180’ 180 2 36’ 36 * 36* > a&? aFe’ aSeT 

5# s 4 y 2 fos # 8 +2y 3 4#(a+#) 3a(a — #) 

~xyz xyz' xy£ xyz ' 36ax * 36a# 

5(4#— 5) 20# 2(7# +6) 6+6a 15-5a 3a-24 

° 50 * 50 ’ 50 7 * ~30 * 30 » 30 *" 

• _ cx^—abc ay 2 —abe bz^~abc n a(a—b) >b(a+b) c(a — b) 

abo * a5c * afic 8 * a*-6 Y * a 3 -& 8 '’ jT* 

ln 4#(1— #) 15a(l— #)' 6(1+#) 1+# 1—# • 1 

12(1-#)’ 12(1-#)’ 12(1-#)* 11 l-# 2 ’ 1^#2> l-# 2 

12 - 2(j3 ~ 4 ) — 3(#+2)(#— 1) ■ 4(#-l) x(x-y) 

(#— 1)(# 3 — 4)’ (#— 1)(# 2 — 4) » (#-l)(#*-4) 2y(#-y)’ 

foy 2(1— y) # 8 (a-#) 8 a 9 (a+#) 8 a#(l— # 2 ) 

%(*-*)’ 2y(x-y) 14 a 3 # 3 (u 8 -# 3 / aXeV^# 8 )’ a 2 # 3 (a*-# 2 )* 
jg ab(b~c)(p—g) bc(c— a)(g- S) ca(a — 6)(6 — c) 

e i (a — 5)(6 — cj(c — a)’ (a—b)(b~c)(e—ay (a — 6)(6— c)(c— a) 

ift «*(«+&) &*(«-&) a&(a+&) 

a6(a 2 _63/ abtyP-V)' a&(a 8 -5 8 ) 

17 3(4# 2 -I), 5(2# — l) 3 , 3#(2#~1), 4#(2#+l) 

(2#+l)(2#— 1) J 


CXIII. [pp. 262—263] 


, ^# a# 44a— 7# . 41# 

** 30 2 315 3 75 ’* 4 * 2ty 


2a#y 8 +3£# 8 — a&y 


96# 3 -9# 8 y+l0 v 3 


a*+& 8 +c 3 


8 0 ~ 


n g a3 +6a 8 #+a# 8 +#3 # 8 -2#y-y 8 2 1 

30»»»> ‘ 10 12 -f+J 

« 1 

18 i 88 3? 2 * 

22 ' 23 24 1 25 55^3 28 i±l. 


#(a 3 -# 8 ) 


27 - 28 4(2 20 y 

(9# 3 — 4)(3# — 1)* 28 #4-1 20 ^ 


*’) #*-r 

so — 31 ~ 

1 — x* #*— S 



AXSTCEBS 


35- 


-32- 

35 


{s-l){x-2){x-2) 
2 


33 


3 n 9 


(3m+2nX9/n s — n*)‘ 


34 


l+2x+3x s 


x(x— 2) 


36 


(jr-lX«-3X*~5) 


4(1-**) * 

37 12 

37 ' x*~ 5x*+4‘ 

o+5x 


38 30 -1~ 40 — - 3 -?~~ 4 ■ 4L £±*^ 

-> s 4 -® 1 X s —! (ar + lX*®— 1) b+ax 

3+2x+x s ' 


42 

45 

48 


(l-*Xl-2*Xl-3x) 

x 9 +l 


(x+l)*(x+3)‘ 

1 

(x+lXx+3)* 


46 


43 

x+e 


— 2x+2x*— x 3 AA a 8 

44 ( t*-b *' 

23+16x— 30x ! — 3x s 


(1-x; 4 


zst I0X — JUJ- — ax-* 

(x-oXx-Aj 4/ *6-11x-21x , +x s +3x 1 


CXIV [p 265 ] 


i o 3 <* «’(«+*) - 8(c+tf) _ nx+x 9 

104*' 2 f 3 ^5- 4 

a*— x * a— x 3 nPia—b) x. Ax* aw* v 

** 7 «+ar 8 ‘ 9 a + ^ + A+! 

10 ; + 3+j>5+'+s u. la ^ +2 +?i! • 

y y y- xz s : ay bx 9 x sT 8 a 6 ‘ 

13 -2- 14 ig « r +ay 1n 1 iri o«xfax-l> 

-+« «•+«=■ 16 «=P 18 p=5? 17 - „- t - 

18 re+f^+r/Jx+^x 9 10 x*+l+I 20 1 _ J5 


2L a*x*+l+Jf- 
a ? x r 


L s 2 


8x» 

3a6* 


22 l9a ' b 2laSb * 9ahS &* 
x* 10 x= j y + bxhj " 1 10 xy t+ y*' 

CXV [pp 267—268 ] 

a 


3 ^ 
mb 


8 

10 

16 


4, B-x 5 

7 2ay>(l-x) x-1 

c s +cx+x> 7 * l • 8 ~~x~ 9. 

12 1 


a-+b v 
x ? 4 x 


1L 

b x»+y* 


3x*+3* 

' f? , A 

t/2 T5 . 


13 

y 2 x 9 


i 

(T+xXl-x/ 16 **+y+l. 17. r-l+J. 18 

i . £ 46 x* 


19 x+i 


an - . J 




4 
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CXVT. [pp. 269—270] 


1 

3®- 4 

2 — 

3 2m— 1 

4 5®— 3 5 

2® 

6® 

^ 4— a 

3*4-2 

6 

ay 4- 5® 
ab 

„ m-7i 
*» " ■; ~ 
*4-y 

„ ® _ 

8 9. 

z 

1Q 

a& * 10 

2a 

a—®* 

11 

12 

a 

®V-y s 

13. ®-l. 

14 3,2 

15 1 

i 

**4-®y 


16 

1 

17 y. 18 “-=? 19 

3(* a 4-l) 

20. *+* 
2a* 

m s 4-» s * 

®4-2 * 


2L *. 


20 


a a —b a 
flSJ * 


30 


4 

3*’ 


22 

27 

31. 


ff+s-x 
g+s+st' 
2 be 

(6+c-a)2 

61—42® 

11 - 12 ®* 


23 

28 


y-x 

y 

3® 4-1 
2*4-1* 


24. 

29. 


1. 25 


*4-1 
ab — 1 


a a b-ab a -a+ 2 b' 


CXVir [pp 271—272] 

1- 0. a 0 a I. 4 0 S. 0 G Jy 7. 1 8. 1 . 

9 10 4*' IL 1 12 1 13 !• 14 1. 15. 1 

18 -1 17 1. 18 - * ig * 

(®+a)(®+6)(#+c) • (*— a)(*— &X*— «)* 

(*4-a)(*-|- b)(x+e) ^ ® ee exam ples 18, 19 and 20 


1 0 
7 0 


2 


cxvin. Cp 273 3 

g g 3® 2 -(a*+53 + c *) 

(*-«)(*- 4 


5 o. e o 


OXIX. [pp 274—277 ] 


LI 2 6S- a a+^-~ 
+ a* fts 

.6. ^~ & +c)(a- 5-c) ft 

0/.J. • « — — 


ft® 4 5y 

a*— fty* 
a 

04-5 


4 


8 


2a* 

(a—®)*’ 

a4*& 

c 2 -'a 3 -& 3 +2a6* 
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9 1 


IS o 3 +2«&+6 3 -<; 3 . 16 1 


12 

2(6+<?) 

o+6+c 

13 0 

14 

x-y 

x+y 

17 

1 

(m+n) s 

18 

s-3 y 

1-**’ 

4mn 

s+3y 


19 (o+6+e— d)(a+6— c+d)(c+d+c<-6Xc+£Z-a + 6)— 4(«6+«Z) s , 

„„ x*— x+1 _ „„ a 4 — 10n s 6— 6a6 3 — 6 1 „„ 

20 — jj-— 2L 3s -oy. 22. {i 4 +1 o fl sa + 6a6 3 -& 4 23 

. 1 9fn— 5)(a— c)(6— e) 

-44. a + a3 t, ‘(6+c-2rtX c + f, -26X«+ 6 -- Jc / 

S?£?5 27 * 2{fl+ * +c > ITS 


1. 


26. 

30 

33 


29 fl+6+c. 


3*— 0—26 


31 


5e 


(x—a)(x—b) v - 2 (^- 1 )* 
(1 — *X 3 ~ * a +* 5 +* B ) 

(1+jrXl +* J X1 +^1 


32 


34 


(1— o)(l — 6 ) 
(l+o)(l+6) 
«6(2— s 3 ) 


35 1. 


2(6-- a 3 ;* 

no 4j y s or» (a+6+c+c?Xa+6-c-£2X ,4 - & + < ‘-c0t ft +C“«“rf) 

4(a6— cd) 3 

CXXT. [p. 287] 

1 o'ja 51 , *°y 3 , — 243a u jr u , — fl 13 * 3 ^ 18 2 — 27a c j s y° ; SSG^y 4 ^ 1 * j 

27a 3 n 10Jl£ fl 5 jSl-SS 
32amv> x y) _~7 t/ n-42 g f ..*11. — " , ° - z_£_ 

tia o~x , xy ~ a ^ , 32 , olB<fel0 

4 - 256jt V , - ZSBa^x^ , - 256fl B 6 s? c w 
6 - 81a«6 3 c 4 , x ^Pj/toPs-v , ( - iy a n t mn y*P 

«2m-l fl 3m*3 

6 a 3 ", (-irV«, 


cxxrr [p 288 ] 

1 ?!+*M? a ^-loa. 256 * q * 5 2 . 4 a 
1 4 + 3 + 9* 2 6* 10+ a s ~ 8 H~2i + 9& 4 


1+s- 


5** 

12 


X s ,f£ c *Vi£ , S* , 2 * 1 / 2®2 2yz a a 4 
“3 + 9* ° a 3 ‘ t Ve 3+ ab ~~^~W 0 


126 3 c 3 , 9fl* 
yz * s 2 * 


4o 3 6 3 ^ 6aV t 45* 

*y 


7 2« 3 x 3 +86y-246cy2+18c 3 2 3 . 8 


** y 


+& 61 9 o 3m +46^+c 3 -4a m 6»+2a ro c-46"c 10 c^+Se** 

+3e to +2c*+l 11 (a 3 +2a& +6 3 )* 3 - 2(o 3 - b t )xy+(a^ - 2a6 + 6 2 )y 3 . 



-38 


THE HEW HATRICtTL ATI OH ALGEBRA 

y* 2* 2 2 V* oV , 2a5*y 5V_ _ Sag Sty 

12 a * + aW + b*~ a* ~ b* + 1 13 m* mrn 1 + 7i* m a » a 

14 *®-4* B +6**-8* s +9* a -4*+4 

15 a 2 +2a(5j? + ex' 1 + dx *) + 5 2 * 2 + 25*(c* 2 4- dx 5 ) + &c 

CXXIII [p 288] 

I £->*+*, 2 “ “‘t™**® a «-ftW+ft*P 
js 6* 5 * 3 ay 2 i 

+ 12a a 5*+ 27fl 2 £* — 36a 2 5 2 c 2 — 5 46 2 fl* -1^36 5*e 2 — 86® + 27c® 4 l-6*+21*» 

— 44* 3 + 63a: 4 — 54z s + 27j c 5 fl 8 +3a a 6*+3(6 2 + ac)ax i +(Jb-+6ac)bx i 

• s+ssf-sr+ssf-a?*? 

, V V , , r? 27a; 22 9a« , 2j; 2 8jr 9 Q a«« , 3* 2 »y 

+ 5 a b* + b a 1 1 fiy 1 * ~*2^ E+ x J ~ 21 x s a* n+ d**b m 
3x m y in y 2n _ 6ax 10 , 15a 2 * 8 20a**® , 16a*** 6a B * a , o 6 

+lM*sr + b^ 9 * — T + “^ ?“+“7i 

CXXIV [p 291 ] 

1 a B -5fl 4 5+10a a 5 a ~10fl 2 5 a +5a5*-5 6 

2 a® — 8a T * + 28a®* 2 — BGa®* 8 + 70a** 4 — 56a** B + 28a 2 * 6 — 8a* 7 + *® 

3 1— 12*+60* 2 — 160* 8 +240**— 192* B +64*° 

4 2187* 7 - 5103*® - 5103* 6 - 2835** + 945*® - 189* 2 + 21* - 1. 

_ *® , _* 3 , -.x , a % . a B 

6 if +B 5 + 10 5 + 10 i +5 il + 5 
« 6 *^- M2 SS+ 240 ij-i°°£+ mg- 125+1. 

CXXV. ip. 292] 

1 a 2 6 2 5xy*<? 3, 7ot*7i 2 j 4. 12*®^®**. 5 8* w i y 2n . 

8 9a**i5^ +1 . 7 8 a5*. 9 ^ 

' ’ 3ys* 

in 6* m tf 5o 2 * 3a ^ 

10 7v"<! 8 11 4w?* 12 568 13 ax y* -2xy*. 


16. x n y~. 16 -a*y 17 — i 8 


2f»n* 


19 5"*°^ 


SO, a"** 848 , 
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1. 

3a+& 

f 

2 

CXXVI 

4x*-3 

[p 293] 

3 x(x— 4a) 

4 

8ax+3&* 

Jo. 

I 

a 

1 

i). 6. 

5x 9 +3xy 

7 2a6-3c 

8 

3x*y+lli 

0 

3a— 17Jc 

10 

«+| u 

x-* 12 3x-~ 

w 

13 

2 -i 

14. 

xy*+^ 

IS 

-+x 16 

*-y i, f_x 

18 

a*+~ 

19 

2 

5 i x 
2i-5 

20 

c 

„ * « s & s 
3a*— G - 

y * a 2y 


a° 


, CXXVIT [pp 294—295] 
L a-b+c 2 3x— 2y+s 3 x+y—a 

6. 2x— a+1 6 ax—bx 1 — 1 


. a & 

XA — — - 

3 2 


7. *■-«<«-»> 8 

® fl-|- x* 30 n— 6+c-d 1L 2x*+2ax+4&* 

■ 

CXXVHI [pp 298—299] 

X 3x*+x+l 2 x*+2x-3 3 x*-x+l. 4 2x*-3x+4. 

S 1— *+2x*. 6 4x 3 — 3x— 5 7 5x 3 — 5x+6 8 9x*+6x— 2 

9. 3— 4a— 14a* 10 o«-4b s +1 1L x*+2xy+4y 3 12 x 3 +4x-l 
13 2+3ax+* 3 . 14. %J s -3pj+2? s 15 x 3 -2x-2 10 2x*-4x-6. 

17. 2>ix*-3a*x+a s 18 x s +x-£ 19 


x+1-- 20. a- 2--. 
x x 


3L x+4— 


8 


22 


oo , 3* , 1 
23 ’-! + & 


25 J-i-X 
y -s 2x 


x ' x 

26 4ax— 2a&— 3&y 


24 


2y 


+ 2 4’+i 


38 4a 3 -3a*+2a-l 22 a 3 -|+j-^ 


31 


2x 

x*-l 


32 a*+6* 

CXXIX \pp. 299—300] 


27 x s +2x*+3x— 1 

30 x*+3x+L 

33 (a+&)x-(a-%. 


1* 2x-a 


2 x+3y 


3. 2s ■■ 56. 


4. x*— 4a*. 
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6 * + 2 0 2?_3& 7 * a -*+l 8 l + 2a-« 2 . 

3 3 

9. 2a a +a6— 3& a 10 *-3y+2s 11 y-l+'Jj' 

I 

CZXX J> 300] 

1 *+l 2 a-2 3 a-b 4 x — - 6 a? 9 -l 0 2«-*\ 

x 

OXXXI ipp 303—304] ' 

1 3 E 8 5 1 10. 

1 1 , 1 , 1,0 2 *-,*», 

„ 1 jr 1 *? * - 3 y“^ arV? 

3 _2-i’ 4" 1 #"** -8 * * 4-V 1 * 


4 5 V« s or 5( Vo) 8 , 3 or 3( */*)*( %fy?( V®) 4 


5 

3a 

6 » 

a?3 6^C* 

«iF* “F 

0 216 7 

_ 4 
“25 

\ 

8 -1152 

9 -61. 

1 

10 

* 9 

cy 

11 “S* 

12 W . 
(i mxcpx 

13 

ftSl-SJf c 3r 

a- 14 

1 15 771*. 


CXXXII [py 306—307 ] 

1 3 o^— 4 o^ 2 6 * -t? — 5 ra‘“-« - ^ + 6 J 3 g+y 

bit 

4 — * a — 4* I +6*— 2 s 5“ 5 6jr 8 6 — 9or 9 6 s — 4a _7 6" 1 + 6a _s 


0 

8 

11 

14 

19 

23 


ia~ 2 x-°- 1 faa- 1 b- s x- s y-£ s b-*y* 7 o w +a^-+&" 

«— n-6 +6 9 9+3a - ^+a“' 8 10 *"+2:r^4-3*^+2*^+l 

x 2 +x~ 2 —l 12 **+y^+s?-a$y^+*^+y ^ 13 -f 

y 


©* » 

/4y 9 9* s \” a 

\ 6-4 ~37 


(?) 


jnn+qr 


20 


10 
6 — a 


17 


21 


t 

a** 

(3y) ta 


18 


oSjSm-l 


-sm+i 


22 1 


(* ra -y")(* n, +y") 24 (*' s +y-iX*- 8 ~y-i) 25 cr^-l+a* 
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20 

-17 

27 a4& * 

'* (6+a) s (ft— n)’ 

28 

29 

c*-l 

c*+T 

so 

abi—yx-i 

32 


CXXXTII. [p 308] 

1. \/50 2 ,5/103 3 (<yi00aa;3 

6. njq 3£+5£*S£s 

CXXXIV. [p, 309 ] 

1 6^/2 2 6 s/5 3 7272 4 5. a(a+*)72£ 

CXXXV [p. 310] 


1 3 n /G 2 7G-4. 3 nftVft 3 

•* 

0 (a+c)7(flZ>) 7 fjbxia^-x 3 ) 


< 

8 3« a 0 


6 *£• 


10 l*-* 11 2 1, |(^)i 13 ,JS* 


r CXXXVI. [pp 312—313] 

1 3- 73 2 2 v /7+3 v /3 3 $(3 + 72+073+276) 4 7-473. 
* _ _ 27 ft 0 2(s+ ff) 

x-y 


— = 0 G+272+73 7 2 -A 

«— 7 f,J ~* J « 3 - ft 


8 


8 2 10 W6 11 5^0 12 13 Jer3i^; 

14 1B 2,3 i0 ifaj 17 2a ^~ - , 1 j 

a J 7l — 4* * 3 


18 9 


19 


2a n 

a*— ;c 2 


20 0 


21 0 


22 0 


24 Given expn *=‘(x s +y 3 +z :t —3xys)+2xys**2xy2l x+y+s= 0] , 
% -r)7p+ 2 (r -p)7f+ 2(p - 7)7 r 

C XXXVII [p 314] 

1 3+72 2 3+75 3 73 + 75 ^ 4- 73 6 75-2 

6. 273+372. 7 272-1. 8 2-i73. 0. -^(73+1) 

38 
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10 . Ja+Ja+2b 

+ Jft=% 

16. x+Jcfi-A 


1L Jx+l-Jy-l. 
13 *Jx -*/&+*•, 
16 4' 


12 JUl+x) 
14 a- s lax- B 9 . 



Examples for Eevision (D). [pp. 314 — 319 ] 

L 12x*+180ar , 18J 2.* 1. 3 (b-af^e tc 4 c 8 . 

6 (a+l)* 9 +(a 9 +l)*+a 8 6 {(a + &)*- (a- %}{(«-&)*+(«+%} 

7, 2* 9 — «+2 8 — 16a&~^ 9 4(a 4 — aPb+alP— b*) 10. 4x 2 y+2y z 

1L a+b+o—3x. 12 15* 9 14 16 * u -2*°+2 

16 6a =6 17. 1 18 (a 9 -& 9 )* 9 -4afcry-(a 8 ~& 9 ),y 9 

19. N /a 9 —46 3 20. (i) (a 9 + i 9 )(j; 9 +y 9 ){a(* -y)+b(x +y)} 

x {a(x+y)~ b(x-y)} (u) (x+y+e)(x+y-e)(x 3 - 2xy-y*-s i ). 

21 (or 9 + 12a* + 3 la 9 ) 9 — (4a 9 ) 9 22 3. 26 0 26 3abc-a s -b s -c*. 
27. a 9 — 6 s 28 *-a 29. 6 30. (i) (a 3 +b 2 )(x*+y 3 ). 

(liXaf+a^x-a) 8 31 1 33 3- 29*--01*V2709. 

34 (i) (x-yXx+y) 3 (u) (x-aXx 3 +ax+a 3 )(ax+lXa 3 x 3 -ax+l) 

36 2+3*-4* 9 36 2(ao+bd) 37 (x- 1) 9 . 38 

39 (a+6— c)(6c+ca+a6)(3a6c-a s — i 8 — c s ) 41. 1. 

42. (a + l)(a — 1)(6 + 1)(6 — l)(a 9 + 1)(6 9 + 1) 43 ' --^+1. 

44 a>S->+I+Wr» 45 48 S-„. 

49 (;-|)’.(«-»)(«+i-i) 50 J-b-^ 

51. 16* 4 — 8x 3 (2y 3 + a 9 ) + (4y s — a 9 ) 9 53 P (a+2)*+(a-l) 

64 *+^+2a. 66 s+l-J 57 a B +3a 9 b s +4ab* !B8 a 9 +6* 

59 3 60 l n -a^ m b 61 {*-a(5 + 2)}{*+6(a-2)} 63. 3^2- J3. 
«4. g<”ip*nr) (mn-pr)+nm QB (2a-i) 8 -(a+6) 8 -7a 8 - 16a 9 &+3a5 9 -2& 8 . 
68 (1) (lx+my)(mx-ly) , (11) 2(ar-y)(l-^). 07. a bc. 

(*+i) =etc 69. 71. flr s« +2 72 . J,+ 


68 
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73. 52. 74 *+jc” x + 1. 76 Put m*=x+y, flea* -y ; thus 
crpn.=(<im-n)(6i»— a) ; {a(x +y) - (x -y ) } { &(* +y) - (r -y)}. 


76. <x-y) s ,4a , J s . 78 70 The other factor is 

46 a +(o-c)» 80 19 jt— 2. 82. {*(o+l)+y(&+l)}(* a -ay+y a ; 
84. !+*+**+*>+*<}** 85 (mn- _ 1) 80 15 87451* 

\mrt / 

87. ' 88. 8x— 1. 


1. 


7 

13 


18. 


22 

26 


CXXXTOT [p 320 ] 


o-rf 
e+ 3 * 
in* 
n 

o*±i» 

o+6* 

rf-c 

o-6 


2 2=4 

3 mn A ® K 

•> 

0. 

a^T 

26+ r 4 5^* 6 * 

"~3» 

8 1 0 

10 aec 1L 

o-c erf- 6c ll * 

i. 

ab 

12 

c 

14. 1. 

16 «*-»). 16. -2* 
a—bq o— 6 

17. 

5-1 

o+2c 


19 70»^-3ae 


20. — 21 3oc-& 

(tf+Zbc-bff a—3b—c 

a+b. 23 ^^-Swpg+Omn nc 4a6 a -iOo 

2#?i6+nrf; - a 6* 25 


Ifj — Oft 

-(«-J+c) 27. 


28, 4o a (o a 4-fl6- Gi) 
Ja’ 1 - Oa’ii + a6-+C6=‘ 


4o— 36 • 


CXXXTX. [pp 321— 32G.] 


L 

8. 2 

20 3 

1 4 4 

6 

7 

0 

8. 7, 4. 8. 2. 

0 

7. 10. 

ad- 

■bo 

11 

b 


br—ea 


(ti—c)n— 

( b~d)m * 

6o' 

12. 

cp-ur ° 4 

14. 

7. 15. 

l 16 

7. 17. 

3£ 


18 

2£ 10. — 3£ 

20 

-2 £ 

21 62 

22 

30ft 


23, 

n (w+n)— 2oo 

24 

27. 



-aJ 

o+6+e* 



*>(»»+«)- 2m»* 

5 26 



20 ^!Q.‘- i9 )+6»(I-o^ 
o6(a s +i^-.2) 


tf^-mn+ms 

ZB. 2 20 12 

30. 

3. 31. 3 32. *> 

33 

C 34 

3g. 36. 4. 30 

3. 

37. 14. 38. 3. 38. 4. 
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40 

10 41 

1 

42 

£ 

43 

A C 

1 

Aft 

0 s - 

-a6 

A7 

4:5 

r*4 

1 

« 

1 

rO 


a+b—2o 

60 

-3 a 

61 

1 -a 


52 




CXL 

[pp J 

1 

10 2 a 

3 

i 

4 

19 

7 

-UK ,8 

2 

0 

5 0 O 

10 


ab(c+d)-cd(a+b) 
' cd—ab 

« 2 +& 9 


10 16 11 25. 12 


' “ ,6 ' ~ 80 * ^+2* 

13 a is — m 14 3? 15 £<i 16 if 17 4 18. £^3 

19 fcr 20 6 31 «* 22 3 ? 2a 


9a 

24 16 


20 5 21 6i 22 ff 23. 

i 25 ft 28 2,Jc^W 


j C "n 28 (iXh) 2 * 29 2 « 30 49 

a n+l_ c Ti+r ' i+ ' 

8a 3 +15a a 6+6a6 9 — 6 s „„ f „ . /2a c 9 \S1 $ _ 

276 * 32 l° 8+ te“3“) j • 33 37 


, CXLI [p 330] 

1 -i 2 2«— 1 3 m-3rc 4 8 5 fro 6 7 7 3. 
8 . |-2. 9 2 10 V(f«) 11 (I)”" 2 

CXLIII [p 332 ] 

1 Second 2 Third 3 Second 4 First if and second 
if x and y, are variables 


CXLIII [p 332 ] 
1 4*+3=0 2 («-c)»+(6-i)=0 

4 ( 1 -y* + 7 ==0 6 


3 far+9=0. 

8 ro*-K=°- 
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CXLIV \pp 334—337] 

N B — The values ofs. and j are given in order 

J i(a+S),i<«-5) 2 3 1,0 


ntf+6rf me— ad 
^ no + mb' rn+mb 


bc'-b'c ca'—c'a 


(a+l)m+(,a-l)n (a—b)m—(a+b)n 
6 2(a*+b s ) ' 2(a* + b 3 ) 


ab'-a'b ' a6'-a'6 
i 3 2« 3 +62 


2a* 2a 


8 

10 


a+6— e— d a—b—e+d 


be— ad ' bo— ad 

b a 


9. 


a 3 6e ab 2 e 


a-+b 2 ' n 2 +b 2 


a{b—a)' b[a — b) 
13 3fl, —2b 


11 a, b 12 x—y— 


« fl 3 +a6+ 6 s a 3 

6 1 1 + 6 ' a + b 


ah 

a+b' 

18 a, b 


ac(bm+dn) bd(cn—am ) 
ad+bc 1 ad+be 

17 5(m+n),3(m-n) 


18 


12mab m(a—b)(7b—Gn) _ b+ca+c 

a+b * a+b "* 9n ' e,7 ‘ 


oo JL 1 go Sfl5 Sa5 
' a+b' b—a 


abe(ab+ae—bc) abc(ac—ab—bc ) 
aW+a*e*-bW a'-F+aW-bW 

21 b+c , n+c 

1— a6 1 — a6 


2a ’ 26 
24 


n—bm' m—an 


25 


27 


be— ad be— ad 


nb-mcC me—na 


2«. i, 6. 

a 


(a 3 — 6 3 )c+(c 3 — fP)6 (a 3 -6 3 Jtf+(e 3 -<f 3 )a 


ac—bd 


bd-ac 


28 ,n P~ n 4 m P~ n 2 

pa ’ ga 


(a 3 +6 s )c (a s +6 3 )c 
20 a 3 -6 3 *' 2a6 * 


30 


0 5_&S_ C 3 „3_&5_ C S 


3L a+6, a-6 


n{a+c)—mb' m(a—c)—nb 

33 26- ff, 2a- 6 34 a+6, a- 6. 


„„ ale . a6c 
32 ° SS+6 3 ’ 1 tf+l 2 




37 


a 3 +a6+6 3 a 3 — a6+6 3 


a+6 


a— 6 
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CXLV [p 338 ] 

N B — The values of x, y and z are given in order 

1 $(3a -b-c), £(36 - c- a), £(3c - a - 6). 
a 5a 2a 

2 6* 12* 3 
4. i(2b+2c~a),$(26+2a-b), }(2a+2b-c) 

js +c n- a s e*+a s — & s a 2 +6 a — c 2 


5(a+2&) 11a- 146 a+26 
"» 6*6* 


£(6+c), £(c+a), £(a+6) 6. 

t 

2a 26 2s 
m+p—n’ m+n—p* n+p—m 


26c 2ca 

a— 6 b-c c-a, 
o. — i n t 


2a6 


a l_l/«»,» Z\ 1 1/91 . J mv 1_1/ Z m_rt\ 
*‘~2\6 + c~ a) ca"~ b' ’z~~2\a + b cr 


211 2 11 2_1 1 
x b c’ y c a’ z a H 


CXLT7T [p 342] 

N B — The values ofx, y and z are given in order 
1 4 , —20, 22 2 4,5,2 3 


4 . 


(a- 6/a - o) ’ (b-aXb-oj * (c-a)(c-6j* 

5 6c(6— c), ca(c— a),'56(a— 6) ' 6 (6 2 -c 2 Xc+a)(a+6), 

<6+c/c 2 -a 2 Xa+6),(6+c)(c+a)(a*-6 2 ) 7. 6-c, c- aj a-6. 

8 6+c— a, e+a— 6 , a+6-c 

9 l(a 3 - 6c) , X(6 S — ca) , i(c s - a6) , where 1 > 2 


10 

13 


a+6+c 

a,5,c 1L Each=a s +6 2 +c s — 6c— ca— a6 12 —a, — 6,— &. 

la(6 2 — c 2 ) , 16(c 2 - a 2 ) , Jc(a 2 - 6 2 ) , 

l. -2(te+ m +aS) 


CXLVH, [pp 345—346] 

1 *=15,2=3 2 *=21,2=20 3 *=5,2=6. 

4 *=4, 2=3. 6. *=3,2= — g. 6 *=2,2=4 

7 *=y=2 8 *=7,y=f. 

9 *=l,ys3,s=4,tt=2 10. u=U,*=l,y=4 l s=£. 
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1L 

13 


19 

21 


*5*4, y— 9, £=16, u=25 12. *=5,y=2, s=3, 0=4, r=l. 

*=5, y=4, £=3, «=2, •»=! 14 *=a5c,y=a6+Sc+ca, 

s=a+6+c 15 *=0,y=s=i 10 (b-t-c—a)x=(c+a—b)y 

=(a+&-c)i=£, -where 7,=(a+6+c) s 17- *=S-c, y—c-a, 

2 =a—b 18 o=aiw2, *= — (aZie+oH+accJ+icd), 

y=a&+ae+acf+5c-i-&cf4-«fi £=— (*+&+c+d). 


&+c— a tf+a— 6 

*“5+c+a* y_ c+a+6’ 


a+&— c 
a+i+c 


20 


*=y=l 


*=3,y=l 22 x-by='i- 23 *=y=3 24 *=2,y=3 


* CXLVm [pp 348—373] 

L 52 2 86 or 68 3 73 4 57 6 46. 

6 84 7 305 8 15 days 9 If hr 10 7|. 

1L 174 hrs. 12 25 days 13 300 cab ft 14 In 30 hrs 

15 In 25 and 100 brs 10 A in 32 hrs ; 2? in 53J hrs 

17 24 days 18 B in 15 min , G in 12 nnn 19 28 milos 

20 14 miles 21 5 miles 22 60 miles , 6 miles 


23 

3J mile3 per hour 24. 4 miles 

per hour 

25 

6 hrs 25 miles 

20 

15b miles ; 4 hrs S m , and 3 hrs 52* m 


27 mile3 ; 


&b miles 28 5 miles 

29 

24 miles 

per hr 30 3* min. 

31 

15 miles ^ 32. 77 miles 

33 

5 miles per hr 

, 45 miles 

34 

91 miles from Ely 

35 

6 miles per hr 

, 32 miles 


36 Constable’s speed at first 8£ miles per hr , thief's 9j miles , 
711 miles 

37. 30 miles per hr ; 26| miles 38 13IJ miles 

39 60 miles 40 12 mm past 4 41 30 hrs after they 

first started ; 20 miles., from the iplace whence the quicker 
•v walker started 

42 10 miles per hr 43 3 miles per hr 

44 1 mile per hr 45 30 mm, 

46 91 mile3 , 4f hr j 85 hr 47 2 miles per hr 

48 2f miles per hr , 70 miles 49 4 miles per hr 

60 (1) 5$ sun past 1 , (2) 2 1$ or 54$ mm past 1 51 (I) 33$ 

mm past 6 , (2) exactly at 6 , (3) 16$ mm or 49$ nnn 
past 6 

52 (1) 16$ min., (2) 49$ mm , (3) 32$- mm past 3 
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53 

54$, mm 

past 10 

, at 12 54 (1) 12 mm 

past 2 , 



(2) 3&; 

mm past 

; 2 



> 


55 

17VV min 

or 48 mm past 6 

56 

36 mm past 3 


57 

24 mm past 8 


58 

1*V mm 

past 12 


59 

32x 4 j min 

past 5 


60 

5 t 5 r mm 

after 2 


6L 

15 lbs 

62 28 

sr , 7 sr 

63 

1 pint 



64 

£sr,£sr 

65. 

50 gals 

66 

100 gals 

67 

10 sr. 

68 

40 gals , 

49 gals 


69 

10 gals from 1st, 



6 gals from 2nd 

70 9 gals 

, 6 gals 71 

36 7 2 640 

73 

4550 74 

1064 

75 1008 

76 

1184 

77 864,576 

78 

530 79. 

180000 

80 6 cr, 4 

half-cr, 8L 4s 4jc?., 4s lOAc? 

82 

4096 

83 

22. 

84 

183 

85 

1400 

86 

Es 19200 

87 

Es 5 88 

£1480 89 

A, £24 , 

B, £36. 

90 

Es 7 as 2 

91 

5 , 10 , 15 

92 

500 

93 6000 


94 Es 46 8a 95 70, 35 and 14 respectively 98 180 

97 «=2 , £5 5 s 98 1819 99 4 sov , 59s , 55 six-pences 

100. 48 10L 2340 102 36 and 64 tolahs 103 40 and 24 days ; 

Es6 4a, Es 13 12o 104 6c? 105. Es. 3* per maund 


106. 

20 mds , 30 bighas . 107 4500 

108 Up to 14 lbs, 


3c? , every additional 7 lbs , 2c£ 

109 

17 and 15 chataks 

110 

3j cubits. Ill c(l+^j^). 

112 

a(o— b) 6(o-c) 
a—b * o—6 

113 

n6+m , na—m , 

»+& aI,,i »+6 ***’ 

114 

o6c . 
r~ miles 

6+c 

116 

2c(o+6) , 2c(o+6) 

— - — s — miles, or > miles. 

o—o o— a 

116 

(100) 2 c 

(6+c?)(100+o) ni | eea 


^ CXT iIX [pp 377—381 ] 

L A, Es 55 , B, Es 20 2 A,48,B,28. 3. 31,7. 

4 £288 , 5 per cent 5 Es 22 , Es 24. 6 Is 4c? , 2s 10d 

7 AB, 35 miles , BO, 29 miles , AC, 45 miles 

8 315 , 289 and 304 rupees. 9 12 , 5s 10 30c? , 15 11 63. 

12 42 13 432 14 416. 15 3 16 39s. , 21s , 12s. 

17. 14f$, 17f?, 23/j days 18. 90, 72, 60 mm. 

19. Each equal cock m 32 hrs , the other m 24 hrs. 
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20. 3 miles per hour 21 15 and 2 miles respectively. 

22 In 10 min 28 At 10. 4 am. 24. 12 and 4 miles per hour. 
25. 1080 \ds , 16* mm 20 24 miles per hr , 96 miles. 

27. 4 and 5 yds 28 100 lb , 2 cwt 3 cwt 

29. 8 and 74 yds per sec 30 A in 5 mm ,5m5 mm 20 sec. 

31 30 mi ,6 mi per hr 

32 .42? =>31* miles, 2?<7=G3 miles , 21 and 42 miles per hr 

33 35. 34 72 weeks 35 miles , ~ miles 

b—o ’ 2{o—c) 

30, Rate of faster tram => n ) ft and of slower tram 

^ P er BCC ’ ^ ^ an ^ ^ P er Bec 37 Time of 
going hrs , time of returning =>g|— j hrs , stream’s vel. 
Ca *" f ~be}^ mi ^ cs P er br ; 3 hrs , 13 hrs , 5 miles per hr 


CL. [p 384] 


1. 

16 

. 5 

2 

5 

.*8 

3 

10 

.3 


4 

Impossible. 

6' 

5 . 
• 

6 is greatest, 2 

3 least 

0. 

3 

2. 


7 

3 4. 

8. 

N /«-r 

9. 

13 

14 

10. 

3 il- 

-m . 

2m+?z. 

11 

1 8 

12. 

3 

2. 

13 

4 . 

3 or — 

3 4 

• 

14. 

ii 


15 

11. 

10. 

3 


17. 

1 

2. 



18 

c(b 

bm 

- a)m c(b—a)n 
,—an 1 bm—an' 

3.9. 

60, 

75. 

20 

20, 

28 

21 

18,! 

24. 










CLI. 

Ip 385] 






L 

1 . 

5 

2 

25 

6 

3. 

3a: 



4 

1- 

v : *. 

3 

16 

25, 

1 . 8j 

5a/10 . 19 

,13 

. 14. 

0. 

X — 

174. 

7 

*=26. 


CLir [pp. 390-391 ] 

1. 45 2. W 3 (i) 15,(n)l; (m)353, (iv) ~ a(;g '~ - 1) - 

X 

4. 5 5. 3. 0. 5 2 7 5(w+l) a(«i-l) 8 2*5, 

2 1 ,1 . 11. 10 4 5,77 * -13. 12 *=4 13. *=3. 
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CLV [pp 397—398] 

, . . a/c— l\s . 


L £. 2. S. f. 4. & cs(e+i) ' 


255 s - 1 
l 256 s +l* 


- 1+5? 

10 Jab 1L 


7. »-<■>• 8 (i —)’ e. {jflfr,}"- 


J4ab— 6 s 


2L Vi+iJ2. 22 
24. 1— Jl—a* 26 


, 1 /2a 

! a V T' 

-1. 

afl-^ 

1+5 

18 

a 

{Jb~-l) i 

20 

l 23 

n 


^26^5* 

N /l+4(a- 

3a+l\ 4 


S(~9- 


1 26 a or 

a 


CL VI. [p. 399 ] 

6 s — c* , ad— 5c _ 

1* 17. 2 2 3 *1 ■ .. 4. r" *t“ 7f — jT — 5. a— 25. 

4a— 6 (a—c)n—(b—d)m • 


e c ’fr-*) 2 
{(^+ c }«/&+( a + c )* > / a P 
a5(e+d)-ed(a+5) 
«*-a& 


7. ^ 8 5. 

a-p a 

lrk a5(e+d)-ed(a+5) 

55^3 


CL VII. [pp 402—403] 

1. 24 ; ary 2 87* 3 H 4 3,-3 6. 6, 12 16. 1 

t 

CL VIII [pp 406 — 410 ] 

8. 0 9. 0. 18 Put each of the given ratios =1 , then 

each of the latter = I s . 23 ~~ ~ 28 2as=(a+5+cXa s +25 s +c s )> 

25y=(a+6+c)(a s +5 3 +2c s ), 2cs=(a+6+c)(2a s +5 s +c s ). 

2a 25 2c 

1 _ X T ~z 

a+5+e 5+c— a c+a— 6 a+6— c* 


27 , 
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5 h 


28 

32 

38 

41. 

45. 


3 

0. 

10 

2L 

24 

27. 

29 

31 

30. 

4L 

43 

45. 

47. 

40 

51 

53 

56 

6L 

03 


05. 


1. 


*=U-(6+e-a), -where l s =l-s-(a*+5 s +c s ) , &c. 

2,3.4 S3 2 c 35 , 12 , 3 38 16 37 9 years. 

3 . 13 30 Length 30 and breadth 25 yds 40 300 

11 24 42 22 miles 43 6$ inches 44 6 . 7. 

6 inches. 46. Yal of gold ' val of silver =20n*gr . mPp 


7 3« s . 8 3. 


CLIX. [pp 410—430] 

5 6 H-i4p 

y -+- 2 16 16 17-3 18. Z* ±?l h 7?-P[ a rP)\ 

V c-q{a-q)-p{b-g)+p\a-p) 

p'-Aq—O 20 a=0, 6=3, e=2, d=0, e-5 

j)=2, 5=8 , t‘*= 2, *=— 21 23 a=2, 5=0, c= —7, d= —2 


l— —6, f7i— 12, ti= —8 

-10, 5=8 

1 = 0, 771= — 1, n= — 12. 

«== 14, 5=20 
(*-l)5(a: s +5*+2) 
(*-l)=(4ir+3X5j:-l) 
(jf+lXOxS-Ox+S) 

{a - hyp + 25)(3a + 6) 

(a- - x*)(a - 2*)(3 a + 4*). 
(*-3ft8sa+3*-4) 


25 2z+3 , — 15 20 p=2a , q=ar. 

28. a=-25 , z s — 3z— 4. 

SO a= —29, 6= —3 c=27 

* 

40 (*+lX12s 2 +*+3) 

42 (* 2 - 1)(* + 1)0* + 12)(3x - 5) 

44 (* 2 -l) 2 (*-5X5*-2) 

46 (x+y)(2x+5y)4x+3y) 

48 (z+a) < Yr-3'i) 

60. (3x-y)(x~y)(2xH3xy+3y i ) 
(a-xXa-2x)(a-3xXa-4x) 52 (*-4)2(* 2 +l). 

n(nc+ld)+a(mo— ad)=m(ml>+7ia) 64 ab(c+d~c~f) 

+cd(o+f—(t—b)+cf(<x+b—c—d)=0 65 a s +6 s +c s — 3a6c=0 

* , +y s +s s +2zyc=l 59 n 8 +fl&+5 9 =3 80 a 2 = 5 s -2c 3 . 
(P~2) ,=s (p+f) s (p 3 +??+?*) 62 a s +5*+c s +a5c=0 

7»^—7i^=4 04 (06' — a'Vf= (be 1 — 6'c) 2 +(ca' — o’ of 

(« + 5)c 9 = (a&)^{ («5)- + 2(1 - c s )(ai)^+ 1 }, 


CLX. [pp 434—436] 

4. 2 2J6 3 12, 16,24 6. * 2 -2*+l 

c=12 10. 5 j 5*+4. 


8. fl e 3j 6=4, 
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CLXI \jpp 439—440] 


1 

±4 2. 

±3. 

3 

±5 

4 ±2 

e . n/85 

5 ±“g-. 

0 

+4 7 

0,4 

8 

±|n/10 9. ± 

J6 : 

10 0, a+6 

11. 

±f v /2 12. 0, 

2«6 

a+6 

13 0,3 

14 ±2^-1 

15 

+ 6. 18 

0, ±9 17 

± */3 18. 

0,3 

19 5,5. 

20 

±i 21 

24a 2 

*256" 

22 

0, ± a/3 

* 


23 

24 


*4) 

1 

25 

* a/(SD 

20 +5. 



CLXII [pj3 442—447 ] 



1. 

-3, -8 

2 

11, 39 

3 

B, -16 

4 

-25, -80 

5 

6, -tf. 

8 * 

r 3 

7. 

4, -V 

8 

C _ 2 

35, 3 

9 

B 1 

3» 1 

10 

2,/* 

11 

13, 

12 

3, “'ll* 

13 

12, -1&E. 

14. 

3, f 

15 

2, -3 

18. 

i, -2 

17 

® 3p 

4’ 4 

18 

a 3 a 

3’ ” 4 

19 

4a 6a 
3’ “IT* 

20 

B a 7a 

3’ ~ 4 

21 

6, -13 

2 

*, -1. 

23 

3,1 

24 

2f,2S 

25 

i(H+ a/233) 

28 

6, -I 

27. 

2, 6 

28 

3, 8J 

29 

2, -J 

30 

2± n/3 

31 

a+6 32 ~ 

6± v /6 2 -ac 

£J 

33 

/a+5\±i 







(a^b) * 

34. 

— 6, 5-2a 

35 7, 16 

38 

H, - ii 

37. 

a, m+7i 

38 

-a, -6 


39 5, -2 

40 5, 13 

41 

5a, —2a 

42 

# 

1(11+ s/33) 

43 4, 11 

44 

a— c, c-6 

45 

3, “i 

46 

3,1*? 


47 3, - 111 48 5, -£. 

49 

12, 11 50 

6, - 

■i 61. 

4, 21 62 5, 

-6. 63 4, -2 

54. 

24, -6 56 

10, - 

•! 56 

1,1 

57 Jg 3 -, 

1 68 3, 11 

59 

3, 00 

2+ ,J6 01 

1, " 

■11 62 4, — 2§ 

83 6, 3$. 

04 

6+ J601. 

65 

3, 11 

06 

' 1,-2$ 

67 

*(5+ s/61) 

88 

4, 09 

?, 3J| 70. 

4,: 

if 71 

0, 4. 

72 0,1 

73 

Iisir* ”!• 

74 

a +6, 26. 

75 I, 

’a-6 

• 6 s 

70 - 
* ac 


78. c, 6. 79. s+ij J(a+5) 80 Bj-. 


77. 3a, 3 £. 
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81. 


85 

89 

94 

95 

90 
97. 

98 

100 

102 

100 

1 

5 

8 

10 . 


, « + 5 + ° on i aq 1 <fc£) a a J_ a 

l ' b+c 82 l, b-e 83 ^(i-*) 84 a+5 , "'a'+F 

-1±— 88. -K-3±j3)a5 87. J 88 -a, -b. 

4,-1. 90 5,-5 91 4, 3 92 3, -J 93 

0, l{ — (a + fc+c)± (S /a , +fc a +o J -26e-2ca-2a&}. 

{ &c + ca + (ib ± J be 3 +c 2 u J +a 2 k J — 2abc[ct + b + o)} — 2(a + b + c). 
^{rt+i+e+ Jai+bt+P—bo—ca—abl 


{5e+ca+rt5+ ,J bW+cW+aW-abcfa+b+c)}— (a+b+c). 


±a, — 2 « 


99 a+6 ^±9. 


0, ±N/i(5 3 +5c+«5+2ac; 101 a, 

h 103 ] » 3< 104 15 ' 7 105 ' 13 > 193 

5,-1 107 9, -3^ 108 4, —3$ 109 a, 5 110 la,- a< 

CLXIII [p 452] 

_bc 2bc i 3 2l> 3 c /Z> 3 _4e 

"a 2 2 ti 3 3 I?’*® 4 V^“« 

* s — 5 j?+G= 0. 6. sr 2 +a?— 20=0 7 3* 3 -8x-3=0 

8;c 2 +I0x+3=0 9 x i ~(p+q)x+pq=‘ 0, 

«cjf- + (2«e - i 5 )r + ac = 0 , a 2 * 2 - nks+9ac- 2& 2 =0. 


CLXIV. [p 454] 


1 

±1, ±J-5 2 

± ^2, ±i>/3 

3. 2,®/- 12 

4. 

±^, + V5 6 

2, 3 

8 ±2, ±f 7 25,1 

8 

*, 4 0 9, * 10 


11 3°, (- 

-*)« 12 64,729. 

13 

8,5 14 

21. l3 

15 

7, -1, 3+2^2 

18 

2, -}, *{3± s /505) 


17. 

4± iy/34± 18^2 

18 

°i «, i( fl ± a/« s - 16 b + 16) 19 

1,7 20. 

4, -5,i(-l±^/21). 

2L 

2, h i(7 ± — 23) 


22. 

4, 2, $(6± ^17) 

23 

3 , J(5±*/1329) 


24. 

1, -4,}(-3+,yi09). 

25 

12, -8, 2+ J85 


28. 

1, 2, ${3+ *,/ — 13). 

27. 

3/- 2, K1+n/-19) 


28. 

5, -2, £(3+ ^-39). 
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29 Oj — Sa t ^(“"5+ — 15) 30 I, — 2. 31* 19). 

32. 3 83 2 > *“& 

' CLXV. [p 456] * 

, . r-r « - -l±*/~ 1S> o , -8+J55 

X. -1, ± n/-1 2 -1, 2 . 3 1, - — 5 


4. 1, 


6— a+ */5 3 -2a&-3a s 
2a 


6. *+—=-1*^/2 
x 


5 *+-=2 or —3 

x 

7 s+i=0 or 

* 


.1 -5±^/5 s -4ac+8fl 2 
8 *+-« 


CLXVI. [p 45V] 

1 6, -3±^ 2 5 , £(1± ,/-23). 3 a,i{-(a+3) 

+ */ 1 — 6a —3a 3 }. 4 -l',j{3±j41) 5 4^,10, -1. 

6 4a, ^(-9 ±7^3)' 7. «,&, &a4&) 8 1, $(-l± n/-S5)« „ 


0 0, 2, 10. By Art 292, »+l is factor of 4* 3 +6ar a +#— 1 , 

thus (*+l)(4* 2 +2*- 1)=0 , * &c . , - 1, J(- 1 ± n/5) 

1L i®, ± o 12 3, •^{1+ js/~ 3. 13 flj ^(a+6+ iy/5a 2 +2a6+5 9 


14. 

0, a+b, 

a 3 +i 2 

a+b 

• 16 x 3 +x+2~ ±4# , 1, 

2,K* 

-5± */17) 

16. 

Divide ' 

by x\ 

thus x*+ax+b+-+-%-st=o 
x a 8 * 3 

9 



» r (*'+£, 

)+„(« + ^) + i_° 






CLXVH |pp. 460—468 ] 



L 

48,36 

2 

15, 21 3 8 or l£. 4 

20, 30 6 8, 12 

6. 

121. 7 

17,; 

32 8 Rs.SOorRs 80 0 

£60 

' 10 3 or 12 

1L 

4 12. 

12 

13 38 or 83 14 76 or 43 

16 

62 16 42, 

22 

or 51 

1 

17 1 

,6 18 j, J 19 f 20 f 

21 

65 and 35 yrs 

48 and 24 yrs 

23 15 24 18, Rs. 4. 

25 

12 mi per hr. 

26. 

20 

27 

r . 32 bighas, B 1.8a 

28. 

25 , £1 10» 
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20. 11 yd., 14 y<* 30 18 3L Sbeep Bs. 4, lamb B.L8s 

32. 7f. 33 14. 34 5i hr 35 24 yd., 18 yd. 

30 15 yd., 12 yd., 20 ydL, 9 jd. 37. 4 hr., 12 hr. 

38 12lr,15hr. 39 784 „ 40 6 and 9 mi. per br. 

4L 4 mi. per br. 42. 6 ft., 8 ft 43 If mL per br. 

44 . 5 mL per br. ' 45 9 mi per hr 46 150 and 120 mL 

47 . 8d 48 Bs. 2. So 49 6a SO £2. 5 1 5L 16 

32. 20ft, 15 ft S3 15 ft, 8 ft 64. 17£ft,13ift 

65 Sherry £2, Claret £3 66 4 and 3j mi. per hr. 

€7. A, 6 hr , B t 3 hr. 68 ISO mi. 69. 64 

CLXVIIT [p.469] 

1. 8 58 2 9 7 3 Solntion impossible. 4. SoL imp 

6. 3 45 or— 145 6 Sol. imp 7. SoL imp 8 SoL imp 

9 SoL imp 10 1*33 In. 

CliXIXL. [p 471] 

2\.B — The corresponding rallies ofx and J are pat together. 

L 4, 3; 3, 4. « 2 5, 3 ; ~2f, -4f 3 8,3 ; -6, -4 

4. 2,1;-1&,2& 6 -1,2, -5, -2 6 8,-3; -3f, -6& 

7. 2, 1 , -- -3 8. 2, 3 ,-S, SZ g - 3 , 2 ; -f 

10 1,4; 11. 5, -2;4j, -2* 12 6, 2 , 8, 3 


CIiXX. [pp 472—473] 

Jf B —The corresponding raluet ofx and y are put together 


1* 1 1, ±3 ; +4, +2 

5 ±G, ±5,± s f2,'+3j2 

7. 0, ±2, ±3, ±L 


2, +3, +1 , + 2,/2, + ,/2. 

4. ±l,±2;±-~, hF-^. 

6 ±3, +2 ; + s /2, +4 s f2 

8 ±2, ±3 ; ±J s e -j3, 

10 ±3, ±2;±1,±2 


CLXXI [p 475] 

—The corresponding rallies ofx and y are put together. 

L 10, 7; 7, 10 2 5, 5; 3, 5 3 IS, 5 ;i— 5, —18 

4. 16, 12 , -12, -16 6 6, 2 ; -f, -15. 6 4, 1 ; -l£, -2*. 



66 


the V&7 MATRICULATION ALGEBRA 


7 3, 8 i> —Hi —8. 9 4,3,-|, -3$» 

10. 6, -3, -3, 6 11 2, -5,5, -2 12 7, -4, -4, 7. 

IS 3, 2, -2, -3 14 6, -8,8, -6 15 9, -6,-6, 9 

10 5, — 2, *“2, 5,2, — 5 , — 5, 2 17 5, 3 , 3, 5,-3, — 6 , — 5, — 3* 

CLXXII [pj> 476— 477w] 

1, +8, +3, ±5. 2 +— , 3 2, 3, 4, 6 

4 ±2, +3, ±5 , ±2J^T, ±Zj-l, ± 4n PT 

6 * s =64, y s =8, s s =27. 6 ±5, +4, ±6 7. #= i y=z= N /^. 

8. ±2$, +1, +2 9 ±4, +9, ±11 10 ±2, ±3, +5 

11 ±2, ±5, +3 12 +6^/3, ±2^/1, ±2^10 13. ±3, ±2, +9. 

14 ±4, ±2, ±3 15 ±6J&,±2 

16 +« /ZMMT + * / 2(c +a) / 2(«+&r 

V («J+o)(a+6)’ “ V (a4-Z>)(&+o)’ “ v (6+cj(c+a) 

CLXXIV [p 480 ] 

1. 20 units 2 (i) i) 13 , (ui) 17. > 3 13 units. 

4 10 units 5 49 19 unite 


CLXXV [p 483] 

[Centre a xd radius are given vn order ] 

1 (0,0), 1 2 (0,0), 3 3 (0,0), 8. 4. (0, 0), 0 

5. (0,0), J9 6 (0,0), ^24. 7 (0,0), 15 8 (0,0), §^5. 

9 (1,2), 5 10 (4, -4), 2 11 (-2, -3), 9 12. (3, 4), 5. 


13 

(2, 14. 

(3, 5), 7. 

15 

(-4, -6), 6 10 (7,0)4. 

17 

(0, -5), 6 18. 

(3, 0), 3 

19 

(4,0), 4 20 (-1,0), 5. 

21 

(4, 0), 3 22 

(2, 0), 6 

23 

3 and 4 

25 

5 and 11, 13 and 5 

26 

5 7 and 17,17 and 6 7. 

27 

0and4, 0, -4 


28 

5 and 3 , — 1*6 and 4 7. 



CLXXVII 

[p 492] 

1 

N 

GO 

1 

-2,3 


3 2,-2 5. » 4 1,4 ’ 

5 

2 66, -156 

6 

16,4 

7 Boots imaginary. 

8 

2 77,-127 

9 

1, — 1 25 10 Boots imaginary 

11. 

1 5, 0 12 4, C 

1. 13 

1, 66 

14. Boots imaginaiy. 
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CLXXVm [p 403] 

L 44 ; 64 , 220 2 33,0,-445 3 0,552j780 4. 355, 

g —1041 6 -51 


CLXXIX. [p. 494 ] 


L 

100, 

7n+l. 

CO 

CD 

N 

3 

0 

4 

3,5 

5 

11, 10, 9, , 0 


0. 

-10, 

*- 

§» — if> « •••• 

7 

7791 

; 20-09 

8 0,1 

0 

2q 








m—n 






CLXXX [p 

495] 




L 

3 

2 10 

3 49 4. 

55. 

5. 

44 

6 9 

7. 

17. 

8 49 

9 S 10 

2 

11 

1 

12 -9 

19 

2,3 

j if j * » 1 j 

2 15 20tli 


18 

50th 

17 6th 


CLXXXT. [p. 497] 

1 405 2 GO 3 GSO 4 £09*. 5 -333 6 -If. 

7 -234i 8. 0 0 0 10 24(ff+5&) 1L -11 12 3n 2 
13. -2n(n+9) 14 , r „7i(9-7i) 15. $(n-l) 16 345, 

17. 530 18 2300 10. 7i(«J-2) 20. 5(971 -37) 21 5(377 -23). 

Jt 2 

22 ii inn 

GLXXXII [p. 500] 

1 20 2 46 3 13,-2 4. 2475. 6 2# 0. 7 

7 3 or -1,10 or 12 8. 3^. 0. 3,8 10. -4, -2, 0, 2,. . 

CLXXXTII [pp 501—502] 

L (0 12J , ( 11 ) - 5 , (m) 3 r 3 , (iv) a , (v) 3(a - b ) , (vi) 2*p 

2 6,11, 16 3 75, 8J, 9, .. 4 3f, 2, « 

5 “*» “i. -ii. , r >} G 4x-ty,3x-4tf, 2v-3y, . 

OLXXXIV [pp. 505-507] 

1* 533 2 12 3 ,-G, -4, -2, 0 2120 8 79 

9. 4,2,0, -2,. 10 p+q+(m-l)2q,p+?,p+3?, p+5g, 

39 
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§5 THE MiTV MATRICULATION ALGEBRA 

11 1, 5, 9, 14 16 m+n or m+7l_1 >°o* 1 

20 -r», 271+1 21. -71 ,71+1 22 20(2a— 5) 

23 26, 19, 12 or -12, -19, -26 24 5, 7, 9, 11 

26. 9,15,21,27,33 27 £51 28 Similes 

/ 

CLXXXV [pp '.508—509 ] • 

eg an-* 3 n-l 

1 2x3® 2. 3 —128 4. ^5 5 — o^i-b » “ 2 Sn ~ l 

CLXXXVI. [p 509] 

1. 486 2 2“ 3 -2, i, h . 4. i, 3. 5. 

CLXXXVII. [p 510] 

1 5 4 *=&c. 2. 2 B — 3=&c 3 4 n ' ! - 1 4. 1,1,3,9,27,... 

6. 1, 7, —5, 19, ... 

CLXXXVIII [p 511] 

1 32767. 2 4921 3 49j4?? 4. -5 3 %% 5. -^2-^2). 

6. 7 i{l-2=»} 8 2{l-(-*)'}. 

CLXXXIX. [p 513] 

1 i 2 6| 3 !■$. 4 -32. 5 -2§ 6 2+^2. 

1 fl'i? 4* 5 

JZTst 8 9 * 0) jt ( u ) iVs« On) lifStJ* ( lv ) 3 fs 

CXC. [p 515] 

1 1,3 2 6,9 m 3 1,1,3 4 *, sV 

6 -H, 3, -6,12, 0 -7, 1, . 5 ' 5 

CXCI [pp 517—519] 

1 / n =2 "— I ; 2(2’*— 1)— 7! 2 2 n +l , 2(2" -l)+?t 

8 3*-l ,|(3 n — 1)— 7i 4 3"+2,§(3»-l)+2» 

- 6 2 " +}l > 2(2>-l)+5«{»+l) 8 ’ 3 n -n , |(3»-i)-l n (»+l) 



<&JfSWER9 


59 


7 


* 8 . 


9 

16 


25. 


L 

4 

7. 

10 

12 

13 

14 


15. 


17. 


10 

21 

23 


(i) 7i(» + 1 )+ 2(2" - 1) (n) l)-«(n+l), 

(ui) 4 - f - . 

(i) W0’-l)-« (ii) |?( 10 »-i)-|i. 


4(i - =2(2 - JZ) 14. 3 and 27, or 27 and 3. 

9 and 12, or 1 and -4 17. 3, 0,112. 18. 2, 5, 8 , or 26, 5, - 16, 
1 OR nr(r n - 1) an 
3 38 (r-1) 8 "r^T' 


CXCII. [ p . 525 ] 


Jn(»+l)(«+2) 2 ^(«-l)n(n + lX«4-2) 3 Jn(n 3 +6n+ll) 

« 2 (n+l) 6 J7i(4n a +67i-l) 6 x Vn(n + l)(»+2X3n+l3) 

\n(4n-- 1) 8 An(6n*-37i- 1) 9. «(»+l)(27i 2 +6n + l}— 3n. 

12n 3 +12n s +n 1L / B = 2 K s + i Jl , *=i n (n+i)« 

*„= 3n s -2n, in(n + l)(2Ji-l) 
fn=« a +4n+3 , t — Jn(2n s + 1 5n + 31) 

*„= 2»-l , 4=2(2"-1 )-tj 


'" 2 2’ 4‘ 2 

, 3" + l 9 3"- 1 9n 

+-,*=— + T 


10. l I rW(n+l) # (7l + 2) 


18. 



n 

71 + 1 


l(l L V n . 

2\ 2n+l/ 271+1' 

^ 2(71 + 1 )(2n 3 +71+3) 


20. 


22 


1 _ 71 

(371-1X371+2)’ * 2(371+2)' 
s «-l __ 1 

,= l-«" l-« *' (l-xJU-wx)* 


§71-+ 1 25 J(7i-l)n(27l-l)jd3 


Appendix, [pp 536—351 ] 

L 8. 2 (* s -4) s (*+3) 3 . 3 5(* 3 -13r-l) 4 (a-l)x+a 

10 x+4-Bx- 1 11 Jzii^Z+Jx+Z 12. 2}. 13 *=8f, 

y=-ll 15,1220 10 91.17 2*-“ 18 *(*+I)-(* 3 +4x+l) 
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Tin! NEW HA.THICTJLA.TION ALGEBRA 


CIO ho 

83. 18, 24. 3^/5— 2^/3, 25.4, 26. *“^{7 b , ^' = ‘a+b‘ 

( he oa ah 1 \ 
a + 6 + 7 + ^)‘ . 

33 bx-ay 87 39. j 40. *x=b-c, y=*o-a, 

s*=a-b. 42. 90 .Oft, 55. 43 2J. 44. 4a s -9& 3 +246c-16<> a , 

45. (i+^)(l-A){i+^+(i-y)*}{i+y-(i-y)*}. 51. £ 

62. > siml l ar values for y and z, 54.| At 4. 12 p. ir, 

66. a, 66 (a-b)(x- of (2x-a-l) 69. |(3^+3^+l)! 

60. 1. 61 1 62 — 04. 6. 65. x-a,y-h, z**o. 

67. 72 j 60, 30 6B 2 213... 69 (as+5y-lX6*+«y+l). 

70 (2 0 M 72 gi ~ 3r4 ~ l 7R - « s (g+^) 

70 (2a) 72 a3 _ 4;V+r 73- x ( a i +ax+x *y 

77 a*b v 78 1? 79 x~2 181. 5 miles per hr , 

16 miles 82 162. 8d 4{ax + by+cz) 84 ff(*+y)(ar+2^). 

1 


74. 1 


85 (*0-I)3=&c 88. (* — l)(a? — 2)(a?— 3) 88, 

80. a 8 - 3aS s , a 4 — 4a s S 3 + 26*. 92. 1 

05 lO^ hours 
— (a s +2a 3 +2a+l) 


W*+l)/s/(*+l) 

03 x—2,y—i 

06 3 97. (a — l)* 3 — 3a« 3 — a 8 (a - 1)* 

00. (a + S)(a- 6)(a 3 + 6 2 )(* +#)(« - y)(* 9 +y 9 ) 


102 »+i + “ 

So oa aS 
3a 

a-r 

113. ^-26 


108 


103 104 i 106 i 

(*-a) n <s/«+\/*, 

109, *=4(2c» + &),f/=4(2a-&) 112 5. 

114 4s(» +y - xy){xyz 2 + xyz+ 1) , 

116. x*+x(y+s)+yz. 116. ^3 117 ±~ y 121.' $(« + &+«) 

122 *=y=l, s=0 124 7 5 125 G8 126 a s -3a6+S 3 . 
127. 2{x-a)(x-b)(\-c)(c-{i){a-l){b-c) 128. a 129. ^(3*-y) 

'. 135. x=~.~ 


130. 181. 0 133 S 3 134. £ 135. 

40 0 s OT (fi-b*’ 


lafi+b* 

y^mai-b 2 1^^ 240 apples j GO oranges, worth l%d, each 



ANSWERS 


01 


188. {m*-iny2x~y),Q 130. ~L**+° a 140 . 


cr** 
U4 ^ 


2**4 rt 5 

*" a?**— *1**49 141. (2x-31y4lX*+2y-3) 142 1 

(T- H 

140 50, 120 1=0 550 15L * s -2j'a+2j5(i s -2x‘a«+2x s a fi 

-2xa*+aS 152 9J-*-0al »+45* 153 x 3 - 14*^449x^-36^. 


146 -£ 147. ar=5c'S-c), yszca{c— a, z=al(a-b) 


2(t 

7» a -V 


/($+') 


15<L Z J X y~ A ^J\ f 150 T^ 2 

158, i 159 z=a-l, y=l-c s z—c-a. 

161 4# Si , B, Gj. 2d. 103 ^+-+-^+4+4 164. 10 

V & Jr j 

166 9x s -r 33x4-19 167 a4Z>4<? 188 §j2-2 17L c-b-a 


£2 2 : 


-=a4fi4c 174 Similes per hour 


172. ~ x — - 

a+2b-be a+b+2c~2a+b+c‘ 

175 (4a s — 9 2 s )/* — 2<wy 3 — (a* — 10as - etys 4 2(2a 3 4 e ! )y - (4 a 3 - e 3 ) 

176 & 177 — 9(6 — e)(c —a)[a— 6) 178 n 5 46 , 4c 3 4Jc4ca4ah. 

170 130 /“*5^45y 183. 51 184. ar=| < i,y— |a. 

185 30 minutes 1S6 l4(a464c)xJ-(«S45 2 4c s 46fi4ra4o&)xS4... 

187, 101 I0S «4S. 104. *=>8, y=13 

195 30 100 ni~5c 187 (fl*-6 3 ;r<42aJ ! x^4(2a s 42& s -o s £*>r s ^ s 

-2ab a -xif+la*-Vy/ 108 j 109 (2x-y-zX2y-z-x)[2z-x-y). 
200 x 5 4y 3 4 £ 5 4yr 4 z* 4 xy. 20L 0. 

204. (l)^;( 2 )2. 


202 a- or-?. 

a 1 


■-Sa « ■ n-jtn 

206 z=a*-*‘l«-™ t y=a*-*>b*-* 207. IG and 20 tons. 

200 (^*4^y4^Xs'ff- N fy- V2 Xv*4^- n /s)(^/x- s /y4^=) 

210 fe? 21L ~ 

2U - 21, e^a 



THE HEW MATRICULATION ALGEBRA 


tn w m n m n w »» 

210 -p e =o 0,+n J' n+B o M2 " n2 i l ' 3 ' mS j y =a m + ,, b m+H c na ~ m2 d mS - n *t 

218 1 mile 220 {tf -beX^-cay^-ob) 221 l+xys. 

222 ^ 223 j-^5 220 -a. 227. -l£. 229. 5(* a +oy+^). 

231. ^( 2 ^- ' ^) 2 ® 2 Since le ^ fc 61< ie = 3(x - a)(x-b)(x - o)(6 - c) 

x (e -a)(a- b)[aee App , Ex. 127], we get x *=« or 6 or c. 

234 1 , 2, or 3 , 3, 




